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Preface 


Differential calculus is a powerful mathematical tool that finds its applications in 
almost every branch of sciences and engineering. The subject also occupies a 
central position in mathematics from which different lines of development extend 
in many directions. 

The book, now in its second edition, is primarily intended for undergraduate 
students of mathematics and engineering who have already completed their first 
course of study in calculus at the senior secondary or intermediate classes. 

‘The text is divided into 11 chapters. Chapters 1 and 2 discuss differentiation 
and successive differentiation of functions such as trigonometric functions, 
logarithmic and exponential functions, implicit and explicit functions and their 
inverse. Leibnitz’s theorem, an important theorem on successive differentiation, 
has also been included in the chapter on successive differentiation. 

Taylor's and Maclaurin’s (or Stirling's) theorems on expansion of series have 
been discussed in Chapter 3. In Chapter 4, limit of functions of indeterminate 
forms is discussed with the help of L'Hospital rule. Chapter 5 deals with the partial 
differentiation of homogeneous functions. The concept of total differentiation is 
also discussed in this chapter. 

Chapters 6-11 deal with applications of differential calculus such as finding 
equations of tangents and normal, curvature, asymptotes to a curve, maxima and 
minima of functions, envelopes and curve tracing. Equations of a tangents, 
normals, subtangents, subnormals in Cartesian, polar and parametric forms are 
discussed in Chapter 6. Geometric representation of a curvature, different types of 
curvatures and radius of curvature at a point and at the origin are discussed in detail in 
Chapter 7. Chapter 8 presents different methods of finding asymptotes to Cartesian 
and polar curves. Maxima and minima of functions of two and more than two 
variables are explained in Chapter 9 with the help of simple geometrical examples. 
Chapter 10 discusses equation of envelopes. An asymptote to a curve is an 
important geometrical concept that helps trace a curve; a separate 
chapter (Chapter 11) is devoted to the concept and methods of tracing curves. 

Solved and exercise problems are part of almost every section. All the 
exercise problems are provided with their answers to build up the confidence of 
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students and encourage them to study the topic in depth. Solved problems and 
practice exercises have been taken from previous years’ examination papers of 
various universities and competitive examinations. Multiple-choice questions, 
given at the end of the book, will help students prepare for civil services and other 
‘competitive examinations. 

The present edition of the book is thoroughly revised as per the latest 
syllabus of Indian universities to fulfill the need of students, Rolle’s theorem, the 
most important theorem in differential calculus, has also been introduced. 

We are very much indebted to our colleagues for their kind cooperation and 
suggestions while preparing the manuscript. We also sincerely thank PHI Learning 
especially its editorial and production team, for their painstaking efforts in 
producing second edition of this book. 

We would greatly appreciate receiving suggestions and constructive 
ctiticisms from teachers and academics on improving the contents and presentation 
of the book. 


Ahsan Akhtar 
Sabiha Ahsan 


Introduction 


By differential calculus we mean the rate of change in one quantity corresponding 
to the infinitesimal changes in the values of the other. They are so related that the 
values of one depend on the values of the other. The subject of differential 
calculus has its origin mainly in the geometrical problems of the determination 
of the gradient of a curve at a point along the tangent. This subject has a large 
number of physical concepts such as velocity at an instant, acceleration at an 
instant, curvature at a point, density at a point, and specific heat at any temperature. 
Each physical concept appears as a rate of change as against the average rate of 
change. The fundamental concepts underlies the introduction to the notion of 
derivatives. 

Differential calculus has its origin in the solution of two old problems: one 
of drawing a tangent line to a curve and the other of calculating the velocity 
of non-uniform velocity of a particle. These problems were solved in a certain 
sense by Sir Isaac Newton (English, 1642-1727) and G.W. Leibnitz (German, 
1646-1716), and in the process, differential calculus was discovered. 

It is applied to geometry, mechanics and other branches of theoretical physics 
and also to social sciences, such as economics and psychology. 

The application of differential equation is essentially based on the notion of 
measurement. The real number is one of the main functions. In Mechanics, we 
concerned with the notion of time and, therefore, in the application of Calculus 
to Mechanics, the first step is to correlate the two notions of time and real 
numbers. Similar is the case with other notions such as amount of heat, inte 
of light, force, etc. Thus it is clear that the knowledge of real numbers is important 
for the study of the subject. We arrive the set of real numbers from the set of 
rational numbers. 

The set of integers {..., -3, -2,-1, 0, 1, 2, 3, ...} is well known to us. It 
contains 0, natural numbers and their additive inverse. It is closed for addition, 
multiplication and subtraction. But the ratio of two integers is not an integer 
always. 
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If a and b be two integers and b # 0, a number expressed in the form of 
alb is called a rational number. The set of rational numbers contains all integers 
and fraction. There are numbers V2, V3, ..., , €, .... etc., which cannot be 
expressed as a/b and they are called irrational. The set of real numbers contains 
both the rational and irrational numbers. The line of real numbers is called dense. 
The number of real numbers between any two different points, how close they 
may be, is infinite. The greatest number does not exist. However, the symbol 
stands for anything greater than which cannot be imagined; and we say that all 
the real numbers lie between -c- and . 


Some features of real number system R 


Constant. A quantity whose value does not change in a problem, associated 
with a given mathematical operation, is called a constant quantity. For 
example, 7 is a constant, since in any situation the value of 7 will always be taken 
as 7, it cannot mean any other number. Similarly, 5, 3/5, 2, V2, ¢, etc., are 
constants, 


Variable, A quantity which assumes different numerical values in any problem, 
associated with a given mathematical operation, is called a variable quantity. For 
example, let A be any set and let xe A; the symbol (or letter) x denotes any 
member of the set A, and is called a value of the variable. Generally, constants 
denoted by the first letters of the alphabet: a, b, c, ... and variables are denoted 
by the last letters of the alphabet: x, y, z, 


Independent variable, A quantity which assumes any arbitrary value is called 
an independent vaciable. 


Dependent variable. A quantity whose value depends on the chosen values of 
another independent quantity is called a dependent variable. 


Closed and open intervals. Let a, b be two given numbers such that a < b. Then 
the set of numbers x such that a Sx $b is called a closed interval denoted by 
the symbol [a, b]. We generally describe the situation as follows: 


la, 6) = (xz aS xsd} 
Thus 
x€ [a,b] oasxsb. 


The set of numbers x such that a <.x <b is called an open interval denoted 
by the symbol Ja, bf. 
Intervals are called semi-closed or semi-open, that is Ja, b] or (a, b{, such that 


Ja, 6) = xa Sx<b) 


jxsa<xsb} and [a, bf = 


The number b - a is the length of each of the intervals [a. b], Ja, bf, 
Ja, 6}, fa, BL. 
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In differential calculus, the functional relation between two or more variables 
is studied in much detail with the help of limiting values of indeterminate forms, 


lim Slat 4 ~ f(x) 


for different functions. The technique developed is powerful and is applied for 
the study of several variables affecting each other simultaneously in different 
branches of natural and social sciences even in circumstances, when an algebraic 
method fails. 


Important Formulae 


1. Important limits and series 


Gi) jim 21, where x is a radian measure 
sory 


(ii) sim(1+2) =e or Tim (1+ x) =e 


¢é- w lim (+ 


@) In— 


(vi) fim x*=0 C1<x<t) 
(vii) L’Hospital rule: If $(a) = ya) = 0, then 
Ax) _ 1 (x) 
lim ——= li = 
ye) Ve) 
provided ya) # 0. 


2. Standard formulae for derivatives 


@ Dist = = ne rth) wee log.a 

i det iy dlogx 1 

(it) sae Gy SPB ae 
=log,e i) BF < cos 


(vii) 


xiv Important Formulae 


(ix) 4608 = cosec?y (x) SE eo see x tanx 
de 

(xi) L608 = cose xcotx (xii) 
dx 


(xiii) giv) 48 


(xv) on 22.) 
dx xr =1 
ay d cosec"'x 1 3) dsinhx 
(xvii) ey (xviii) Ge = cosh x 
de xf 1 dx 
(xix) 08h sinh (x) SBS seh? 
(xxi) 200NE = cosech?x (xxii) SSSR sech xtanhix 


(oii) SESE | —cosech reothx 
3. Fundamental theorems on differentiation 


yang 
@ HO) ty «yt w de) dx “de 


Gi) Given any function f(x, y) = 0, 


Sede + fydy =0 or 


4. Meaning of differential coefficients 
(i) Geometrical: For any curve y = f(x), 


S = f(x) =tany, 


where y is inclination of tangent to the curve of (x, y). 


(ii) Rate measure: For any curve y = f(x), 


dy " 
B= s'2)= Rate change of y with respect to x 
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1. 


Then 
F(x) >0, ify and x increase or decrease together 
7) <0, if y decreases when x increases, or vice versa. 


|. Successive differentiation (nth derivative, where m and n are positive integers) 


(i) Di =n! Gi) = LL mon 
(m-n)! 


(iii) D'(e*) = ate* (iv) D’a® = (log a)"a* 
(v) D" sin (ax + b) = a" sil 


+ar+6) 


(vi) D" cos (ax + b) = a" on(+ar+8) 


(ity p(t) 22D" vitiy Dt loge + a) = Y=! 
xta) (x+a)"" (x+a)" 


(ix) o( =O into sinen +9, o=tn'(2) 
Fea) a x 


(x) Leibnitz’s theorem: If u and v are function of x, then 
(uv)q = tg + "Cyttg as + "Cally-2¥2 + oo + Wy 
Rolle’s and Lagrange’s mean value theorems 
() Rolle’s theorem: If f(x) is continuous in a < x < b, differentiable in 
a<x<b, and f(a) = f(b), there exists at least one value of c, when 
x= ¢, such that (@) =O. a<c<b. 


(ii) Lagrange’s mean value theorem: If f(x) is continuous in [a, 5], 
differentiable in Ja, b{ then 


fo=FOLO, (a<c<b) 


Expansion of functions 


(i) Taylor's infinite series: 


e R 
Slee h)= fla) + hf) + Ache +Gl er 
(i) Maclaur : : 


f@)= LO +S OS Fore “S(t 


(iii) Finite series with Lagrange's Bi of ist 


- NN WI 
Ft h)= f+) + T L)+ top @+R,, 


where 


R=“ petem, 0<0<1 
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2 
(iv) f@)=fO+f'O+ 5 *O) ten “O)+R, 


where 


(=D! 


R, =“ pon, o<@<t 
at 


8. Partial differentiation 
(i) Euler's theorem on homogeneous functions: 
(a) If u(x, y) is homogeneous function of degrees n, then 
wy My 
ax“ dy 


(b) If w(x, y, 2) be a eee function of degree n, then 


ou 
re ye Bonn 


Ox" ay 
(ii) Total and exact differentials: 
(a) If w= ux, y), then du = fdx + fydy 
(b) If u = ux, y, 2s then du = f.dx + fidy + f.dz 


(©) If fix, y) = 0, then 


dy __ Sf 
fide + fydy=0 or Dae 


(@ ¢ de + y dy is called exact if 
a9 _ay 


9. ‘Tangent and normal 
(i) Equation of a tangent at any point (x, y) on the curve: 
(a) y = fa) is 
Y-y -2ux =») 
(b) fs y) = 0 is 
(X-f, +0 - yf, =0 
(ii) Equation of the normal at (x, y) on y = f(x) or f(x, y) = 0 is 


x 


Y-y 
th f 


(iii) Tangent at the origin: When a curve passes through the origin, for 
equation of tangent at (0, 0), equating to zero the terms of the lowest 
degree the equation of the curve gives the equation of the tangent at 
the origin. 


a 
(x-nS+(V-y=0 or 
)—+(¥-y) 
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iv) Length of the tangent and normal: 
(a) Cartesian form 


Normal = yl+ yf 
y 


Subtangent =>, Subnormal = yy, 
” 
(b) Polar form 


Subtangent = 7722, — Subnormal -< 


dr 


(v) Are differenti: 


ds doy 
ae = dP + Aa, F= 1+(rZ) 


dr 
10. Curvature 
@) Fors = f(y), y = f@), x =f0) 
ds (+ yyy? +4)? 
eS, p-Vw ,.s) 
enw ? v % 
(ii) For x = f(®), y = Fi), 
24 pape 
? f aE y 
SF fF 


Gil) For r = £(8), p = f(r). p = f(y). Therefore, 
(P+ Ry dr d’p 
—., =r—, = —_ 

p Patten prr—, p=pt 


(iv) Curvature of the origin (Newton’s formulae): When x-axis (y = 0) and 
y-axis (x = 0) are tangents 
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(v) Chord of curvature 
Through the pole 


Parallel to y-axis = 2p cos y. 
11, Asymptotes 


(i) Ify = mx +c be asymptote to any curve f(x, y) = 0. Find m, c. Solving 
equations ¢ (x, mx + ¢) = 0 for infinite roots. 

ii) Asymptotes parallel 10 coordinate axes: For asymptotes parallel to 
xeaxis, equate to zero the coefficient of terms containing the highest 
power of x in equation (x, y) = 0 of the curve, provided it be not constant, 
Similarly, for asymptotes parallel to y-axis, equate to zero the coefficient 
of term containing the highest power of y. 

Method using ,(m), q-(m): Write 


OC, Y) = Onl Y) + Gaal, ¥) + = 0, 


where 9,(x, y) contain all terms of nth degree, and so on. 
Put x= 1, y =m to obtain ¢,(m), ,-(m) and differentiate ¢,(m) with 
respect to m to find ¢’,(m). Now ¢,(m) = 0 and c = -,.4(m)/9",(m) for 
each m, give different values of m, c for the asymptotes y = mx + c. 
(iv) If 6x, y) = Py + Fy.g = Py + Fn OS rSn—2, put Py = 
linear non-repeated factor of P,, give one asymptote. In case of repeated 
factors, if 


905 y) = = mu*P pg + Fra = 0. 
‘Then asymptotes are 


(y~ ma) + lim, =0. 


12. Maxima and Minima 


(i) Find f(x), (2), and let x = c, satisfy f’(x) = 0, then f(c) is a maximum 
value if fc) < 0 and f(c) is a minimum value if f"(c) > 0. 
(ii) Function of two variables u = f(x, y): Solve 


for stationary point (x, y) = (a, 6). Evaluate 


cee as os 

ax” axdy” 

Ifrt—s? >0, f(a, b)isan extreme value of f(x, y) and it is maximum 
if r < O,minimum if r > 0 

If rt—s? <0, f(a, 6) is not an extreme value 

If rt-s?=0, doubtful case, investigate further. 


at (a,b) 
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Differential Coefficients 


1.1 Introduction 


If the value of a variable x changes (increase or decrease) from x; to x3, then the 
quantity xz — x, is called increment in x. In both the cases, we use the term 
‘increment’ to denote the change. A very small increament in x is generally 
denoted by 5x (or Ax). We should remember that just as sin @ is not the product 
of ‘sin’ and *@’, similarly 5x is not the product of 5 and x, rather it is a symbol 
of infinitesimal increment. 

If y = f(a) is a function of x and if there is a change Sx in x, there must 
be a change in the value of y. The corresponding change in y is denoted by dy. 
Thus we have y + Sy = f(x + 6x). Therefore, 


dy = f(x + 5x) - f(x). 


If f(x) denotes a finite single-valued function of x defined in a given interval, 
and f(x + h) denotes the same function of (x + ), h being very small, then 


lim S(xt+h)— f(x) 
ran) h 


is called the differential coefficient or derivatives of f(x) with respect to x and is 
denoted by f“(x). Thus 
fx+ = fe) 


f'@)= h 


That is, if y = f(x), then 


ep. 


1.2 Differentiation from the First Principle 


The process by which we get the differential coefficient or derivative of a 
function without application of any standard forms of derivatives or fundamental 
principles of limits is termed as differentiation from “first principles’ or ‘definition’ 
or ‘ab initio’. 

1 
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Differential coefficient of any function 
Let 
y=f@). (ay 
Let us also suppose that when the value of x changes from x to x + dx, the value 
of y becomes y + dy. Hence 
yt H=Sflxt dx). (1.2) 


Subtracting Eq. (1.1) from Eq. (1.2), we have 


Sy = f(x + &) - FQ). 
Dividing both sides by de 


by _ fx+6)-f0), 
ox 


Now taking the limit as dx — 0, we get 


WY = tim = tim LEtS9-LO) | 


dx 51-90 6x és ox 


Therefore, the differential coefficient of f(x) is 


tim £+92)- £@) 


é0 Ox 


The differential coefficient of a function is also called its derivatives. 


Left-hand derivative and right-hand derivative 


For any function y = f(x), if.at x = x9 in its domain, the limit: 


Jy L(x +58) ~ f() 
oye 


exists, then we say that the function f(x) is differentiable at x = x9 or it possess 
a derivative. The quantity 


lim F(x + 8x) ~ F(X) 
61-0- ox 


is called the left-hand derivative and is denoted by Lf((x), where the quantity 


lim 
brs 


f(x + 5x) - f(x) 
ox 


is called the right-hand derivative and is denoted by Rf“(x). 

If at x = Xp the left-hand derivative or the right-hand derivative is finite and 
equal, icc. Lf“(x) = RY“), then we say that function f(x) is differentiable at 
x = xq and differential coefficient of y = f(x) is denoted by f(x) or by dy/dx. 
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Theorem 1.1 If f(x) is derivable at x = 
Uf’) = Rf) = f(@) (say). 
Proof Since f(x) is derivable, 
h 


then 


tim 
0 


=f@ 
or 
fla +h) - fla) =hUf'@l+e 
where € > 0 as h - 0. Then 
fim fla +h) - f(a)=0 
or 
lim, fla+h)= f(a) 


Hence f(x) is continuous at x = a. 
Note: ‘The converse of the above theorem is not necessary true, We also note 
that every differentiable is continuous. 
Example 1.1 Find the differential coefficient of 

x-l 


————s x#l 
2x? = 7x45 


f(x) = 


=-5, xelatx=¢. 


Solution Here 


Txt 
RHD = lim L4+)-f0) x 
oh 
= tig BE 


' 2h 

= lim ————. 

ho H-3+2h)h 
Slit 
4-90 3(-3 + 2h) 
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and 


f-h)-f@ 
mh 


LHD =lim 
ho 


= lim 
i) 


semtt 
sin———— 
bh 
—2h 
= lim ————_—_ 
b-0 (—hY(3)(-3 - 2h) 
Pas 
> 
Therefore, LHD = RHD. Hence the given function is differentiable at x = 1, 


Example 1.2 Discuss the function f(x) = |x| and prove that the function is 
continuous at x = O but it is not differentiable at x = 0. 


Solution Since 
f@) x>0 
x<0 
= x=0 
For this (0) = 0 and f(0 + h) = f(A) = h. Then 
lim f(0 + 4) = lim h=0- 
Again since f(0 — h) = f(-h) = h, we get 
lim f0-h)=0 


Thus, we see that 
fim (0 +h) = lim £0 -h) = FO) 


Hence f(x) is continuous at x = 0. 
Now, for differentiability at x = 0. 


10) = fim LOtBr LO _ 5, LM=-/O _ | bE 
RY) = lim : = fim = lim = 
But h < 0, then 
£O-h)- FO) _), fH - FO) 
Lf'®= mn —— ig = 
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Thus, we find LHD # RHD at x 
at x = 0. 


). Hence the given function is not differentiable 


Example 1.3 Examine the derivability of the function: 


Syexsint, #0 
=0, x=0 
atx = 0. 
Solution We have 


1 
SO +h) =h sin he when h > 0. 
Then 


oa Asin(i/h)-0 
h 


RHL=lim 
ca) 10 


So RHL does not exist. Similarly, 


£0+h)- FO) gi ced 
7 es 


fh) =(0 -h) sin 


We also get 


LO) _ spy Sin CUA) — 
xh c=) ites 3 
does not exist. Thus the given function is not derivable at x = 0. 


Example 1.4 If 


LHL=lim £0 
10 


ee 
lim sin 
10h 


fersint, x20 
x 
=0, x=0, 
Then find the differential coefficient of f(x) at x = 0. 
Solution By definition of differential coefficient of f(x) at x = 0, 


0) = tim LOFM=LO «ji, LM-LO 
hi aaa aaa 


= tim Hsin) 
oh 


=slimh sind 
nw h 


Example 15 If 
f(x) =2-x, xS2 


2-2, x>2 
2 


then is f(x) differentiable at x = 
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Solution Given f(2) = 2 - 2 = 0. For left-hand derivative, h < 0. Then 
2+h <2. Therefore, 
fQ+h)=2-Q+h=-h. 
Now 


op L2H ~f2) 
h rook 


S'(2-0)= lim 


In case of right-hand derivative, h > 0 or 2 + h > 2. Therefore, f(2 + h) = 
2+h-2=h. Now 


10-0)= lin L2tMAL2 
foie ee 


Hence 
f'(2-0) # f(2+0) 
Therefore, f(x) is not differentiable at x = 0. 
Example 1.6 If 
x 
S@=—ae##0 


=0, x=0' 
find RHD f’(0 + 0) and LHD f‘(0 - 0). 
Solution We have 


= lim 


7 = jim [0+ -f0 
Fo-0= tp, 


£0) = FO) 
A 


eet | 
“Meo aee™n 


= lim —— 
no Tee 


=1, (ash<0) 

and 
" = jm LOtO-fO 9 LA = FO) 
F0+0- fg LON=LD- pg NID 


= lim ——— 
A090 (+e!) 1h 
= lim —_ 
h-0+0 1 4 el* 
=0. 
where el" > 0 as h -> 0 + 0. Therefore, f(0 — 0) # f(0 + 0). Hence f(x) is not 


differentiable at x = 0. Since LHD and RHD of f(x) at x = 0 are finite, f(x) is 
continuous at x = 0. 
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Example 1,7 Examine the differentiability of f(x) at x = 1 and x = 2 defined by 
f(x)=>fx], Osx<2 
=(x-Ix, 2x83 
Solution Derivative of f(x) at x = 1 is 
1-02 tim L2+0-F0 
Fa-0 ip AE 


Pa (+A +h) -() 
h-40-0 h 


= tim @t:0-1 


and 
F'+0)= lim, 


lim Ct OU +AI- 0) 
0 


f0+W-f0 
h 


h 
= tim GOAsM 
nads0 ht 


Therefore, h > 0 and h — 0. Then 1 <1 +h <2. Thus (1 - 0) ¥f(1 +0). 
Therefore, f(x) is not differentiable at x = 1. 


Example 1.8 Examine the continuity and differentiability of the function f defined 
by f(x) = x tan"(1/x), x # 0 and £(0) = 0 at the origin. 


Solution At the origin x = 0, we have 


m £O+W~ FO _ ji, fe 
90 h 490 


_ htan'(I/h) 
a} Ah 


= lis 
10 
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and 
tim £20 


00-0) =tim LO-H-L 
a at — ToT oh 


pa es 
mm tanh 
0h 


Therefore, f’(0 + 0) of “(0 - 0) and f’(0) does not exist. Hence f(x) is not 
differentiable at x = 0. 


Example 1.9 The function f(x) = x|x| is differentiable for all values of x. 
Solution Here 
IQ) = afx| = 7, ifx20 
—, ifx<0. 
ar ie and -17 are different functions, f(x) is differentiable except possibly at 
x= 0. Now, 


= fornia LO) jim FO tien Be 
‘ fO+h= ‘fim. = in Teen I =0. 
an 2s pe 
0-iy= tim LO-D=FO £0) _ ji, =? 
ea a eek 


Therefore, f’(0 + h) = f"(0 - h). Hence f(x) is differentiable at x = 0. Thus f(x) 
is differentiable for all values of x. 


Example 1.10 The function 
SO) 


is differentiable at x = 0. 
Solution Here 


<=, x<0 


Therefore, x/(1 + x) is differentiable for x 2 0 and x/(1 —x) is also differentiable 
atx <0. 
Now to test the differentiability at x = 0. 


= tim LO=-LO _ ton ae 
FO+)= be A en OB Teno! 
“0-)= jim LN=LO ere ee tee 
F'O-= fin =p gem isa 


Since f’(0+) = f'(0-), f(x) is differentiable at x = 0. Hence f(x) is differentiable 
everywhere. 
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1 


4. 


5. 


Exercises 1.1 


f= x#0 


x 
=0, x=0. 


discuss the continuity and differentiability of f(x) at x = 0. 


Test the continuity and differentiability of the function: 
f(x)=lex,  x<2 
=S-x, x2, 


Does the differential coefficient of the following function exist at x = 0 and 
x= 1, where 

x<0 

O<x<1 


wx+l  x>17 


Discuss the continuity and differentiability of 


f@=x%,  x<-2 
=4,  2sxs2 


=x, x>2 


Examine the continuity and differentiability of f(x) at x = 0 if 


xe" -e"*) 


f=4 x#0 
ete 


x=0. 


Discuss the differentiability of a function f defined as 
Sf) =1, -wex<0 
=1+sinx, Osx<f 
=24(x-4), Esxcen 


}. Discuss the differentiability of a function f(x) defined as 


f(x) =2x, x21 
sl+x7,  x<l 
find f’(1). 


10 
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10. 
IL 


Given 
F(x)=x, Osx<l 

=2-x, Isxs2 

ax-4x, 0 x22. 
Is f(x) continuous at x = 1 and x = 2? Does f’(x) exists at these points? 

. Given 
=, x>0 
x 


=l-xcosx, x0 
prove that at x = 0, the function is continuous but not differentiable. 
Given f(x) = sin |x], show that f“(0) exists and f(x) is continuous at x = 0. 
If f(a) = 2, f(a) = -1, g(a) = 1, g(a) = 2, then what is the value of 
g(2)f(@ - (a) 0), 


to ae 


Example 1.11 Differentiate e* from the first principle. 


or 


Solution Let 
fa) = ay 


fe+h=e™ (2) 


Sleth)— fix) se —e sete —e =e (e" -1) 


fe+h= fx) _ (=) 
h h 


Taking limit, we get 


or 


fig LEAL tim (re A eH ) 
= hk =o 273 


Pad. 
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Example 1.12 Difterentiate a‘ from the first principle. 


Solution Let 


SQ)=at =e" 


and 
flat hy=att® = e+e 
Subtracting (1) from (2), we get, 
Sfx +h) = f(x) =e * M82 — exese 
= ethtaghloga _ ,rloga 
= eta (ghee _ 1) 
or 


Sle h)= flay _ eft" (eh¥t* 1) 
h = h 


=e mA (1+ mopar! (oso? +. 


= ethee Ynoga+ (oo +: | 


= etre [lose + ‘(og ay + | 


Taking limit both sides, we obtain 


fin LE#W= Ly ig [loge+ A (loge) + | Het og a 


h 
Therefore, f'(x) = a* log, a. 


Example 1.13 Differentiate log,x from the first principle. 


Solution Let f(x) = log, x=log, xlog, e. So, 
f(x +h) =log,(x+h)=log,(x+h) log, € 
Then 
f(x +h) = f(x) =(log,(x+h) — log, x) log, e 


= top, *)toese 


= log, e log, ( +4 


i (t-5+ ee ) 
Boe ae 


a) 


(2) 
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Taking limit, we get 


jim £244) - FO) 
A h 


= log, elim| 4-4 
= N08. he 
Therefore, 
£)=1 hoge. 
x 
Example 1.14 Differentiate logex from the first principle. 
Solution Let f(x) = log.x, and f(x + h) = log, (+h). Then 


f(x +h) = f(x) = log, (x+h) — log, x 


or 
hy (t- 
tim LE+ = £0) iy 
0 h 0 
(1 hh 
=lim|--->+—5--- 
v(? 2 ae 
st 
= 
Therefore, 
1 
f(a==. 
x 


Example 1.15 Differentiate sin"' x from the first principle. 
Solution Let f(x) = sin“!x and f(x + A) = sin""(x + h). Then 
S(x+ h)= f(x) _ sin" +h) ~sin"'x 
h h 


Put sin“'x = @orx= sin @, and sin"(x +h) = @+ korx+h = sin (@+ k). When 
h— 0, k — 0, and h = sin (@ + k) — sin @ we get 
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atk-a@ 
= lim ——__—_ 
40 sin (a+ k)— sina 


, k ; 
= IS Qeostas WD 2 


A ee ee 
* peso [ sin(/2) 4-0 cos (a+ K/2) 


Therefore, 


ene | 
f= TS 
Example 1.16 Find the differential coefficient of cos“'x with respect to x from 
ab initio. 
Solution Let f(x) = cos“!x and f(x + h) = cos(x + A). Then 


lx +h) — f(x) =cos"(x +h) - cos" x. 


Substituting cos“'x = aror.x = cos aand cos\ix + h) = ar+ kor x+h = cos (a+ k), 
and when h -> 0, so k > 0 and h = cos (a + k) ~ cos @ we get 


cos"! (x +h) 
h 


@ 


tim Gt" 
ia) A 


A a-k-a@ 
= lim —“———* __ 
4-0 cos(@ +k) ~ cosa 
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Therefore, 


Example 1.17 Find from the first principles the differential coefficient of 
tan“ly with respect to x. 


Solution Let f(x) = tan“'x, Then f(x + A) = tan"'(x + 4). So 
fle +h)= f(x) stan "(x +h) - tan x 


Put tan! = @, x = tan @ and tan'(x +h) = @ +k so tan @+k=x+h, When 
h-90, k90 and h = tan(a + &) ~ tan @ Therefore, 
“1 tan”! 
Jim LEH — SG) jig, BA t A= tan 
0 h hod h 
4 atk-a 
= lim —<———* _ 
4-0 tan (@+k) —tana@ 
jim ‘ 
0 sin(@+k) 
cos(@+k) cosa 
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Sia kcos@ cos(a +k) 
£50 sin(@ + eos cos(a+ Asin 


_ keos arcs (a+k) 
sta ———— 
0 sin (@+k-@) 


._ k cosarcos(a +k) 
ize: 
hd sink 


k 
= tn cosa fim cos(@+k) 


Therefore, 


f= 


lex? 


Note: Try yourselves the differential coefficients of sec™'x, cosec”!x and cot”'x, 
from the first principle. 


Example 1.18 Differentiate Vsin x from the first principle. 
Solution Let f(x) = Ysin x, so f(x + h) = Vsin (x +h). Now, 


to. ry HS fx) 


a) 


ig =m + 2 - fin +h) - Jinx x 


sin a +h)=sinx 


“Ey [sin +7) + sin x] 


Ss 2cos(x + A/2)sin(h/2) 


90 [sin (x + A) + Ysinx 


__cos(x+hi2) lim sin(h/2) 


a fsin(x +h) + Jsinx +0 h/2 
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Therefore, 


Example 1.19 Differentiate cos (log x) from the first principle. 
Solution Let f(x) = cos (log x) and f(x + h) = cos [log (x + h)}. Therefore, 
tim L2+1= S09) _ j,, costlog(x + M))~ cos(log.x) 
bond h 0 h 
Put log x = a@ and log (x + h) = @+ k. When h — 0, k — 0, then 


tim L2+ =F) _ 
ho h 


cos(a@ +k) —cosa 
h 
io, ~2Sin(@ + k/2) sin (k/2) 
= im 
0 h 


lim 
0 


== sno) [8H] 
490 2)eol W2 jh 
Paper | 
=-sina@lim — 
kh 
Now, since 
k=(a@+k)-a@ 
=log (x +h) —logx 
sth 


=log 


We get 


Therefore, 
2-4 sine=-4 sin(og 2). 
x x 
Example 1.20 Differentiate cosh x from the first principle. 


Solution Let f(x) = cosh x= (e" + e“)/2. Then f(x +h) = [e*** +e" ]/2, 
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Now, 
COSA _ pg [E+W = SO 
dh h 


Het +e) LF +078) 


Therefore, f’(x) = sinh x. 


Example 1.21 Find the differential coefficient of sinh”'x from the first principle. 
-t 


Solution Let y = sinkr'x, so 
xe inh y=3 (e” ~€7) a 
and 
x dx=sion (+5) =3[e°9 0] @ 


Subtracting (1) from (2), we get 


or 


18 ___ Textbook of Differential Calculus 


ty Vd oe 1 eae) 
dx coshy Jeosh?y Ji+sinh?y t+? 


Therefore, 


dy dy 1 
Egy inh ta) = Ter 
Note: Similarly the differential coefficients of other inverse hyperbolic functions 
can be derived from the first principle. 
Example 1.22 Differentiate 2+ with respect to x, from the first principle. 
Solution Let y = e®*** and y + dy =e? 4+). Then 
By = emt) __ esti, 


Therefore, 
Sy, etbtletd0) _ gcoab2e 
2M Sr = HS & 
eembalerd)~ coh? _ 
= 00h2 fgg SE 
bx ox 
cosh2(x+ 5x) cosh Se) - 
eem2t| tim 2 1_] cosh 2(x + 5x) — cosh 2x 
42-0 cosh 2(x + 5x) —cosh 2x. ox 


=e fm =!) tim £08H 2G + 5x) ~ cosh 2x 
‘ 0k) 5-0 ox 
where cosh 2x = 1, cosh 2(x + dx) = 1+ k. When 1 > 0, dr > 0, we get 


B95 2 
Fe = 2sinh 2x) 


Example 1.23 Differentiating sinx? from the first principle. 
Solution Let y = sina’, y + dy = sin(x + dx). Then 


dy = sin(x + 6x)? -sinx* 
2? 
Jee : - ] 


- 2eos[ 22 +2x5x + (6x)? | 22 + (6x? | 


(e+ xP +7 
~( 2 


= 2c 


2 2 
= 2eo +164 ] sn[ deen = + 5s] 
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or 


a 
Ba ae mle) 


or or 
or 
an 8D - a ig si[ Bx (n+ 5x2) Mes #) 
a = am, 2a? tabs 4 | Jie, 5a + bald) 
Then 


2 Faas cosx? 
Example 1.24 Differentiate sin Vx from the first principle. 
Solution Let y = f(x) = sin Vx. When Vx = u. Then 
f(x) = sinu and f(x + dx) = sin(u + &i). 


Also 
utdu=x+dx, whendx0, 5u30 
Therefore, 
dy =y + dy- y= f(x + dx) — f(x) =sin(u + du) -sinu 
Then 


oy 
5 


in(u + du) —sinu 
ox 
_sin(u + du) —sinu Su 
ou ox 


cosu fim 
= bx Ox 


But we have du=Jx+dx - vx. Then 
bu=(Jx+ ox - Vx) 


x+6x-x 


«fxs x +d 
ox 


“Teri ede 


ou 1 


Ox [evdxtvx 


neon + 
e+ bx +x 


or 
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When dr 0 


du_ 1 1 
wey <i 
de do ev drtvx We 


Thus 


1__cosvx 
Oke 


Example 1.25 Differentiate sec (x/3) from the definition with respect to x. 


Solution Let 
x x+6x 
yess, y + dy =sec—— 
Then 
x+dx 1 1 
Cyne xtox x 
3 3 


or 


Taking limit, we get 


ay jin im, 2sin($ +H)[seee jt 


x 
‘de cos(al3) cosa) 3 "3 3" 
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Exercises 1.2 
1. Obtain the differential coefficients of the following functions from the first 
principle: 
(i) Sx, Gi) #”, Gi) 2 + 5x, 
(iv) Ve, (v) 34, (wi) 
(vil) (+a), wii) JP +1, (ix) (2 + 1)/x, 
(x) 2x-1 Gi) ter. 


2. Find the differential coefficients of the following with respect to x from the 
definiti 


(i) sin 4x, (ii) cos 2x, tan 2x, 
(iv) tan kx, (vy) tan(x°/3), (vi) cosec 3x, 
(vii) cot 2x, (viii) tan Gx + 1), (ix) sin @? + 1), 
(x) ylanx, (xi) sin’x, (xii) cos 22, 

(xiii) cos?x, (xiv) tan (x +a), (xv) sec (x°/3), 


(xvi) tan?(ax). 
3. Differentiate the following functions from ab init 
(i) 7 cos x, ii) x sin x, cos (ax? + bx +x), 
(iv) x tan x, (¥) sinxcosx, (vi) (sinx)ix, 
(vii) tan (ix), 


4. Find the differential coefficients from the first principle of the following 
functions: 


(i) tan3Vx, Gi) tan (1 - 3x), (iii) see Sx, 
(iv) Yeosx, (v) seex, (vi) Jeos3x, 
(vii) sind, (viii) cot Vr. 
5. Obtain dy/dx of the following functions from the definition: 
@ Gi) 
iv), () en, (i) ele, 
(ii) oF, (viii) 


6. Find the differential coefficients of the following functions from the first 
principle: 


(i) log, (ax + b), (ii) log sec x, Giii) x log x, 
(iv) log ax, (¥) log (tan x), (vi) sin (log x), 
(vii) x log (sin x), (viii) log sin (x/a), (ix) log cos x, 


& 4 


22___ Textbook of Differential Calculus 


7. Find dy/dx of the following functions from the definition with respect to x: 
(i) tana), Gi) sin“"@/a), 


(iii) sec™'x, 
(iv) tan“'(2x - 3), (v) sin'Gx+5), (vi) tan(ax), 
(vii) sin“(2x), (viii) see'(3x), (ix) cor(mx). 


1.3. Fundamental Rules for Differentiation 


Example 1.26 Find the differential coefficients of 


1+sin x-cosx 


+sinx +cosx 
Solution Since 


(1+ cos x) + sinx 
2sin? + 2sinXcos= 
—2__2 2 


iS x oe x 
2eos?> + 2sin > cos 


anon von) 


= x zk 
2ewi (eat +ant) 


2 2. 


Therefore, 


ay) 
de 2 


1 L 
2eos*(x/2) 1+c0sx” 


20 
2 


Example 1.27 Find dyldx, if 


secx+tanx  /l+sinx 
secx—tanx Y1-sinx 


Solution 


Method 1. 
Since 


_ feeexttanx _ fsecx +tanx secx +tanx 
secx-tanx  Ysecx—tanx secx+tanx 
secx +tanx 


Voce? ~ tan?x 


=secx +tanx 
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Method 2. 
We have 


£4 sind 
_ cos +sing 


‘<—sind 
cos4—sin$ 


Then 


Example 1.28 Find dylds, if 


@ y= (i) y= = 
wee »* Secx+unx” 


Solution (i) Differentiating, we get 


cs 244-[4 2 
wy [eeema]e +4) [ge +4) frooes 
dx (+4)? 


d 


(cos.x) |(x? +4) 


(+4)? 


_leosx + x(csinx)J(2? + 4) ~2x7c08x 
(x? +4)? 


=x") cosx— x(x? +4) sinx 
(2 +4P 
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(ii) Differentiating, we obtain 


_ eer tn) Catan) xt (sean) 


dy 
dx (see.x + tan x)? 
a de da 
(een tn. «gan + tan] xtans{ £6eex-+1an)] 
a a ak de 
(ec x + tan x) 
_ (sec x + tan x) (xsec?x + tan x) — x tan x(secx tan x +sec*x) 
(secx +tan.x)* 
_xsec’x +x tanx sec?x +secx tan x+tan?x ~ xsecx tan? x ~ xtan.xsec?x 
(secx + tanx)* 
_xsec’x — xsecxtan?x +secx tanx +tan?x 
(ecx + tan x)? 
tan?x) + tan x(secx + tanx) 
(secx+tanx)? 
Therefore, 


dy _ xsecx(secx—tanx) +tanx 
a secx + tanx 
Example 1.29 Find dylds, if 
—antb 
sinx + cosx 


Solution On differentiating, we have 


[Lee + Joins +0082) — [Loin x oe) +b) 


‘w. 
de (sin x +cos.x)* 


_2ax (sin x + 008) — (ax? + b)(cosx 


nx) 
(sinx + cos.x)* : 
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Example 1.30 Find f'(1!2), if 


1-cosx 


S$) 


Solution Now 


a teosx) Lc —cosx) (1 -cosx) La +.c0sx) 
PO) et 
(1 +008 x) 

_ {d+ 608 x)(sin x) - (1 ~ cos x)(-sin.x) 
(1+ cosx)* 


xcosx + sin x +sinx —sin xcosx 
(1 +cosx)? 


__2sinx 
(1 +cosx)? 


(x) __ 2sin(x/2) 
¥) 2802) 2 
r(§) [1+ cos(#/2)F? 


Exercises 1.3 


1. Write down the differential coefficients of the following functions with 


respect to x: 
@ x+ Us, (i) 2sinx-Scosx, (iii) ~ke" +9 cos x, 
Wy) we, (vy) Bx8+$a7-2x44, iy (Ve +e), 
(vii) eos x (ili) G2 +1) GP + 2x + 5), (ix) Seba, 
(x) (? + 1) sin x, (xi) 4, ji) &, 
(xiii) x! log x, (xiv) 2, @wv) 222, 
Gui) Ji (1+). (avi) 4, (xviii) S28 ese, 
2. Find dy/dx when each of the following functions is equal y: 
os. aw &, Gi) 


6) ah o ESE. cw See, 
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Wii) 5. Will) 35) 

@) BE. Gi) Soee, Gait) Sat, 
Git) Sage iy) Bu) EE 
(xvi) SE, (ayy Saat 
Gix) JERE, ox) ah. 

3. Solve: 


x4 


(i) If f@) = we then find f“(x) at x = 4, 
Gi) fo) = 5 - Vee +5, find 7’), 


(iii) If y= wit seex, find dy/dx, 


(iv) If f@) = sin x, find f°), 
(¥) Ife) = SEs, find a2), 
4. For what value of x, the differential coefficient of (x? + 1)/(x — 2) is zero? 


5. For what value of x, the differential coefficient of x log x is zero? 
6. Find the value of differential coefficients of x° — 4x7 + 3x - 2, when x = 2, 
7. If y = |x]?  4}x| + 2, find dyldx at x = 3. 

8. If y = |cos x}, find dy/dx at x = 32/4. 

9. If y = |cos.x — sin}, find f’(x12). 
10. Find dy/ds, when 


Oy Ew ES. 


11. Find the differential coefficient of the following functions: 


® SSS) @) iy 54, 
n Pass 3x+2 Basing tenn 
wm SS. ©) Temes (i) Fer 


(vil) Psecx+ ES. 
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12. Evaluate: 


2 si s 
tim (2A AY sin(a +h) a 


cs) h 
13. If f(%) = (1- x) +»), find £1). 


14. If y = (x — a)(x - 6), show that at the particular point of the curve where 
dy/dx = 0, x will have the value (a + 6)/2. 


fim se sinx). 


1.4 Differential Coefficient of a Function of Functions 
Let y is a differentiable function and w and v differentiable functions of x, then 


Let y = f(u) and u = 9(x), Hence y is a function of x. If y = f(u), u = 9(v) and 
v = ya), then 


1.5 Differential Coefficient of Inverse Functions 


Let y = f(x) be a differentiable function in its domain of definition. Let the 
inverse function of y = f(x) exists and let it be x = f(y). Let & be a small change 
in x and dy be the corresponding change in y determined by y = f(x) then 
corresponding to change in y, change in x determined by x = 9(y) will be dr. 
Now, 


y=f@), y+ dy = fix + dx) 


Then 
dy = fx + &) - f@) 
Now 
5x > 0, dy 3 0. 
Then 
By Se br 
bx dy by dyldx 


or 


jim 2 = fon — 
5-90 Sy 5x-00 Syl5x 
or 
1 
dylde* 


Sle 
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Example 1.31 If y = sin (cot x), then find dy/dx. 
Solution We have 


Example 1.32 If y = (5x° + 7x7 + 11), find dy/dx. 
Solution We have 


dy _ (50° + 7x? +11? 
ae de 


dS2 +72? 419%? d(5x° + 7x7 +1) 
d(Sx° +7x7 +11) dx 


aioe +77 +11? (5x? + 14x) 


=Sase +143) (5° +727 +11)? 


Example 1.33 If y = sin V2 + ax + 1), find dyldx. 


Solution We have 


dy _ dsinyf? t+ax+l) afe tart] d(x? +ar+1) 


ae aft tarsl d(e tare) & 


scosyx? +ar +1 (le tar+l) (2x40) 


_2x+a) cosy? +ar+1 
2x tart] 


Example 1.34 Find dy/dx. If 
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Solution Let 


Sok wand 
x 


We also have y = u + v. Hence 


a& # 
Again v = (1 —22)"?. Then 


pari -¥)"?(22=-. 


From (1) 


Vit +1, find dylde. 


Solution Since y = sin? fi? +1, we get 


Example 1.35 If y = si 


Persie +1)? cos(x? spilt +17 Qx) 


_ Dxsin(x? +1)! cos (x? +0"? xsin2yx? +1 


ye+ 


Example 1.36 Find dyldx, when y = cos-Vsinvx. 


Solution On differentiation, we get 


dy _ d(cos sin J) acdsin-Vx) atsinvx) ave 
de acfsinge) din) dx de 


=-sin inde (3) (inva) ease) 1” 


invx 


nese 
aux 


qd) 
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Example 1.37 Find dyldx, when 


@ y= 3 Gy, Seca tea 
Gx+1P" 1" frra-\uva" 


Solution (ji) Differentiating the given function with respect to x, we get 


4 Sole DGx+ yt dBx+0" 5 aes 
dx 


Gx+n* 


[rv + ES 


d(4x +3) 


(3x41) — xJ4x-+3 (2)3x +? 


Gx+1* 


(eee! oxo? ~ 6x Bx +1yf4x43 
fax+3 


(3x+1)° 
_[(4x +3) +2x]Gx +? - 6xx+14x +3) 
V4x+3(Qx+1)" 
_6x+3)Gx +1) - 6x(4x +3) 
(3x41) 4x43 
__3-3x-6x? 


© Gx+1) J4x43" 


(ii) Differentiating, we get 


yo feet kta _Wr=a +yx+ay 


x+a xX-a-x-a 


_xratxtat2yy 


2a 


alas fe-a) 
a 
Then 


aena) de 


2 


dy? -a* se) 
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Example 1.38 Find dyldz, when 


Solution Differentiating, we have 


dain lve (42) 
1- diated} 


dd tye) da-Vx) 
ln - Sa 
a-vz? 


2Vxa-vx) 


“ater SE} 


Example 1.39 If y = 2 cos (log x), find dy/dx. 
Solution Differentiating, we get 


x? cos (log x)] 
a 


__ 2 Acos(log)} at 
=x = +08 (log x): 77 


= 2.4 c08(logx) d(log.x) 


dlogz) de oms0B 2122) 


= PE-sinogn) ++ 2x c0s (log x) 


= =x sin (log x) + 2x cos (log x). 
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Example 1.40 Find the differential coefficient of 


Solution Given 


or 


Example 1.41 Find dyldx, when 


Solution Since 


Put x = tan 6, we get 


2sin?(6/2) 
2sin (6/2) cos (6/2) 


in 
5, 
= 
Pan 
a8 
acl®, 


We also have, y = 6/2 = (tan“x)/2. Then 


&__t 
de +37) 
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Example 1.42 Find dy/dx, when 


rm 


1} [2sin?(x!2) | _ 
2cos*(x/2) 


Solution Since 


Then 


cos?(x/2) — sin?(x/2) 
in (x/2) + cos(x/2)P° 


-1 [cos (x/2) sin (x/2) 
‘cos (x/2) + sin (3/2) 


-1| 1 tan(x/2) 
T+ tan(x/2) 


We get 


Example 144 Mf y = log(x+qx +a), find dylde. 


Solution Given y = log ate +a’), we get 
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wy. : [i +(e +a)? en] 


a yafera 
= 1 fet x 
rtyeead | feta 


a 1 xt\Pee 
rte +a Ve +a 


Example 1.45 Mf y = log we +1), find dy/dx. 
Solution Given 


yolog (Yi? +1) =2togs + tog(s? +. 
We have 

dy .1.1 1 2.x 3x7 42 

=2t44 2x=2 = 3 
de “x 2x41 x x41 x74) 


Exercises 1.4 


1, Find the derivatives of the following functions: 


(i) © sin 3x, i) sin \eexel, (ii) Ysinysinvx , 


(iv) sin (sin x), (¥) sin (tan x), (vi) sin (cos ax), 
(vii) sin Jax, (viii) tan“(sin 9, (ix) sin (log x), 
(x) log (tan x), (xi) log (cos x), (xii) log (log x), 
(xiii) Y5+2x-4x", Gi”) FIT (wv) Ji+sinx, 
(xvi) cos (xvii) sin (sin Je), (xviii) log (log x)*, 
(xix) exp (ax), (xx) 8, (xxi), 


(xxii) e*(cos (2x + 3)), (xxiii) log (ax + 6), (xxiv) log (x + 1/4), 
(xxv) log (ax? + bx +c). 
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2, Find dy/dx, when y be the following functions: 


@ og sin x92, Gi) x log sec x, (iii) sin br, 
(iv) cos bx, (v) &* sin (bx +), 

(vi) (eh $e“) Met -e), (vii) sin [log (1 + x2)), 
(viii) a log secZ, (ix) log (see x + tan 2), 

(x) log (£+4), (xi) log tan (a/4 + 2) (xii) log (4), 
(xiii) tog (= 2), (xiv) tog (2284), (xv) log (}*#24), 
(xvi) log (I=), (xvii) tog (24). (xviii) log (34), 
(xix) log[ HEAR], (xx) x log(=5), (ani) Jog (+448), 
(xxii) log pa), 


3. Find dyldx, when y is equal to 
(i) cos? Vx , (ii) sin feosx, Giiy Joos vx, 
(iv) Jian(anx) , ) veinJax, (wi) sine? Far, 
(vii) Yoos(l+x7), (viii) 1A +tan?a)*, (ix) sin fr, 
) Janda), Gi) fein, (xii) sin? Jax? +bx ++ 
(xiii) sin (cos tan Jz), (xiv) sin (cos {tan (cot x)]), 


(xv) sin (cos{tan (sec x)]}. 
4, Find dy/dx when y is equal to 


(i) sin™(ax) cos"(Ax), Gi) 2x - 3p fax? +1, 


Gi) e* sinax), (iv) sin? (2x + 3) cos*(3x + 4), 
(v) x2 cos (log x), wi) oF, 
(vii) e sin Vz, (viii) e* log(cos VE ). 

5. Find the differential coefficients of the following functions: 


(i) x log sin x, (i) (log sin x, (iii) sin [log (1 + )], 
i (vi) log fH. 


(iv) a log sec (la), (v) tos (. 
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6. Find dy/dx, when y is equal to 
@) xf ea +d hog (r+ fee), 
Gi) eS Git) etintes®, 


(iv) x" log x + x (log x)", (vy) mete, 


‘nde 


(vi) to( 2325). (wii) secxyl+x?, 
pan es 
(viii) 2 +3yfP -1, (ix) tan“'(log x), 


(x) tan“"@7e~). 
7. Find dyldx when y is equal to: 
@) sind + cos? Vx, 


(i) cos (ax? + bx + 0) + sin? Jax? +bx+c, 


(iii) cos (Sx? + 8) + Freed 
w) xyi-2 +e, (vi) log (x +2 +a’) + sectxla, 


(vii) tan £+ log 


(iv) cos f1— x? +.x4 cot 4x, 


8. Find dy/dx when each of the following functions is equal to y: 
ae 
Gv) cos'(25), sine 42, (vi) (25), 
(vi) tnt ESE, iy tan" (GSE), Gs) ta (5). 
vo (5) 


Gi) sin (cos"!x), (ii) cos (sin“x), 


aaal 


(xiii) tan“ 


fem Gy sin (2ayi-s), 
(xv) tan“\sec x + tan x), (vi) tan! (4 see 


(xvii) sec (4) + sin 


sci) 


on gat 
(xviii) (aN (Cosresins 
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(xix) sin“tyS, 


(xxii) tan! JSS | (xxiii) cos ( 


(xxi) tan (52), 


(xxiv) (1 +x) tant, 


(xxv) tan" (S242), xnvi) cos" (SEES), (xxvii) sine" (EAR). 


Find dy/dx of the following: 
(i) 8? tan (5-28), Gil) sin? Yar? +bx +e, (iii) Jz sinx + sindy, 
(iv) sinyx + cosVx, (v) QP =I +1, (vi) 2x? +3845, 
(vii) sin*(2x + 3) cos*(3x + 4), 


(viii) cos (ax* + bx + c) + sin Yar + x40, 
(x) sin fi +2? cos4x, (x) sin (aryl -a?x?), 
(xi) Fam tor +8), (xii) Fad cos*(2x + 1), 
J), Gaiv) tan" (2) +10 FE, 


(xv) 2sin™ (stale =, (xvi) yl—x? +(sin"'x)x. 


Find the differential coefficient of the following functions: 


i 
log (i+) - 


(i) tan x with respect to x7, (ii) sin x with respect to cos x, 
(ii) sec x with respect to tan x, sin x with respect to 2°, 

(v) sin x with respect to tan x, (vi) tan x with respect to sin x, 
(vii) tan x with respect to sec x, (viii) tan x with respect to cot x, 
(ix) sin x with respect to cot 2.x, (x) 2° + 27 + 3 with respect to 2x’, 


Gi) T+ with respect to tan x, 
(xii) J-FHAL=2) with respect to x where # = cos 21, 


(xii) YO 37) +2") with respect to 1, when x = tan 1. 


(xiv) 34> with respect to sin.x, (xv) e* with respect to e* log x, 
(xvi) sin x? with respected to x7, (xvii) e** with respect to e*. 
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11. Find dy/dx, when y is equal to: 
(i) cos? (ii) LMlogeosx), 


ii) — (iv) sin fSinx +cosx 
oy [fe a? + YF +07), (vi) tan! (2%) +1oe(22E5), 
(vii) xt yxtvx> 


(Vili) (logcoy.s (Sin x) logyin s (COs x)J"+ sin™ 


(ix) cot SESS), ® cost (2esseziee) 
(xi) sin safe) (xii) tan“! 


atx = x14, 


acess bai 
Deosx+asins)* 


ry 


(xii) sin fee), (Riv) cos" (Et =), 


+x 


(xv) sin (xfi-e +e f=), «xviy an(& = 


(xvii) tan 5): (xviii) wan (+1), 
(xxi) tant 235). (xxii) sin (aun ) 


(xxiii) sin x) > war'( Ex), 
(xxiv) sinc! ity) +s (2). (xv) er ( FB wns). 


12. Differentiate the following functions: 


( sin'e with respect to coe (Y= ). 


(i) ta with respect to tan"'x, 


Teta! 


Gi) sin (23 with respect to Vx, 
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(O) lye) 
G 


(vi) tant 


with respect to sin“'x, 


(wii) & 
(viii) wn hee =) with respect to cos!x?, 
Poli 


(ix) sin’x with respect to cos*x. 


1.6 Implicit Functions 


When independent variable x and dependent variable y occur together in an 
equation and y cannot be written in terms of only x, then y is said to be an 
implicit function of x. For example, 


and y and let us suppose that 


x+y -3xy=0 and xy=sin (x+y). 


Let f(x, y) = 0, where f(x, y) is an arbitrary function of two variables x and 


not solvable for y. Then differentiate both sides 


of the given function f(x, y) = 0 in x and y with respect to x. It should be 
remembered that when we differentiate terms containing y, we should multiply 


it by dyldx afier differentiating and without solving for y to obtain dyldx, 


Example 1.46 Find dy/dx, when ax? + 2hxy + by? = 1. 


or 


or 


Solution Differentiating both sides with respect to x, we get 


a(2x) +2i(x 2+) + wand 
dy dy 


2ax + 2x + 2hy + 2oy> 
+ 2c + 2hy + Dhy 


20x + 69% + 2(ax+ hy) =0 
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Example 1.47 If x + y = sin (xy), find dyldx. 


Solution Given x + y = sin (xy), Differentiating the given equation both 
sides with respect to x, we get 


¥. ( 4). » 
1+ J es cos(ay)| y +25 J= yas (ay) + x 008 (xy) 7° 


or 
[1=-x008 99] 2 08 (9) -1 
or 


dy _ yoos (xy)=1 
de 1x08 (xy) " 


Example 1.48 If sin y = x sin (a + y), show that 


P(a+y), 
ina 


Solution From the given relation 
Pet aes 
sin(a+y) 

Differentiating with respect to y, we get 


dx _sin(a+y)cosy—sinycos(a+y) _sin(a+y-y)___ sina 


dy sin?(a+y) sint(a+y)  sin*(a+y) 
or 
Cee 1 (a+ y) 


dx dudy (inaysin'(a+y) sina 


Example 1.49 If xy" = (x + y)"™, find dyldx. 


Solution Given xy" = (x + y)"*. Differentiating the given equation both 
sides with respect to x, we get 
may stay Ba tm-emccr yy () +4) 
or 


[nxt yt — (m+ myx ty)" 


Pama mee yr = my" 
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or 


by _ (ove nyt yt mely" 
dx onx"y™! —(m+nXxtyy™! 


_ (m+ mat yt" — me ly"(x+y) 
nay"! (x+y) —(m tnx + y)"™ 


(m + n)x"y" — mx™!y"(x+y) 
nx"y""! (x+y) (m+n)x"y" 
XT ty" (nx—my) 
xy"! (nx - my) 


=. 
x 


Example 1.50 If y = I/x, then prove that 


a Se 
vi +x vi ty! 
Solution Given y = I/x, we get 
dy od 


Now 


isy* Visit JF eu 1 a 
Yee i+x* Fetal 


or 


ay 
vi +x* vi +y* 
or 
de dy 
+ =0 
Vi +x Vi +y* 
Example 1.51 Find dyldx, when 


y= ysinx + sin x + Jsinx + 
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Solution We have 


y= fein + fain + (eine tn 


Squaring both sides, we get 


y? =sinx + Ysinx + vsinx + Jsinx+— =sinx+y 


Differentiating both sides with respect to x 


ye dy By, S088 
2g Et 8 ae Dy 


Example 1.52 If y = tan-'(x + y), find dy/dx. 
Solution Differentiating, we get 


dy 1 (12) 1 1 ow 


x. +2 + 
de lt(etyP dt) 1+ Qty? 1+ (ety? de 


or 
es 

al Gere) bao 

yy) 1+@+yy 


a [teers] oe 


dl] t+(xty? 


or 


“1+@+y? 
or 

wt 

ad (x+y 


Example 1.53 If V(1— x") +V(1- y*)= a(x - y), show that 


Solution Putting x = sin 8 y = sin g, we get 


0s 0+cos ¢=a(sin 8—sin ¢) 
or 


sin: 


O+9 6-9 _ 0+¢ 0-9 
2eos—S* cos = 2a cos —* sin—* 
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or 
cot Pa 
or 
0- ¢=2cota 
or 


sin“'x ~sin“ly =2cota. 


Differentiating with respect to x, 


or 


Exercises 1.5 
1. Find the differential coefficients of: 
@ x+y =a, (i) P+ Y= Bary, (iii) 7y = (& + 2y), 
(iv) ax + ye = 1, (v) y= tan (x+y), (vi) 7? = sin Gy), 


(vii) y? = tan (x+y), (vill) x + y = tan Gy), 
(ix) x cos y + y cos x = tan (x + y), @xetysd, 
(xi) x1? + y!? (xii) + =a", (xiii) Pyt=(e + yy’, 
Giv) = -y)", wv) ay +P =e, 
(xvi) (c= y)y" = 2Vx, (xvii) ey = Qe + 3y)}, 
i (xix) y= sin (x + y), (xx) y = sec (x + y), 
(xxi) y=cot(r+y), (xxii) x+y = sin (x + y), 
(xxiii) x - y = cos (xy), (xxiv) x ~ y = sec (x + y), 
(xxvi) xy = tan (x + y), 
(xxviii) x + y = tan Gy), 
(xxx) xy = tan (xy). 


2. Find the differential coefficients of the following: 


(i) x cos y = sin(x + y), Gi) x sin y = cos (x + y), 
Gi) PP = x cos Gy), (iv) 2 + 9 = sin @y), 
(v) 2¥ = sin Gy), (vi) y = x + y*sin*(x/2), 


(vii) x cos y + y cos.x = tan (x + y), (viii) x cos y + ysinx = tan (x + y). 


3. If y= (1 +2), then prove that 


yo-s00 
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4, If y= x+ lly, then prove that 
a -y49D 
Gnyt Ve 
5. If y =x + (I/x), show that 
a 
xGty-2ea0. 
6. Ify= Vx+I/Vx, then prove that 
aXe yar. 
7. If cosy = xcos (b + y), then prove that 
& _ hb+y). 
de sin’ 


s 


If x + sin V(xy) = 0, then prove that 


dy __ Vy +yoosyay 


da xcosyxy * 
9 
y = qeotx + Jeotx+ Jeotx +, 
prove that 
dy _ cosectx 
a 1-2y" 
10. If 
prove that 
i. If 
prove that 


L. pee Saat, 
ae 2WxQy-Vx) 
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12. If ax? + 2hxy + by? = 0, prove that dyldx = ylx. 

13. If y? = (x + sin x)(x - cot x), prove that 
dy _x+(x+sinx—cosx)(I + sinx +cosx) 
a 3y° , 


14. If y = ax? + 2hxy + by’ + 2gx + 2fy + c= 0, prove that 


18. If 3y - Vy? + 1) = 5x, prove that 


dy _ 25s" = 39), 
a 3x 

16. If x+y = tan""(xy), find dy/de. 

17. If x cos y + y cos x = tan'x’, find dy/dx. 
18, If e% = cos (x? + y’), find dyldx. 


19. If Py’ = log.(x + y) sin e*, find dy/dx. 


20. If y= 


prove that 


as Sey =0. 


neato 


2. Ie . prove that 


22. Find dy/dx, when: 


@ ve =y+ a at the point (a, 0), 
(ii) For the curve x? = y at the point (1, 1), 
(iii) for xy + 4 = 0, at (2, -2). 


1.7 Parametric Equations 


Consider an equation in two variables x and y: 
oy =0 (1.3) 
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If a third variable ¢ can be obtained such that 
x=fO, y=FO (1.4) 


and Eq. (1.3) is satisfied by substituting the values of x and y from Eq. (1.4) 
then Eq. (1.4) is called the parametric equations of (1.3) and ¢ is called the 
parameter. 

Let dt be a small change in ¢ and let dx and dy be corresponding small 
changes in x and y, respectively. When dt — 0, 5x — 0 and dy — 0. Now 


x+dx=f0+6t) and y+dy= FO +50) 


Then 
Ox = (x + dx) - x= ft + 5) -fO 
and 
by = + by) -y = Flt + 50) - FO) 
Therefore, 
by _FU+ay— Fy) _ feet 
bx f+) FQ) Lee=10 
or 


nu+8)-F9 
2 Sx - ES) Tea=TD 
or Lj 
FG+6)-F) 


yy _ 

2 = tim —a— 

dx 850 ig TO 
Po) 


Example 1.54 If x = af and y = 2at, where # is a parameter, find dy/dx. 
Solution Differentiating the given functions with respect to f, we get 


Sow, Ze & aids 2a 1 
a gt ae elds Dat 


Example 1.55 Mf y = e! + cos ¢ and x = log + sin f, ¢ being parameter, find 
dyldx. 


Solution We have 
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or 


_dyldt _ ef -sint _(e' -sint) 
dx dedi T+cost 1+ teost 


Example 1.56 If x = a (t + sin 1) and y = a(1 - cos), find dy/dx, Also obtain 
the value of dy/dx, when 1 = 7/2. 


Solution We have 


ak . 
Email +cost, S=asins 
or 
dy _dyldt __asint ___sim___2sin (2) cos(i2) _ sin (2) 
de dudt a(l+cost) 1+cost 2 cos*(d2)_cos(t/2) 
or 
dy t 
Bmtant 


Also, when ¢ = 2/2, 


Exercises 1.6 


1. Find dy/dx, where @ and 1 being parameters and when: 
() x= a sin 8 y= bcos 8 


a (1 —cos 8) and y = a(@ + sin 8), 
a cost + b sin ¢ and y =a sint + b cost, 
t+ Weand y=0~ Wt, 


nnounnun 


Vd. +) and y= V0 - ?), 
1+ cost and x = sin f, 
= ae! and y = be", 


(x) x= e' + sin f and y = log t. 
2. Solve the following: 


(i) If x = a(@— sin @ and y = a(1 - cos 6), 8 being a parameter, find 
dyldx when = 7/2. 

(ii) If. x = 3a(1 + P) and y = 3aP(1 +P), 1 being a parameter, find 
dy/dx when t = 1/2. 


Gi) Find dvdr at 
a parameter. 


= Al2, if x 


=a (1 ~cos 1) and y = a(t + sin 1), ¢ being 
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3. Find dy/dx, when 
(i) x =a [cos + log tan (6/2)), y = a sin 8 
(ii) x = a sin 20(1 + c0s26), y = @ c0s26 (1 - c0s26), 
(ii) x= a (6+ sin , y = a(l - cos B). 

4.1 


sin? 


cos? 
Yooszr’ ” ~ Yeos2r” 


find dyfdx at t= 1/6. 


5. If x = sec @- cos 8, y = sec"@- cos"@, show that 
2 
(? +f ) =n(y? +4). 
6. If x = sin AV(c0s28), y = cosOV(sin20), find dy/dx at @ = 7/4. 


7 WE 


prove that 
dy _ 
vy2eL 


1.8 Logarithmic Differentiation 


In the power of a function or if a function is the product of a number of functions, 
then to get the differential coefficient of such a function, just take logarithm and 
differentiate next. This process is termed as the logarithmic differentiation. For 
example, if 


y=lor? 
then 
log y= v(x)log Xx). 
Differentiating, we as 
FE =veoiog a+ yoo a 


or 


4. * log 2) + yx) 22) 


=taor [yoo log x) + (2) pall 
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Example 1.57 Find dylde if (i) y = °™, (ii) y = (sin x)" 


Solution (i) Since 
og x. Now differentiating 


2"**, taking log both sides, we get logy = sin x 
respect to x, we get 


5B < Gina) +g xcosx 


or 


(8 scostogs} a 52% + cosx logs} 
dk x x 


(ii) Here y = (sin x)", Taking log both sides, we get log y = log x log sin x. 
Differentiating both sides with respect to x, we get 
16a ceosige supine ctsoge+ Logins 
or 


we voots logx + iogsns) = (sinxy* (cotstogs +t losin. 
ae x x 
Example 1.58 Differentiate y = x + x". 


Solution Now u = x‘. Taking log both sides, we get log u = x log x. 
Differentiating with respect to x, we get 


Lt iogeet 
or 
du 
= u(1 + log x) =x*(1 + logx) )) 
Again v = x", taking log both sides, we get 
logy = 2 tog, 
¥ 
Differentiating with respect to x, we get 
ldy_ 1 1 
va tS 


or 


(2) 


Adding (1) and (2), we get 


BPD a +logx)+2' 


x1 -logx 
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Example 1,59 Differentiate, y = x + (cot x)*. 


Solution Now u = x, Taking log both side, we obtain, log u = x log x. 
Differentiating with respect to x, we get 


1d tog +1 
uae 
or 
Sou (1+ 1083) oy 


Also let, v = (cot x)*, So log v = x log cot x. Differentiating with respect to x, 
we get 


1 
ogcors +z! {cosets} 
cot. 


or 


Sa[ingeas =(cotx)“(logcot x xsecxcosecx) (2) 


cotx 
‘Adding (1) and (2), we get 
B-4,8% = x*(1+logx) +(cot x)* (logcot x — xsee xcosec x) 


Example 1.60 Differentiate (sec x? = (tan yy. 


Solution Taking log both sides, we get y log sec x = x log tan y. 
Differentiating with respect to x, 


wy Le cect 
logsecx + perm x= tan y + x—— sec’ 
8 y logtan y aap de 
=logtany+xsecy coey 
1g tan y cos ve 
or 
 (logsee ~ xseey coseey)=logtany~ ytan x 
x 
or 


dy ___logtany~ ytanx 
de logsecx — x sec ycosec y" 


Example 1.61 Differentiate: 


aay 


Solution Given equation can be written as x = y*. Taking log both sides, 
we get, log x = x log y. Differentiating both sides, we get 
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1 lady ay 
dL bogyext% or & 
are ae 


logy) 


2 


Example 1.62 Differentiate xy‘ = 1. 


Solution Taking log both sides, we get, y log x +x log y= 0. Differentiating 
both sides, we also get 


or 


Example 1.63 Differentiate: 


or 


y(L+y + cos x) = (1+) sinx 


or 
y+ y+ y cos x= (1+) sinx 


Differentiating with respect to x, we get 


Dy ry 4D cose — (Ginx) y= 2 st ’ 
So 2y So + cosx — (sina) y= sinz + (1+ y)cosx 


or 
B1+2y-+cosxsins) =(14+y)c0s + ysinx 
or 


(1+) cosx+ ysinx 


ee 
dx 1+2y+cosx—sinx 
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Example 1.64 Differentiate cos y = x cos (a + )). 
Solution The given equation can be written as 
Pe) eae 
cos (+9) 


Differentiating with respect to y, we get 


‘sin ycos (@ + y) + cos ysin (a@ + y) 


(a+y-y)___ sina 


dy cos?*(a+y) cos*(aty) -cos*(aty) 
or 
ay cos*(a@ +y) 
ac sing 


Solution The given equation can be written as y=x. Taking log both 
sides, we get, log y = y log x. Differenti 


pi ae £2 
ya yerher( ) 


or 


or 


Example 1.66 If 


find dy/ds. 
Solution We get 
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Differentiating with respect to x, we obtain 


or 


or 
gl, we 
dex arbre) 


Example 1.67 If y = (log x)"® 


+ Prove that 


ay ¥ 
ngs 
(108) 2. T= ylog (logs) 
Solution Since 


y = (log x)" 


= (logx)” 


Taking log both sides, we get, log y = y log (log x). Differentiating with 
respect to x, 


wy na 
a Tog. 


are 


or 


1 Hee 2 
[} “heaton >| x logx 
or 

loge =__Y___ 
dx 1—ylog(logx) 
Example 1.68 Find dyldx, if 
y= (sinx)* + (cosx)*. 


Solution Since u = (sin x)", taking log, we get log u = cosx log sin x. 
Differentiating, we get 


Je sinx log sinx + c0sx— cosx 
ude Sinx 
or 
de | 2 — sinxtog sinx} = (ing i a 
anaes 8 = (sinx)"* (cosxcot x — sin.xlogsinx) (1) 


Again, v = (cos x)", Taking log both sides, we get log v = sin x log cos x. 
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Differentiating, we have 


18 x cos logcos + sinx——(-sinx) 
vide 7 cox 


or 


4 = v(cos x logeosx ~ sin x tan x) = (cos x)"**(cos x logcos.x —sin.x tan.x) (2) 


Adding (1) and (2), we get 


du | dv _ dy (cour Moree 
7 S_= Gin)" (cos. cot x—sin.xlogsin) 


+ (cos x)" (cos x logcos x ~ sin x tan x). 


Example 1,69 Find dy/ds, when (tanxy’ + (cot y)* 
Solution Let w= (tan.xY and v = (coty)*. Then u + v= 1, and 


—t+—= 103) 


Now, u = (tan x)’. Taking log, we get log u = y log tan x, Its differentiation 
ives 
idu_dy iby 
Adu dy) ies 
ude de Yt) ag * 
or 


Botany (oetany +y cot sc%s (2) 


Again v = (cot y)§, log v = x log cot y. Differentiating, we have 


lay 1 aydy 
18s togcot y + x—(-cosec?y) 
rae "Syl ie 
or 


a 


# (ory)! 2s 2y 
Fo ety) (leecoy xtany cosee?y 7 Q) 


Putting (2) and (3) in (1), we find 


cor (tcoty~ sty coneey 2) 


(tan.x)” [2 log (tan x) + yeot xsec’. 
de 
or 


Scan x)’ log(tan x) ~ (cot y)*.xtan y cosec?y 


+ [dan ‘y cot x sec?x +(cot y)* log (cot y) |= 
or 
dy __ (tanx)” y cot x sec? x + (cot yJ* log (cos y) 


dx (tan.x)’ log(tan x) — (cot y)*x tan y cosec”y" 
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Exercises 1.7 
1. Find the differential coefficient of the following: 


@ y=x Wi) y=? iii) y = (sin xy 
iv) y = (sin 2) ) y= (sin (vi) y = (sin) 
(vii) y = (cos x)"®* (viii) y = (os x) 
2. Find dy/dx of the following functions: 
@ (144) (ii) x + x (iii) (1 + xf + x" 
(iv) xt + tint (v) (sin.x)* + (tan.x)* (vi) (sin xf + "* 
(vil) (tan x) + (cot x)"** (viii) xt + et (ix) Gin", 
3. Find dy/ds of the following functions: 
@x=y¥ Gi) ay = yr iii) (see x)’ = (tan yy* 
iv) x87 = ytos @) Pty =e 


(vi) y =F 4 (ana — (vii) ye(an yen 
(itty yan” (ix) x=y”” 
®) y=(sinnrr” 


4. If e% = xy, prove that 


5. If y= Ja) +2), prove that 
ay 
1-2) 2+ry=0, 
(d-x) “=m? 
6. If y = x", show that dy/dx vanishes when x = e. 
71. Find the differential coefficient of the following functions: 


@y=x" (id)ye 


8. Find dy/dx of the following functi 
@ (CosxY = (siny (ii) =e Gili) y= x" (ivy y 
9. Find dyldx: 


(i) xsi Gi) (xlogx)!68) iii) (2 + 3)" (iv) xt. 


10, Find dy/dx at x = 1, when 


8 


(Gin y) sin(arx/2) + Pece"'as) +2* tan{log(x +2)]=0 
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11. Find dy/dx when: 


() y= oss" (i) yea 


12, Find dy/dx, when: 
@ yayrrfer irre Gi) yeylanz+ jtanztyeee 


Gil) y=e** (iv) yax+ 


() y= (an xen 


13. If xy! = (x + yP", prove that 


14. If 
find dyldx. 
15. Find the differential coefficient of the following functions: 
(@ sin3x cos*x @ Gi) 
iy Se (v) sin"(bx) cos"(bx) (vi) 7 + x°F* 
(vii) x* + (logx)* (viii) 107 + x (ix) e’sin?x + (tanx)* 
@) Beet iy Se Git) Ey. 
Grate 
16. If 


+x 
yeas PEE 


yer (ome) 
4 


find dyldx at x = 0. 
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18, Find dy/dx, when: 


2 


@ y= xterm, SE 


(ii) y = 2 


ot 
ea 
19. Find dy/dx: 
@ e4v= 
(ii) =e 


(vy) y= 


(v) ef = xy 


(vii) (sin xe“(log x)". 


aay yaxeOt 4 2223 
Gi) yar eS 


2x-sins??? 


(ivy y= 


(veyed 
Giv) y log (xy) = x 


corse] 


Chapter 2 


Successive Differentiation 


2.1 Introduction 


It has been shown that the derivative of a function of x is also a functions of x. 
Thus the derivative of a function may have its derivative without any loss of 
generality. 

If y =f@), 


Ba in L+89=L0. py 


dx 6x90 
is called the first differential coefficient or first derivative of f(x). If the process 
of differentiation be continued in succession, we obtain, second-, third- and higher 
order derivatives, as follows: 
2). tim £E469-F'@) 
0 a 


(x), 


Py _d (dy) _ 5, £e+5y- J") 
dx de?) oro ox 
and so on, They are also denoted by 


In successive differentiation, we obtain y, by method of mathematical induction, 
for some standard functions, which are used as formulae. We also have Leibnitz’s 
theorem to find y, for the product of two functions, which will be discussed later 
in the chapter. 


2.2 Successive Differentiation of Some Standard 
Functions 


(a) Let y = x". Then 
= my"! 
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Ya = m(m — 1)? 
Ys = m(m — 1m - Dx 


(m—n+ 1x" (for m > n) 
= x", then 
! 


Yq = m(m = 1Y(m = 2) 


Corollary If m= 1 be a posit 
Yn = a(n 1(n=2) = 2-1 


re integer and 


Also, 


Ye = Ye 
where n! is a constant. 
Tn general, 


Yner = 0, 


Yaar = (n= I) = 2) ++ (r + 1)x" = Fs 
(b) Let y = (ax + b)", where m is any number. Here 
Yi = ma(ax + by" 
Y2 = m(m ~ 1a*(ax + by" 
ya = m(m ~ 1)(m — 2)a*(ax + by"? 
Proceeding in this way, we get 
Yn = m(m ~ 1m — 2) «+ (m =n + Ia" (ax + bY, 
Corollary If m =n, y_=n! a. 
(c) Let y = e*. Here 
n=ae", yaae", yy=a'e™, 


Therefore, 


Yn = 
Corollary (i) Let y = e; then y, = e. (ii) Let y = af or y = e"8*; then 
Yn = a (log, a)". 
(d) Let y = 1 + a) or y = (x + a)"; then 
yy (Ie +a)? 
Ya = (D(-2)(x +a)? = (-1P 2x +a) 
Jy = (1 31(x +a), ete, 
Similarly, 
Dat 
ea 


Corollary In general, if 
yet 
(ax+b” 
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where m is an integer greater than 7, then 
ma 


— Dim + ya (m+)! a? 


arti (m-D! (ator 
Similarly, we get 
_CNn-nep! at 
: (m1)! (ax +b)" 


(e) Let y = log (x + a). Here 


yy = DD). (yr2! 
tae (e+ay 
Therefore, 
Cy a=! 
(x+a)" 


n= 
Corollary If y = log (ax + 5), then 


Cytn-D! a" 
(ax +5)" 


Jn 
(A) (i) Let y = sin (ax + 6). Then 


y acos(ar+8)=asin|E (ar +6) 
7 =e cos[E+(ar+ 0] sin [Fear+)] 


% = cos|E+(ax+0)]= 0 ia [E+cr+0)] 
Similarly, we get 


Yq =a" sin[ ME s(ar0)] 
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(ii) Let y = cos (ax + 6). Then 


yarasintr +6)=acos] Z+(ar+6)] 
2 ft [ae 
yea’ sinlE(ar+0)]=0 oo[F+(er+5)] 
nae snl E (ar+0)] = coe (0x +0)] 
Therefore, 
Yq =a" cos [Zecr+0] 


Corollary When b = 


if we oblain for y = sin ax and y = cos ax 


y4=sin(“E ar) and y= ; +ax)- 
(g) If y = e* cos bx, then 
Ya = (a? + bY cos (=+nav'2), 
and when y = e® sin (bx), then 
Yn = (a + BY" sin (o<+mtav2), 


Let 
cos bx and v = e* sin bx. 


Then 
u + iv = e(cos bx + i sin bx) = eel = efarib, 
Therefore, 


U, + iy = (a+ iby" 


Putting a = r cos 8, b = r sin8, we get 


Then 
(a+ ib)" =r"(cos 8+ isin)" =r"e"*. 
Therefore, 
ig tin, a rtentlerios 
a rtetediterO) 


=P" [cos(bx + nO) +i sin(bx +nO)), 


62__Textbook of Differential Calculus 


where 


Ve? +6? and o=tan!2 


Hence equating real and imaginary parts, we have 


tt, =D" (e* cos bx) = (a? + 62)" coro +atnt 4) 
a 
and 
ab 


v, =D"(e* sin bx) = (a? +b?)”? sin( bx +ntan’ 


2.3. Rational Algebraic Functions 


Whenever possible, the nth derivative of any rational algebraic function is 
generally obtained with the help of partial fraction. However, at times, the final 
result may involve simplification through complex variables. 

Consider the following examples: 


(a) If 
1 we 1 es 1 
(e+ax-a) b-a\x+a x+b) 
Then 
(Dal) 1 2 1 
(eat (e+e | 
(b) If 
Then 
Yn 
where 
onta(2). 
To prove, let . 
ee ane 1 ett 
Y" Fea? (etialx-ia) 2ialx-ia x+ia 
Then 


ee ae [e- ia) 0c iar] (2.1) 
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Putting x = r cos @,a =r sin @ gives 
Sed@=P and ung=5. (22) 
x 
Then 
(= 1a = 4 ia) OY = DE(CO5 B= isin" — (C080 + isin} 
=F cos (n + 1)8 +isin(n +1)8~cos(n +18 
+isin (n+)6) 
=r *O12i sin (n +18] 


From Eq. (2.1), we obtain 


Dnt m9 sin (n+ 8] = 


rane 
y m (see) sin(n +1)0. 


Since 


08 where @=tm =, 


We finally have 
"nt 


sin" @sin(n+1)0, where a=us“(2) 


ne 
Corollary if 
_ 1 
Geb ea 
Then 
(~1)"n! 
CO'nt a asinin +16, where @=tan|—2— 
x+b 


Corollary If y = tan!x, then y, = 1/(1+ x2). Here putting a = 1, 0 = 
tan""(I/x) = cot-'x. Therefore, we get 


Yn = (CUM = 1! sin"@ sin 18. 
Example 2.1 If y =x", where n is a positive integer, show that 
Yq =2"L-3-5-T-- (n=) x" 
Solution Given that y=x"", then 
y= 2a, 
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2n(2n -1)x*?, 
2n(2n —1(2n—2)x7"->, ete, 


Therefore, 
Yq = 2n(2n — 1(2n = 2) +++ [2n = (n= D]x7"" 
=2n(2n—1)2n-2)-+-(n + I)x" 


= 2n(2n =D 2n=2)---(n +x" nt 
nt . 


8---2n)[l 


n=) 


(2-3-4 «+ n)fL-3-5-7-- nD) on 


nt 
ath 3-5-7--(2n-1) on 
nl 


=2"[1-3-5-7---Qn—D]x"- 


Example 2.2. Find y, where 


Solution Here 


oe +1be+3 “@xtDQx+3)— 3x+1 *has 


where A and B are arbitrary constants. Now, multiplying both sides by 
Gx + DQx + 3), we find 
1 =AQx+3)+BGx+1)=(2A+3B)x +(3A +B) 
Equating constant terms and equal power of x, both sides, we get 
2A+3B=0 and 34+B=1. 
7, B = -2/1. Then 
oe Seri ree as 


73xe1 72x43 
Differentiating n times, we get 


Solving them, we obtain A = 


3 "3" nt 2 _1)2"at 


Cornf_ a aet 
" TGxty™ 7x43 7 ([Gxtb™ Qxt3y | 
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Example 2.3 If ax? + 2hry + by* = 1, show that 


Solution Here differentiation of ax + 2hxy + by? = | gives 


2ar+2(y+x2) +2 2-0 


2. 
or 
Zhe + by) +(ax-+iy)=0 
or 
2 ath 
dx hx+by 


Differentiating again with respect to x, we get 


_4?y _ aly (hie + by) ~(h + by, Kax + hy) 
ac (hee + by)? 


ney -(n-2 22 
(« nett) (r thy (ax + hy) 
(he + by? 


— Laer + by) ~ h(ax + hy) (ex + by) - [h(x + by) = b(ax + hy)ax + hy) 
(hx + by)? 


= Hab =H? Wax + by) = x(h? = bax + hy) 
(he + by? 


_ (ab - hax? + 2hry + by?) 
‘. (ix + by 
___h-ab 
Chae + by 
Hence, 
dy nab 
de (ix + by 


Example 2.4 If y=1/(a-2), prove that 


aii 
Gay 
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Solution For given 


On successive differentiation with respect to x, we get 

LY 
(a-x? 
2! 


yy =CIXa~2)7 (C1) =(@-2)? = 


Yy =1!2(a- x)? =2Ma- x)? = 


(a-xy 


Ys = 21a - x) =3(a- x) 


** Cop 


Example 2.5 If p® = a cos?@ + b? sin*@, then show that 


Solution Differetiating 
p? = a’cos*@ + b*sin*6, 
with respect to 8, we get 


2p =a? sin20+B* sin26 = (6? ~ a2) sin20 


Differentiating again, we obtain 


or 
pfbap = 8 cos*@ +a? sin2@ ~ 
de 


From (2), we have 


y 
(8 =a’)? sin?@.cos?@ 
P 
= p[(a? cos"@ + b? sin?@)(b? cos”8 + a” sin?@) 

— (0? - a?) sin?@ cos] 
746? (cos? + sin?) 
=ptae 


pee p? =b*cos*O+a"sin?@ — 
ae 


@ 


@Q) 
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or 


fp, 28, 
ae PR 
Example 2.6 If 
= xlog2=!, 
res 
find yp. 
Solution We have y= xflog(x—1) + log(x+1)]. Then 
yy aloge—-topte+-x(- 1) 
= log(n = 1) - log(x +1) ++ 
* ~ y-1 xl 
Therefore, 
Jeg eenr?| BE =D! _ (n=! _ (a=! 
a (=D @+D =" +" 
acy ODN" (ny) Meee eqnel 
(-1) {ext )-@-)) errr tate »} 


Example 2.7 If 


find yp. 
Solution Given 


(x +12) +3/4 


* 1 
| (x +172 +iV32)(x+1/2-iv372) 


1 1 
eee 
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(y'nt2" {fox +) -y -[er+p +i] | 


Putting 2x + 1 = 2rcos @ J3 = 2rsin 8, and applying DeMoivre's theorem, 
we get 


We get 


47? 22x41? + (3)? = 4x? 44041432402 +04) 


Solving, we get 


8 


ra(?4+x+)!? and tang= 
2x+1 


Now, 


[ex+n- vay -[ (ax+ penal” m 
= pee ig ising "* —(cosd +i sin@y"*”) 
=P 2-H cos (n +1) 8 +i sin(n+1)8 — cos(n+1)8 +i sin (n+1)8) 
= 209i sin (+18 
a2" Mi sin(n +8. 


Therefore, 
2 (1"nt2"2" 


Ww aT isin (n+1)0. 
i 


Yn = 


co 


sin(n +1)0 


sin(n+1)@, where @=tan™! 


= caren 
@axayror 


Example 2.8 If 


show that 2yyy3 = 3y3. 
Solution Here 
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Then, we have 


20? - a") 
(ox +ay 


Ke 607 (6? 
0 bx ay® 


~(b* = a) -66"(b* - 
(ox+ay (bx +a)* 


pee 
aise pal a 


(ox +a)" 


Example 2.9 If \(x+y)+\(x- y)=c, show that y, =2/c*. 


Solution Here ¥(x+y)+¥(x-y)=c. Squaring both sides, we get 
xtyty-x42Vy -x =e 


x =c-2y. 


or 


Again squaring both sides, we have 
40? -2)=c? -4ey+4y? or 4x7 -4cy +4 =0. 
Differentiating, we have 
8x—4c"y, =0. 


Differentiating again, we get 


2-c*y, =0. 


Hence y2 = 2/c?, 


Example 2.10 Prove that 


70___Texibook of Differential Calculus 


Solution We have 


or 


Again, 
@y ay 
@x_ a) ae | __ a) ae lade 
a ody (2) a (2) dy 
dy dy (dF (dy) dy dy (a?) 
d (@) 3-(7) (2) . 22-2) 
Be 
ax) de a 


Example 2.11 If 


Prove that xy: = (y ~ xy), 
Solution Here 


x 
atbx 


veto) =x log 
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Then 
» yx _ 
=o} or et = 1) 
x Pathe athe 


Differentiating with respect to x, we get 


Siiaed a 


* Carbs? 


From (1), we have 


ey - = or e¥(xy,-y) 


(a+bxy 
Differentiating again with respect to x, we obtain 


ets ETS yey) Hex +1) - 10 
F 


or 


(- yNOE-y) +7ay, =O 
or 


»y = 9? 


Example 2.12 If 


x = ooan(282), 
= 


prove that (x7 — 1)y) + xy, — my = 0. 
Solution We have 


x=con( 282) ot coah“temLtogy 
m im 


Differentiating both sides, we get 


Again differentiating both sides with respect to x, we get 


nvF-l+y4 


=my, 


72___ Textbook of Differential Calculus 


or 


(F -Dy, +29, =my,fr* -1 


(2? -Dy, +29, = my 


or 


Hence 
(2 = Dy, +39, -my=0. 
Example 2.13 If 


yea(re Pai) +a(s- Fy 
prove that (x7 —I)y, +3y -ny=0. 
Solution We have 


year+ a1 +8(x— P= 


Differentiating both sides with respect to x, we get 
n= =nA(x += 1 nes = sel 1)" ts $s) 
=nd(r+ye = ya a) np(x- fe ape 


or 


ye-1y, om(r+yF =) ~na(2- fF =) 

Again differentiating both sides with respect to x, we obtain 
Vea Fs taal cl bx ra 
-Pa(r- fe “yf . 


Therefore, 


(2? -Dy, +2, =na(r+ fei) +nta(x-F =I), 
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(2? =Dy) ty, = 0? [afe-# =f +(x iF =] 
Hence 
(2 Dy, +39) -y=0. 


Example 2.14 If y=e*”"*, prove that (1~x")y, ~2y, -@?y=0. 


Solution We have y=e"**"*. Then 


Therefore, 


wd-eaay? 


Differentiating, we get F “ap 
2yyyp(L- 27) + (-2x)yf =a? 2yy}) 
or 


(=2))y, -9) -@y=0. 


Example 2.15 If y = sin (m sin“'x), prove that 


(l=2x)y, -2y, +m? y=0. 


Solution We have, y= sin (m sin“'x). Then sin-y = m sin“'x. Differentiating 
with respect to x, we get 


1 1 
naam or yt =m 
vi p” ee m mit-y 
‘Squaring both the sides, we have 
HA a )=mr- 9 
Differentiating again with respect to x, we get 


2yiy2 27) + (2x) = m*-2yy)} 
or 


2y, [21 27)- yx] =29-m*y) 
or 


yl-27)- yyx=—m?y 
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Therefore, 
(1-27) — ay, + my =0. 
Example 2.16 If y¥" +" =2x, prove that (x° — ly, +.2y, —m°y=0. 
Solution Dividing y"™ + y™ = 2x by y"™", we get 
yl — 2x" 41 =0. 


Solving it by quadratic equation, we have 


(oxsJat=s) oe y=(e2 Fai)" 6 


Differentiating, we get 


set ape) 
nes PYF) 


ae = 1 


en(eF=i] 


From (1), 


stmy oF (x°-lyp 


Differentiating again, we get 
(2x = Dy? + (2 = 1) 29,9 =m? Qyy,) 
or 


(2 = Dy, +a) —m?, 


Example 2.17 If y=Ae™ cos(bx +c), prove that y, +2ay, +(a* +b*)y=0. 


Solution We have y = Ae“ cos (bx + c) 
Differentiating with respect to x, we get 
yy = Age“ cos (bx + ¢) - Ae sin (bx +0) 
= ~ay— Abe sin(bx +0). 
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Again, differentiating 


or 


or 


1. 


3. 


. Ify= 
. IF y = [x +V(x? -1))", prove that (7 - Dy. + 19 -— my = 0. 


Yy =—ay, + Aabe™ sin (bx +.0)- Abe cos (bx + c) 
Yy tay, =a(-ay- y)- By 
Ya + 2ay, + (a? +B*)y=0. 


Exercises 2.1 


Find the nth derivatives of the following functions: 
2 


2 = x ane 
o> © er 

i z a y gan-t( Lx 
(iv)  FPonese i) tan (H). 


. Find y, in the following functions: 


(i) (ax + by" (ii) &® cos bx (iii) e* sin 4x 
(iv) & cos (bx +0) (v) x7 cos x (vi) 2? log x 
(vii) xe (viii) x! log x (ix) x sin 4x 
(x) 2? sin? x (xi) 2? cos x (xii) x" log x 


(xiii) e (ax? - 2nax + n(n + 1). 
Find d'y/dx" of the following: 


Bs 
@ y= iw'(25} (ii) yeoor'( 2) 


(ii) y = tan’ (wy) y= w(25] 
1-x 


(y) y= sin'tx. 


(i) If y = sin (log x), prove that x*y; + xy, + y = 0. 
(ii) y = a cos (log x), prove that 7y? + xy, + y = 0. 


If y = cos (mt sin“'x), prove that (1 — x°)y2 — xy; + m’y = 0. 
If y = sin (log y), prove that (1 - x) yp - xy, - y = 0. 
If y= &*"*, prove that (1-27)? - xy; -y = 0. 


tants 


+ prove that (1 + x)y; + 2xy; - ay, = 0. 
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10. If y™ — y""™ = 2x, prove that (x? + 1)y2 + xy, = m’y. 
uu. If 


m 
prove that (x? — I)y2 + xy) — my = 0. 
12. If 


xesins (222), 
™ 
prove that (x? + I)y2 + xy, - m’y = 0. 
13. If y = e* cos bx, prove that y — 2ay, + (a? + b*)y = 0. 
14. If y = (@ + bx) cos mx + (c + dx) sin mx, prove that y4 + 2m’y + my = 0. 
15. If y =(@ + bxe™, prove that 


a@y 4 dy 2 
©Y pan Va yno, 
aed” 


16. If x = cos log y, prove that (I~ 4)y, — ay, - y = 0. 


17. If y= log 


prove that Py hal o-» 
18. If y =A sin mr + B cos mx, prove that y2 = -m’y. 
19. If y = Ae™ + Be"™, prove that y, = my. 
20. If p = a’cos*@ + 6 sin®@, show that 


2 
pri Bard +26? 3p. 


21, If y = (tan x), show that (x2 + 1)%y) + 2x (2 + Dy = 2. 
22. If 


show that (x? + 1) y) + xy, = m’y. 
If y = (a cos x + b sin xje™, show that y) + 2my, + (m? + ly = 0. 
If y = (2 - 1), show that (x? - 1)y) + 2xy)(1 - 2) - 2ny = 0. 
25. If y =x sin x, show that, 
(+3) 
ncos| x +=]. 
2 


Be 
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26. Find y2, when 


27, Find y,, when 


yer tog =. 
x 
28. Find y,, when 
@ youi(22 
a-x 


(i) yex(@ +2)". 
29, Find yy, when 


y=tan’ 


30. If y = & sin‘, find y,. 
31. If y = sinx cos*x, find y,. 


2.4 Leibnitz’s Theorem 


If w= 9(x) and v= y(x) be a function of x, then the nth derivatives of the product 
y = uv is denoted as y, = (uv),. It is easily obtained from Leibnitz’s theorem, 
Which states as follows: 

‘Theorem 2.1 (Leibnitz’s Theorem) If u and v are two functions, then the nth 
derivative of their product y = uv is given by 


(r)g =, + "Cyt + "Cat aVa + "Callas H+ "Cyt Hy 
where the suffices with v and v denote the order of differentiations of u and 
with respect to x. 

Proof Let y = uv. Then by actual differentiation, we get 

yy = yy + uy 

Yo = (ugv + uyy,) + (ayy, + uv) 
uy + 2uyyy + uv, 
= uy + 7Cyuyyy + 7Cquvy 


(usy + ugvy) + 2ugy, + uyv2) + (wiv + uv) 
uy + 3ugyy + Buy, + vs 
= yy + 2Cyuiyy + "Coury + ?Cyuvy. 
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The theorem also holds good for n = 2, 3, ... Let us assume that the theorem is 
true for n = m. Thus 


You = pd + Cilies¥ + Cally a¥2 + + Cette + Wp 
Differentiating both sides, we get 
Yinet = (Une tY + Met) + Cy CWE + tata) + C2(eAV2 + M23) 
+ "Cyps(taVinet + Vn) + (Vm + Unt) 
 UmerY + (1 + "Cyd + ("Cy + Cpl i V2 + 2 

F(t + "CuditrVm + Coretta 

But from the binomial coefficients, for all r, we have 
"Cait "C=""C, and “Cae Cay = 1 


Therefore, 
Yrne = (UV)ng = long + ICY + the + Ctl V2 + 


+ Cll + Wing 


This means that the theorem also holds good for n = m + 1. But it is true for 
n= 2, 3 and hence it is true for n = 4, and so on. Thus the theorem is true for 
any positive integral value of n. Then 


(Uv) g = atgy + "Cyttg Vy + "Cally 02 + oe + "Cy gtttYg | + vy. 
Note: Using D for didx, we have 
ww), = Dw) = Hew), 
a 
Also, 


n(n 


For example, if y = ex, then we can find y, by putting 


use™ and var. 
Therefore, 
us a@e and y= 2, v= 2 y= y= = 0. 
Hence 


1 
Ya = (UV)g = yd + My ry + 5700 ~ 1) tava 


= [ee + na™!2x + rn - peat 


= [a2 + 2anx + n(n - 1)Ja”*e* 
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Example 2.18 Mf y = a cos (log x) + b sin (log x), prove that 
Xy2 tay ty =0 


and 
PY ng2 + On + Ding + (0? + Dyn 


Solution We have 
y = a cos (log x) + b sin (log x) 
Differentiating, we get 
yy =—4 sin log.x) +2 cos (logx) 
x x 
or 
xy, =—a sin (log x) + b cos (log x) 
Again differentiating, we have 
Yi tayy =—acos(log x4 sin (logy 
x x 
or 
x7 yy +29, =—[a cos (log x) +b sin (log x)] =-y 


Therefore, 
Ppemty=0 


Now differentiating it n times by Leibnitz’s theorem, we get 


2 Yuan F"CiYns 2+ "Coy (2) + Yast + "Cy D+ yy =O 
or 
n(n-1) 
2 


PY + 2M, + 2Yq + art +n Yn = 


Therefore, 


27 q49 + (20+ Dag +00? + Dy, 
Example 2.19 If y = sin mx + cos mx, prove that 


Ya = mt[1+ (1) sin 2m} 


Solution Differentiating 


y = sin mx + cos mx 


80___Textbook of Differential Calculus 


‘n times with respect to x, we get 


-efomleslf 


=m" [1-+sin mx + na]? 
=m" (1tsin 2x)? 


Hence 
y, =m" [1+ sin 2me]” 
according as n is even or odd. 


Example 2.20 If 


prove that Pi, =xP/+(n+1)P,. 
Solution Here 
1d 3 
Rid=s aaa [@ 0") 


putting n =n + 1, we get 


slid Pee 
Forman? -P"') 


-miwléte-] 


f nene? -0" 2x)] 


Fra (2) = 


“Fresivar 


1 0 
"Saat # [xt -0"] 
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By Leibnitz’s theorem 


Then 


Peal) =P, +P, + 
Par 


Example 2.21 \f 


show that 
Pu du 
A -aartg evne 
Solution Si 
and 
ae ae 
dv de 
Then 


nx (° 
dv dvdx| x? -1 


__& +) du nts 


u 
wal dv (=P 
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or 
But 
or 
Therefore, 
(Ca ~ Eb vit uno 


Example 2.22 If x + y = 1, prove that 
Pr wa Sif a cigs eke pare eee Magee 
aay dent(yt — "Cy" xt "Cy? — "Cy" +) 


Solution Here x + y = 1. Then 


- co 
142-0 or F 


1 


Differentiating n times by Leibnitz’s theorem, we get 


wa (2 
7 ‘n(n —1)y" z 


Can man AY Ln 
sae anty + Cinta D+ C) 


=ntLy" + Ctx) + "Cay? +] 


Sally" = "Cy 2x + "Cy? — 
Example 2.23. Writing <°* = x'x" and using Leibnitz’s theorem, prove that 


eo rea-—y  wn-Vn-2 am! 
rt pe P23 (ny 


Solution We have 


D"(x"x") = D%(x") = 2n(2n = 1) = (n+ 1)" =o m (ay) 
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We also have 


D"(x"x") = a"(D"x") + "C\(Dx"(D™ x") + °C, (D?x"(D" 2x") + (D8) 2" 
(n- 


Sai ntnty +2 
an! + (oyna ntx + 


(2) 


Equating right-hand sides of (1) and (2), and dividing by (n!x") both the sides, 
we get 
wm (n-1P PnP n-2" nt 


l+>+ —-- = 
Fo F-2 P2263? (nt? 


Example 2.24 If y = (<7 - 1)", then show that 


(2? = Dyqg2 +22 p01 — (04D, =O- 


Solution Since y = (x? ~ 1)", log y = 1» log (x? - 1). Differentiating it, 
we get 


M2 ge (P=), -2my=0 
y el 
Applying Leibnitz’s theorem and differentiating (n + 1) times, we have 


(2? —Dyaya = "1Cy(2) pat" C22%q = 2rryqgs — 2"IC yy, =O 
or 


(x? = Dy gga +227 41 — 00+ Dy, =O. 
Example 2.25 If y = sin (m sin“'x), prove that 
= 27 )yp92 “Ont Diggs + (mn? = 1? )y, =0. 
Solution Here y = sin (m sin™'x), Then 


Yt = cos (m sin™'x) 


or 


 cos?(m sin™'x) 


(-2)yp = 


P(1—sin?(m sin'x)) 
=m*(1-y*) 
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Differentiating it again n times by Leibnitz’s theorem, we have 


D"[(.-x")y)]-D"(xy,) + D"(m"y) =0 
or 


[0 =X Ygg2 + MHZ) gt + Fra = 12) = Lone + (Dy, 1+ my, = 0 
or 
(= 27 )yqq2 ~ On + Daggs Hm? —n—n(n—Dly, =O 


= 27 )yq42 — 2+ Dargai +m? - Dy, = 0. 


xzcosh( Lig), 
m 


(2? ~ Dynan +2N4+D IY ggs + (0 =m? )y, =O, 


Example 2.26 If 


then prove that 


and deduce 
Tim 2222 = 9? - 
20 
Solution Here 


1 
=cosh( 1 
x=cos! (¢ ee) ) 
Differentiating with respect to x, we have 
1 1 
1=sinh | —I ~~ 
sir (¢ ony}, 
or 
my = y, sinh 4) 
y=y ie logy 


or 


ty? = y2sinh? (t log »)= # [eo 


From (1), we obtain 


my? =(x2—-Iy? or 
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Differentiating again, we get 
G2 -DQ2y192)+ 207 = 2m? yy, 
or 
(2 -Dy, +.) = my 
Now, differentiating n times by Leibnitz’s theorem, we have 
(2? = Dynea + "Canes 2x) + "Caya(2) + Yan +"Ci — my, 


or 


n(n-1) 


(2 Dy qa +20 eg + 2Yq + Nasi +HYq ~My, =O 


or 


(2? Dy pga + 2a +MM=D pe + Vag +p MY =O 
or 


(2? = Dygea + Qn+ Day q41 + (0? —n¢-n—m?)y, =O 
Therefore, 
(2? = Dyna +n + Dayqg + (0? ~m?)y, =O. 


Now taking the limit as x > 0, we get 


Yaga = (n? =m? )yq. 


Hence 


Example 2.27 If 
Pane 
uy = a (x" log x), 
show that 4, =nu,., +(n—-1! and hence deduce that 


Uy 


ftoge+1+t4ty..e 4), 
2>4: n 


Solution We have 


Q 
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= ner tog 2) +2] 
r 
= ee (" log x) + £ (x) 


=nu,.4 +(n-1)! 


For the next part, we replace n by (n 
get =(=Dityn (= 2)! 
Putting this in (2) we get, 
4, =nl(n=I)u,-7 + (n—2)!) +(n-1)! 
=n(n Dug +n(n—2)1+(n =D! 


ai tt 
“@=DP"2 n=l a 


Again replacing n by (n — 2) in (2), we get 
Hy-2 = (2 2ly.g + (1-3)! 


Putting this in (3), we have 


(a-3)! 


= mia-ofin = 2)ilyg + 
n-3 


=n(n—1)(n-2)u,_5 + n(n —1(n—3)! + n(n—2)! + (2-1)! 


at 


nl 
ett 
a-l on 


“G-3at™ 


+t 
3 a=2) 


Similarly, we get 


Putting m = 1 in (1), we find 


4 = AL (rtog 2) = tog x +14 =1og x41. 


1) in (2), we get (n~2)!. 


|. n(n—2)! +(n-1)! 


(2) 


Q) 


@) 
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Putting this value in (4), we get 


nt ont at 
eat{logx +1) +t thea Bt 
m= Mi(log.x +1) +> +5 7 


i(mariedetened) 
2-3 a 


Example 2.28 Mf y = xe’, show that 


Fo bn 2 ntn—2) 2 + Hn thn-2)y 
Solution Here 
yere’. () 
Differentiating, we get 
yy = 2xe" + x7e" 


Ya = 2e* + 4xe* + x7e* 
Differentiating (1) n times by Leibnitz’s theorem, we have 
yaee sna ee 
ae +2me" +mn—NeX 2) 


Now, we get, 


(n—yy —n(n—2)yy, +e Don-Dy 


2 Fun DV2 +44 + xe! =n(n-2)(2x +27 )e +o in-2Fe, 
axe! [fo-ne +0-2)-n-0)] +2xe" (n? —n—n? +2n) +n(n—De* 
xe (0? -2nt 1-0? +2n) + 2nve* +n(n—-De* 
=7e% + 2nre* +n(n-Net 
=n 

Example 2.29 If y = (sin"'x)*, prove that 


(a) (1 = P)yp = xy = 2 
(b) (1 =? )ynga = Qt + Dxynnn = HY, 
©) Him, 49 (Ype2/Yn) =H. 


Solution Here y = (sin™'x)*, Then 


n= 
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or 
yivi—x? =2sin'x 
or 
yR0-27)=4(sin"tx)’ =4y 
(a) Differentiating, we get 
(1 - 2 )Qyiy2) + y#(-20) = 4yy, 
or 
(1 =P) = ay, = 2 a) 
(b) Again, according to Leibnitz’s theorem, differentiating n times, we get 
(1=27)ypg2 + 20d q65 — (=D yy = pst — Yn =O 
or 
1-22 )yg42 — Ont Dip —[a(-1) + ny, = 0 
or 


1-27) p92 — On + Dang: =P ¥q =O Q) 


(©) Dividing both sides by y,, we obtain 


(1-2?) 282 — Qn eZ 
Ya Ye 
Now, (sinh? is an even function of x. So, if m be even, yq contains a 
constant term, while yay, has a multiple of x as the lowest-degree term, when 
expanded in ascending powers if x. Hence 


0 


lim (Qn +1)x28tt = 
py 


Yn 
Therefore, 


lim 2822 = 9? 
0 


Yn 


Note: If n is odd, y, contains a multiple of x as the lowest-degree 
term, and so does yqy2. While ys, contains a constant term. Hence the limit of 
(2n + 1)xyq91 exists and is #0. Hence the limit of (1 —x°)yp41/yy exists. Therefore, 
the limit of y,,1/y_ exists and is # n? in this case. 


Example 2.30 The first second, third and fourth differential coefficients of y 

with respect to x are denoted by ¢, a, b, c respectively, and those of x with respect 

to y by @ @ B, % Show that 
3ac~ Sb? _3ay-5h° 
a. 
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Solution Let 


Then 


__ (6ab~ ct - aby* ~ 53a" - bya 


7 


= (Sab — et) ~ Sa Ba? - bx) 


Therefore, 


3ay- 5B _ 3a(ct” ~10abr + 15a*) ~ 5(3a* —bt)* 
oe a 


Example 2.31 Show that 


= Is logs)" ]=1+5, tog x +52 dogs)? + += (log x", 


where S, = the sum of the products of the first n natural numbers, taken r at a 
time. 


Solution Let y = x"(log x)". Put log x = z, so x = e*, Therefore, y = eZ". 
Since x = e*, 


e. 


BIB 
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Now 


Differentiating again with respect to x, we get 


2-32) -H-2)-{e-Be 


Proceeding in similar manner, we get 


S-e" [po- 1(D-2)---(D-n+D]y 


([D(D-1(D-2)---(D =n + Nez") 


ee" [((D +n(Dtn—-1)--(D+)]z" 


= AUD + 1D +2)---(D + n= IND +n)12" 


D" +(1+24+3 +--+) D™! +(1-2+2-3+3-4)D"? 
tet (2 Beem) z” 


=4io" +5,D""! + $,D"? 4-545, )2" 
J Ss ste 5.5 
=o[nt+ ee age tet 


=1+5, log x +2 7 (log)? +2 (og) +e -+5eCog x". 
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Example 2.32 If y"" + y = 2x, prove that 
(P= Dyay2 + 2N-+ 1 pq1 + (07 —m?)y, = 0. 


Solution Differentiating y"™" + y"™ = 2x, we get 


or 


or 


Squaring, we get 


a aye 


or 
fo" syn ayliny i Jeanty? 
or 
yFG4x? — 4) =4m?y? 
or 


(2 -Dyj =my? 
Differentiating it again, we obtain 


(2? ~DQyp32) + 97 2x) =m? Qyy1) 
or 
(2 = Dy +29, = my 
or 
(2 =p, +29, - mF y=0 


Differentiating n times using Leibnitz’s theorem, we get 


(8? = Dynan + °C (20 na1 + "C2 Dn + nat + "C1Yn) ~ yy =O 


or 
=) 
(22 —Dyqy2 +200 p91 + “ 2254) #0401 te my, =0 
or 
(2? = Dy pq +20 + Day gg: + (0? —n n= m?)y, =O 
or 


(3? — Dy gen + 2+ Dr) pq1 + (0? — m?)y, =O. 
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% 
10. 
1. 
12. 


13, 
14, 
15. 
16. 


i 
18. 


Exercises 2.2 


Find y, for the following functions, where y be equal 


(i) xe (ii) 2 log x Gili) 2 sine 
(iv) 27cos x (v) Pe. 
(i) If y = tantx, then prove that (1 + x')yqe1 + 2nxyq + m(=L)yq-1 = 


Gi) If 


yt = My. 


19 + yx + axe + ... , show that (1 + 1) dag + (nt = oy) 


If y = sin“'x, then prove that (1 — x7)yp4q — (2 + Dxyne1 — °Yn 


If y = log [x + VL +°)F, prove that (1 +2°)yqq2 + (2m + Dryas + Yq = 
3. IF y = e%, prove that yxu1 — 2y_ — 2g = 0. 


If y = x sin x, prove that 


yea asin(r+ 2) noo 2+), 
2 a 


Also deduce that y2 ~ y; = 4(j/x). 


. If y = e* cos x, prove that y4 + 4y = 0. 


If 


ay ' 
paar 
sali ve(2) - 


prove that x"yq2 + (2n + L)xyagt + 2n"yq 
If y = 2°"! log x, prove that y, = (n - 1)¥x. 
If y =x log x, find y,. 

If y =X +2), find yy. 

If y = (log x)/x""', prove that 


In = Ciel gs -¥), 


rt 


0. 


If y = ax"*! + bx, prove that xy, = n(n + Dy. 
If y = Ae* cos (bx + c), find y2. 
If y = log [x + VU + x7}, then (n,20 = "Ono: 
If y = et", then Qnea)o = (n? + a) oe 
If y = 8 = ay + ax + aye + ..., show that (n+ In +2) dy = 17a. 
If x = tan (log y), then show that 

(+27 )yqe1 + 2ne— Dy, +r(n— Dy, 
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19, 


20. 


21. 


22, 


= 


30. 


If y = e*” cos x, then show that 
Oran +20 — 4" an) + 2n(2n —I(¥2q = 2o =O. 
If y = e™°"*, then show that 
(1= 27 )yqq4 — n+ Dayy = (0? =m? )y, =O. 
If y = e's, show that 
(1-27 )yyq2 — (20 + Dayggy — (r? +0) y, = 0. 
If y = Ae“ + Be", show that 


fy a+) ® +aby= 
Sea tbe aby =0. 


I 
y=sin“| —* 
vi x 
show that 
=x? )ygg2 On + 3)xyqo4 — (119g =O. 
If y = cos (m cos"'x), prove that 


= 27)yg42 — n+ Dayna + (? =n? )y, = 0. 
Ify = e™”*, prove that 
(L427 )ygg2 +1200 + Dx - yyy) +0(nt Dy, =O. 
If y = cosh (sin"'x), prove that 


C= )yggq — On + Dayp44 0? +Dy, =0- 
Find y,, where 
x+l 
(x+ 2x43)" 


Find yq, where 
ee 
(x= 1? (+2) 


If y = x2 - 1), find y,. 


Find yg when 


at 


»* Gae-2" 


4 
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31. 


32. 


35. 


37. 


Find Yq. when 
1 
*EDe 
Find yq, where 
“it 
7 Gre +)" 
|. Find yq, where 
wif l+x 
y= tan’ ‘(H), 


If y = x log x, prove that 
ye =n 2294, when n2 5. 
x 


If y = xe sin x, find yy. 


. IE 


y = (a + bx) cos mx + (c + dx) sin mx, 
prove that ys + 2m?y, + my = 0. 
If y = (a cosx + b sin x)e™, prove that yz + 2my, + (m+ ly = 0. 


Chapter 3 


Expansions 


3.1 Introduction 

Explicit functions can be expanded in ascending integral powers of the independent 
variables in the following ways: 

|. By using Taylor's or Maclaurin’s theorem, 

. By using either algebra or trigonometry, 

. By using differential equation, 

. By differentiating the known series. 


Ree 


Expansion of functions in finite or infinite terms has often been found very 
useful to solve many problems in mathematics. We have a number of such convergent 
series like (a + x)", e*, log (1 +x), sin x, cos x, tan”'x, etc., in ascending powers 
of x. All such expansions have certain definite forms and values, called their 
sums. In calculus, we try to expand any function f(x + h) in general, in terms of 
derivatives. In this context, the main problem is to investigate if f(x + h) can be 
expanded in ascending powers of h or x, This is done with the help of Rolle's 
theorem followed by Lagrange’s mean value theorem. These theorems provide 
theoretical background for the expansion of the following two series developed 
by Taylor and Maclaurin, respectively: 


w 


L(x +h) = F(x) + hf") +> f"O) +o 


and 
2 
S62) = {O)+3f'O) + FO) + 


However, Taylor's theorem occupies a fundamental position in any scheme 
of expansion. Hence, we begin with Taylor's series. 
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3.2. Rolle’s Theorem 


If the function f(x) be defined as 
(i) f(x) is continuous at every point of the closed interval 
asxsb, 
(ii) f(x) exists at every point of the open interval 
acxch, 
S(a) = f(b) 
Then 3 at least one value ¢ of x at which 
S(O) =0, wherea<cc<d. 
Proof As the value of the function at x = a, b are equal, the following 
cases may arise: 
Case 1. f(x) is constant throughout a $ x $b. 
Case Il. f(x) is not constant throughout a $ x $b. 
Case I. f(x) is constant in a $x $ b, by definition of derivative, f(x) = 0 
at all points in the interval a $x $ b and so the theorem is proved (Fig. 3.1). 


y 


fia)} fic) | fib) 


oa © 6 - 


Fig. 3.1 Rolle’s theorem (Case 1). 


Case II. If f(x) is not constant in a < x < b (Fig. 3.2). 


But f(x) is continuous in the closed interval a < x < b, so by property of 
continuous function we know that f(x) is bounded in [a, 6) and attains its bounds 
in the interval. As f(a) = f(b), the least upper-bound M or the greatest lower 
bound m will be attained at a point c other than a and b. For otherwise M = m, 
which implies f(x) is constant. Here, f(x) $M =m $f) Va $x$ b. 


y 


fla) 0) 


Fig. 3.2. Rolle’s theorem (Case 11). 
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Let f(c) = m, where a<c <b. AsmS fix) Va<x<b, flo sfiVa< 
x < b. Therefore, 


Io) $ fle * h) where a <¢ = h <b is positive 


or 
Sle +h) - fl) 20 
or 
LE+M=FO 35 ang fe-W =O gg ab 


h h 
But /“(x) exists at x = ¢. Then 


yp LEtW-10_ 4 Le 
ho h bW0 =h 
By Eq. (3.1), when ft + 0, we get 


np LEtH-fO 


=O. p46). 


1 FE-W=FO <4 


20 and it 
ha A 0 -h 
Therefore, 
Fc) 20 and f(c) <0. 
Hence 


F(c) = 0 where a<c <b. 
By similar argument if Mf = f(c) we can prove f'(c) = 0 where a<c <b. 
Corollary It is evident that Rolle’s theorem is also applicable in the case when 


fla) = 0 = f(b), ie. when x = a, b satisfies f(x) = 0. Hence we have the following 
theorem in the theory of equations: 


“A real root of the equation f“(x) 
the real roots of the equation f(x) = 
equations, 

The generalization of Rolle’s theorem is usually known as “the first mean 
value theorem”, or “the law of the mean” (refer to Fig. 3.3). 


y 


d x 
b 


0 @ 
Fig. 33 Rolle’s theorem (corollary). 


between every adjacent two of 
This result is important in the theory 


3.3 Lagrange’s Mean Value Theorem 
If the function f(x) be defined as 
(@ f(x) is continuous at every point of the closed interval 
asxsb, 
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Gi) f"G) exists at every point of the open interval a < x < b, then there 
is a value ¢ of x for which 

£0)- fa) 
Te 


Bre TPO where a<ec <b. 


Proof Let us consider the function 9(x), where 
b-x 
Fal -S@} G2) 


Given that f(x) is continuous in a $ x $ b and (b ~ x) is also continuous. 
But we know that the algebraic sum of continuous function is also continuous. 
Hence f(x) must be continuous in a $ x < b. Differentiating Eq. (3.2) w.r, to x, 
we get 


Hx) = f(b) - f@)- 


O)=-Sf')+ 


f(b) f@) 
ea G3) 


Also, given that f{x) exists in a <x <b, Therefore, (x) must exists in 
a<x<b. Putting x =a in Eq. (3.2), we get 


$a) = f(0) ~ fla) - ==") - fla) 


= f(b) - fla) - (fF) - f@) 
=0 
‘Again, putting x = b in Eq. (3.2), we get 


Hb) = fF) - {)-——f() - f@)=0-0=0 


a 
Therefore, 
(a) = (6). 
Hence the function 9(x) under consideration satisfies all the conditions of 
Rolle’s theorem. Therefore, 
(2) is continuous in [a, 6) 
(2) exists in Ja, bf, 


9(a) = 9(6). 
Hence, by Rolle's theorem, 3 a value x = c, where a < ¢ < b, at which 
go) =0 (3.4) 


Putting x = c in Eq. (3.3), we get 
vo=-so+ fo = fa 
From Eq. (3.4) 
0=- 79+ LO=LO, 
therefore, ove 
$00)~ F(A) _ pre) 
b-a 


3.4 Cauchy’s Mean Value Theorem 


If two function f(x) and 9(x) be defined as 


(i) f@) and 9(2) are continuous at every point in a closed interval [a, 6). 
Gi) f(2) and ¥(x) exists at every point in the open interval Ja, bf. 
(iii) -¥(x) #0 ¥ xe Ja, bf, then 3 at least one value ‘c’ of x € Ja, bf, such 
that 


flb)~ fia) _ £0 
#0)- 4a) $0) 


Proof Let us consider a function y(x) such that 


ya) = fix) + A 92) (3.5) 
where A is a constant to be determined such that 
yb) = ya) (3.6) 


Putting x = @ in Eq. (3.5) we get 
y(a) = fla) + A ofa) 
Again, putting x = 6 in Eq. (3.5) we get 
y(b) = f(b) + A 9) 
Subtituting these values of y(a) < y(b) in Eq. (3.6), we get 
f(b) + A 9(b) = fla) + A Ha) 


4(b) - fla) = ALG) - 9(@)] 


or 


Then 
_f0)-f@ 
Hb) - Ka) 
Since 9(x) # O anywhere in Ja, b[, therefore $(b) # g(a), so that A is 
always finite and determinate. 
It is given that f(x) and 9(x) are continuous in the closed interval [a, 6). 
We know that the algebraic sum of continuous functions is continuous. 
Therefore fix) + A 9(2), i.e. yx) must be continuous in (a, 
Differentiating Eq. (3.5) w.r. to x we get 
V@) =f) + A 6) G.8) 
Since f*(x) and g(x) exists at every point in the open interval Ja, bf. Therefore, 
W(x) must exists in Ja, b[. Hence y(x) satisfies all the conditions of Rolle's 
theorem, By Rolle’s theorem 3 a value x = c where a <c <b at which ° 
v@)=0 (3.9) 
Putting x = ¢ in Eq. (3.8), we get 
VO=fO+A $0 (3.10) 
From Eqs. (3.9) and (3.10), we get 
FO+A GO=0 


“A G.7) 
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or 
ro 
-As 3.11, 
rr) Gan 
Therefore, from Eqs. (3.7) and (3.11), we get 
ORSiO MEAG) 
#0) wa) (0) 
Hence, the theorem is proved. 
Another form of Cauchy’s Mean Value Theorem 


On substituting ath for b and a + @h for c, where @ is a number between 0 and 
1, we obtain another form of Cauchy's mean value theorem: 


Sla+h)~ f(a) _ f(a+ 6h) 
Wa+h~a) ¥a+ 6h)" where 0<@<1. 


3.5 Taylor’s Theorem 
Under certain circumstances, the ‘theorem’ states that the function f(x + h) can 
be expanded in powers of h, ie. 
w w 
FEN=IO+NO+*TIO+GI/@+~ 

Proof Let us suppose that the expansion of f (x + h) is possible in ascending 

powers of ft and the series is convergent, so that 
S(x+h)=ay + ah + ayh* +ash? taht + (3.12) 


where do, ay, dz, d3, ... are functions of x alone, not containing f, and are to be 
determined, Now, differentiating Eq. (3.12) with respect to A, we get 


Se +h) = ay + agh + Bayh? + dayh? + (3.13) 
Sx + A) = Lay + Gash + 12agh? + 2asb? + --- (3.14) 
S'M& + h) = 6a + Wayh + = (3.15) 


Putting h = 0 in Eqs. (3.12)(3.15), we have 


F(x) = ay 

=a, 
SX) =2q, a, = f"(0)I2 
f(x) = 603, a; = f"(x)/6 


Now substituting these values of ao, ay, d3, a3, ... in Eq. (3.12), we get 


we We 
IEAM = LOM OFT LO +S IW (3.16) 
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This is called Taylor's series without remainder, or Taylor's infinite series. Many 
useful series are deduced from it. 


Corollary Put x = a and h = x, in Eq. (3.16), we have 


2 3 
$la+3)= J+ 9(O+= fa) + f(a) +~ 


Corollary Again by putting a = 0, we get 


2 3 
fE)= OFS OO SO + 


It is called Stirling's or Maclaurin's series, which is discussed now. 


3.6 Maclaurin’s (or Stirling’s) Theorem 
Under certain circumtances, the theorem states that if the function f(x) can be 
expanded in a convergent series of the integral powers of x, then 
2 3 
fE)=fO+PO*TLO+ TI Ot 
Proof Let us suppose that the expansion of f(x), in ascending powers of 


x as an infinite series, as 

G(R) = ay $a,x40;x? tayx +-- (3.17) 
where do, a1, 3, ds, ... are constants and are to be determined. Now, differentiating 
Eq. (3.17) with respect to x, we get, 


P= ay +2, +3ayx? ++ (3.18) 

Differentiating again, we have 
$3) = 2a, + 6asx +> G.19) 
1°") = 6ay + higher powers of x. 6.20) 


Putting x = 0, we get 


LO)=%, f'O)=a, f"O)=2a, oF a: 
Now substituting these values in Eq. (3.17), we get 


£70) 
1] 


x ea 
I)=fO+F'O+ FLO TIO + 
It is called Maclaurin’s series. 
Corollary Let y = f(x), 91 = f(x), y2 = f(x), «.. Putting x = 0, we write 
fO= Oe fFO=One  F'O) = Odo + 


‘Therefore, 


2 3 
¥= FO) =()0 +201)0 +000 +700 eee 
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This is the another form of Maclaurin’s series. 


Corollary Putting x = 0 and h = x in Taylor's series, we get 


2 » 
$2)= 40 +90) +5 /O+—+ [Ot 

This is known as Maclaurin’s series that is frequently used in problems concerning 

expansion. 

Corollary Failure of Taylor's series and Maclaurin’s series. 


(i) If f(a), or any one of its derivative, is infinite, 
(ii) If the series of the expansion is not convergent. 


Consider the following examples: 
(a) Let f(x) = eM, When x # 0 and f(0) = 0, then 


f'(x)=-e"" 
x 
Therefore, f’(0)=ce. This implies the differential coefficient of any 
order for the function e“ is not finite. Therefore, the expansion of 
e, in ascending powers of x, is not possible. 
(b) Let f(x) = x. Here f’(O), f”(0), f’"(0), ... are all infinite. Hence the 
expansion of Vx in ascending powers of x is not possible. 
(c) Let f(x) = log x. Here f(0), f"(0), f’"(O), ... are all infinite. Hence the 
expansion of log x in ascending powers of x is not possible. 
Note: The second condition of Taylor's series is that the RHS should be convergent. 
‘As we noted the remaider series after the mh term by Ry, which is 


= ren: 
it should be necessary that R, — 0, as n — ©. 
Example 3.1 Find the value of ¢ in Rolle’s theorem, where 0 < ¢ < 2. 
and f(x) = x (x - 2). 
Solution Here 
S@)=xe-2 (eb) 
Putting x = 0 in (1), we get 
J(0) = 0(0 - 2) = 0 
Again putting x = 2 in (1), we get 
fQ) = 22-2=2x0=0 
or 
$0) = f(2) 
Obviously f(x) is continuous in (0, 2] and f’(x) exists in J, 2{ and f(0) = f(2). 
Hence, by Rolle’s Theorem, 
foO=0 (2) 


Differentiating w.r. to x, we get 
F(@) = Me - 2) + x1) = 2x -2 
Putting x = c, we get 


SO =%e-2 ) 
From (2) and (3), we get 
f)=2%-2=0 
or 
2e-2=0 
or 
222 
or 
c=, 
Example 3.2 Find the value of c in mean value theorem, viz, 
(b) (a) 
Lb) - f@) “= a ) = 7%) 


where f(x) = Jx; a = 9, and b= 
Solution We have 


So) = Jr a) 
Putting x = a, 
fa) = Ja 
For a= 9, 
f9) = fo =3. 
Putting x = b in (1), we have 


fb) = Je = Jig = 4. *: b= 16, given 


Differentiating (1) with respect to x, we get 
‘ 1 
FO) Er 
Putting x = c, we get 
. 1 
()=—= 
fO=E 


By mean value theorem, we have 


aa = £0. =f 


or 


or 
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or 


2 
Hence, 


49 
c=. 


4 
Example 3.3. Wf a = 1, h = 1 and f(x) = x in Lagrange’s mean value theorem 


Sla + h) = f(@) + hf(a + &h),0< 6<1, 
find 6 
Solution 


Here f(x) = x*, Therefore, 
flat hy=f+l=fQ=P=4 
Again f(x) = 2x. Therefore, 
fat) =f(l+ Ol) =f(l+ H=2°l4+O 
By Lagrange’s mean value theorem, we have 
fla + h) = fla) + hf"(a + Oh) 
4=14+121+0 
3=24+20 
20=1 


or 
or 

or 

Hence, 

o=t 
a 
Example 3.4 Show that 1 + x log (e+? +i}z +e Vx20. 
Solution Let us consider 


fx) = 14 x loge (r+ fai - fie? qa) 


Evidently f(x) is continuous and differentiable V x 2 0. Therefore, by Lagrange’s 
theorem, we have 
LE)-fO _ py 
LO IO = £6: 
FO) @ 


where @ lies between 0 and 1. From (1), 


Were x 
F(a) Vlog, (x4 YF #1 poles 
= log, (x+ Vi? +1) 
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From (2), we have 


eas) 


1+xlog, (+ 


or 


or 


1+ xlog, (e+ + evi +x7 
Hence the desired result. 


Example 3.5 In the equation 


Sex + h) =f) + "+ + 


if f"(2) is continuous, then prove that 
lim 6= A, 
sO” 
Solution Given that the equation, we have 


FRR) = F(X) + Bf") t+ 


Since f"(2) is continuous, by Taylor's theorem 
pa 


F(e+h)= F(X) + Hf’) + “aet po+an 
where, 0 < 6, < 1. From (1) and (2), we find that 
yet ye 


jet 


f(x) + a Sf" (x + Oh) =— f" (x + Oh) 


or 
mere t pees ann=s\a+an 
7 
2 eee ain= staan s™~ 
er 


Fx + Oh) ~ fx) 


1 pn =6- 
att On hae 


By Lagrange’s mean value theorem, we have 


= f"(x+00,h), where 0< 8, <1. 


Lp xloge (2+ ya? #1 ~ Vie? = x tog, (0x+ fe +1 20, Vx20 
r 


a) 


Q) 


(3) 


106 __ Textbook of Differential Calculus 


‘Therefore, (3) becomes 
Fre Qi) =8-/"(x + 0640). 
Leh>0 
Las gap si 
pf C)= FC). jim 8 
Hence, 
tim o=4. 
hee 
Example 3.6 Use Taylot’s series to expand the following functions: 


log(1 +x) 
ex 
(ii) log sin (x + h) (iv) tan"x + A) (v) et 
in ascending powers of x for three terms. 


(i) cos x Gi) 


Solution Taylor's series for the expansion of f(a + x) in ascending powers 
of x is 
2 


flat s)=fa+FO+5 SO) Ero te 


(i) For expansion of cos x, let 


f()=sinx and ant 


in Taylor’s series. So 
13) ls sing any 
and 
fa+s)=4{E+s)=sin (Bex) =cosx 
Also, since 
f(x)=sinx, f"(x)=cosx, f%(x)=-sinx, f%(x)=-cosx, f(x) =sinx,- 


Therefore, 
fz). |Z). w[Z). 
6 rg. s(§) 


Substituting these values is Taylor's series in Eq. (3.12), we get 


presence 


ee 
“area 
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(ii) For expansion of 


log (1+) 
14x 
let 
fe) and fl +x) ee fla+x). 


Here a = 1, and we have to find f(a), f(a), f(a), ... to apply in Taylor's series. 
We also have 


w= 4 a-togx) 


e 


17a) == log o+4(-)- 
F Ux 


"(x)= G- 20g») -4(4 
x Pls 


Putting x = 1, we get, 
F0)=0, fM=1, f"M=-3, f"M=1-- 


and so on, Substituting these values in Taylor's series, we obtain 


log (+x) _ “d+ ef") 4 ef") 
$042) = = ft FO TIO ZIOr 


(ii) For expansion of log sin (x +h), let f(x) = log sin x. Then 
S')=cotx, 
f(x) =~cosec*x, 
"(x)= 2cosec* xcot x. 


According to Taylor's theorem 


w w 
Leth) = $0) +160) + FIO + TI) + 


Therefore, 
“ A w 2 We 
log sin (x + h) = log sin x + h cot x — S-cosecx + S-cosec x cot x + « 
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(iv) For expansion of tan“'(x + h), let. f(x)=tan7! x and 


P=)" (n=! sin"@sinna, 


where x=cot a 
Now putting n = 1, 2, 3, ... successively, we get 
f'@) = sin asin a 
fr 


f(x) =2sin?a sin3a 
Hence, according to Taylor's theorem, 


. . 
forma sarah pa +e pt 


or 
2 


tan“!(x +h) =tan“'x +hsin asin 


asin 2a 
Le ne 
+ 5p BsinParsin 3a + 


=tan“lz +h sina 24 — (hina? Be 


in 3a 


+ (hsina) 


(v) For expansion of e***, consider 


fxthy=e™* and f(x)=e*. 
Therefore, 


fW=e =f"W=f"@= 
We know that 


w w 
FEMA IAN O)+ 7 S/O+ TIO) t~ 
x e 
nel thet +e + 
2B 
we (inetd -) 
Example 3.7 Expand e* in ascending powers of (x ~ 1). 


Solution We have 
eae MS f(ytl), where y=x-1. 


By Taylor's theorem 


fOtD=fO+¥'O tro iro bee 
Here 
fy tts =e" 
Therefore, 


PO+D=SO+D=f"O+D=e" 
Putting y = 0, then 
f= fM=e_ f= f= 


Hence 
2 
fosnerey te teh tn 
Therefore, 
2 (=F | @-p? 
fae tG-peA ee 


Example 3.8 Use Maclaurin’s series to expand the following: 
(i) sin x, (ii) log (1 +x), Gili) @, (iv) log (1 + sinx), (v) e® cos bx. 
Solution We know that Maclaurin's series for the expansion of f(x) is 
2 3 
$0) = {0+ $'O + F/O SO + 
(j) For the expansion of sin x, f(x) = sin x, then 
f'(x) =cosx, f"(x)=-sinx, f"(x)=-cosx, f(x) =sinx 
FY (x) =008x 


Putting x = 0, we have 


£0) =f"O)=f%O 
FO=1 f%O) 


and 


Therefore, 


f(x) =sinx =x- 
(ii) For the expansion of log (1 + x), let f(x) = log (1 + x). Then 


cya 
atx’ 


“(ye “@)y=-—L “(x)= 
fa=tz fe aan f°") 


xy 
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Putting x = 0, we get 
f0)=log1=0,  f(O)=1,  f"(0)= 
and in general 


= f"O)=(-1)2!-+ 


SO =CYn-Y! 


Therefore, 
log (L+.x) = a-3e EP odat ee 
iii) For the expansion of a*, let f(x) = a¥. Then 
eet eM, where k = loga. 
Therefore, 


fake, f@=kRe, feet 
2 


a’ alee PE PE 


Hence 
3 


=14(loga) x + (loga)? £ +tope? = 
(iv) For the expansion of log (1 + sin 2), let 


y = f(x) = log (1 + sin x). 
Then 
cos x 


T+sinx 
__sin(x/2-x) 
“T+ cos(x/2 - x) 


n= 


sin (2/4 ~ x/2). 
2cos* (1/4 -x/2) 


When x = 0, we have ())p = log 1 = 0, Now, differentiating the given function 
with respect to x, we get 


1 
2 =~ZOnw)=—We 


Ya =—Oay2 +92) =-OF +92) 
Ys =~ 2ya¥s + Y2¥s +4) =— Grays + 9a) 
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Now at x = 0, 


Om =-F0+D=-1 
Oso = (ID = 1, 


Substituting these values in Maclaurin’s series, we find 


S@)= JO +20) +5 Son + Zone tee 


Hence 


log (ltsing) =x + 


(») For the expansion of e* cos bx, let y= f(x) =e cosbr. 
Here f(0) = 1, when x = 0. Hence by successive differentiation, 


= f"(x)=D"(e cosbx) = r"e™ cos(bx +9) 


where 


rejoee ond unga’. 
a 
When x = 0, we get 


Ono =I" (0) =1" cos np = (a? +b*)"? cos ng. 


tanger nor aap at 
a a+b? 7 
Therefore, r cos @ = a. Putting n = 1, 2, 3, ... in (1), we obtain 
(Wo =rcosg=a 


On)o = 1 00s 29 = 17 (2cos"9— 1) = 2a? - (a? +b*) =a? - 
Oo =P? 60839 =P? (4c03"9 ~ 3c0s¢) 
=rcos¢(4r? cos*¢ - 3r7) 
=al4a? ~3(a? +b*)] 
=a(a* - 367) 
Apply Maclaurin’s series: 


£@)=fO+x0)0 Zone + Xone + 


a 
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We get 


2 3 
cos br =1+ax-+(a — B= + ala? AS 
Example 3.9 Prove that . : 


other t E132, 
23245 


Solution Let 
yasin y= dy tajx tax? +00 $-+a,x" + 


oy 4, + 2agx + 3ayx* +o + a,x"! 00+ 


Comparing (2) and (3), we have 
= 04 = Og 


and 


By-2 Gad 


2 3! 
Solution Since ¢* sin x = Za,x", we get 


sinx= (Sa, 


f(x)=sinx, f(x) =sin} 


Therefore, by Maclaurin’s series: 


2 7 
$)= 40) +S OFF FO) +--+ [Oto 
we have : 


qd) 


(2) 


@) 


qa) 
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Then from (1), 


sinx=(ay sareetayn( ions 


Equating coefficients of x,, we get 


Ca re 
a, “SR = sin. 
Example 3.11 Expand sec x. 


Solution Let 
= 
Therefore, 


1=(dy +ajx+a,x? +a;x° ++) cosx 


2 
= (ay + 44x +.4,x7 oy? ofl a 5+) 


Equating the constant term and the coefficients of x, x7, 2°, x*, we get 


5 


x 
=I =O, @=5, a =0, a= 
Substituting these values in (1), we get 
seex=—entthit gate. 
cosx 2) 2h 


Example 3.12 Expand 


‘as far as the term in x°, 
Solution Let 


= $x 40x" +a5x° +- 
Fa ee ae 
or 


a (qy ta,x+ ax +asx + 


(e* +1) 


2 
w= (ag +0,x+ yx? +a5x° soften ze 


qd) 


10) 
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Equating the constant term and the coefficients of x, x?, x°, we have 
elt gee On ages 
qT MAG %=0, aa-Te 


Substituting these values in (1), we get 
C2 AT OF 


a taox- i te 
Fate a 


Example 3.13 Expand e** as far as the term involving x, 


Solution Let 
f(x) =e 
f'@) =e cosx 
£7) =e™* cos*x - 8 sin x 
f"@) =e" cost = 3 sn 2x-e8* cosx 
1a) =e" costxe* 3costxsinx— 2e* cosx sin2x 


—3e%* cos2x— e%** cos*x +e sinx 
When x = 0, we obtain 


fO=1, FO= fOM=1 f"=0, fYO= 
Applying Maclaurin’s theorem: 


f@)= forr ores sey O +5 £ oe 


We get 


2 
eM alert 
2 


+ 
8 


Example 3.14. Apply Maclaurin’s theorem to expand e**”* as far as the term 
involving x4, 


Solution Let y=e**"*, Differentiating, we get 


or (1-x)y2=y? 


Differentiating again, we have 


2yy2l-27) - 27 =2yy, OF = 27), a =Y- 
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By Leibnitz’s theorem, 
Ynr2(l 27) ~ "Cy 2a )n41 ~ "C229q ~ Hast — "Cin =I 

or 

nin- 


127) q42 — 20g —2 Ya Dani — "Yn = Yn 


or 
1-2 )yngz — 2m + Day _44 — (0? + yy =O. 
Putting x = 0, 
Yas2o =n” + IXYq)o 
Now, 


Odo =e =1 

(2)0 = Ooo =O) =1 
(30 =? + DQo =2 
(00 =@ +D02)0 =5. 


By Maclaurin’s series, we get 


Example 3.15 


Solution We have 
ef Hay Hay x + agx® +asx $e $agx" Hag x te 
Differentiating both sides with respect to x, we get 
Ae 


oO ema, +2a,x t+ (N41) agg a" to 
or 


2 
(ay +x + yx? +o yx sagt aoa(ledoe 


3a + 20,8 ++ (1 Dagg x” Ho 
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Equating the coefficient of x* both the sides, we get 


Hence 


ain bifes 
n+l 


Example 3.16 Prove that 


f(x) = f(x) +(m=)af"() + 


Solution 
F (mx) = f[x +(m=1)x]= f(x +h), where h =(m -1)x 
H 
forrest 


ne a rae 


= f(x) +(m—- Daf’) + 
Example 3.17 Expand sinh"'x. 


Solution Let y = sinh”'x, then 


” “Te oe (1+)? =1 
When n = 0, we get f(0) = 0, (0) = 1. 
Differentiating (1) again, we get 
(1+ x7)2yy) +97 (2x)=0 or (1+27)y, +29, =0- 
For n = 0, (y)9 =0. Differentiating n times, according to Leibnitz’s theorem, 


[« #2 Dyggg + mad ygy +MY 


avo} + [on tay, ]=0 
or 
(+27 )yqo2 + (20+ Dag: Hy, =O 


Putting = = 0,50 (aa)o =H ?(y,)9. Now putting successively n = 1, n = 3, 
n=2,n=4, 


Oso =-@?=-1 


Hence by Maclaurin’s theorem, 


2 3 
L(x) = £0) +40) +5. £70) +5" tone 


3 s 
= 04x) +045) 4045 
er 
2x 
+5 


Hence 
3 


sinh" 2x15 
23 


Example 3.18 Expand log cos x by Maclaurin’s theorem. 


Solution Let y = log cos x. When x = 0, f(0) = log 1 = 0. Differentiating 
successively, we get 


yy =—K sin) =-tanx 
cosx 


Yo =—Sec7x = —(1 + tan7x) =-(1+ y7) 
Ys =— 292 


Ys =— 20495 +93) 


Ys =~ AY + Y3V2) + 29293] =-2y Ys — Oy2ys 


Yo =—20i¥s + Yada) — 602¥s +98) 


Putting x = 0, we obtain (y;)o = 0, (2)o = 
(60 = -16, ++ Therefore, 


1, Os)o = 0 ado = -2, Odo = 


xe et xé 
Sx) = 040456 1) +2) + Fd 16) + 
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Exercises 3.1 
If f(x) = (x ~ I(x - 2x - 3); xe (0, 4], find c. 
Find ‘c’ so that fc) = [f(6) ~ f(a) - a) in the following cases: 
@ f@)=2-3x-1; a=-117, b= 137 


Gi) f@) = V2 -4); a@=2, b=3 
(iii) f@) = eS a= 0, 
(iv) fx) = log, a@=12, b=2. 


In the mean value theorem, viz., 
fla + h) = f(a) + hfla + Hh) 
(@ Wa=2,h=1 and f(x) = +, then find the value of 8 
Gi) If f(@) = sin x, find the limiting value of @ when h = 0. 
(iii) If f(a) = e*, express the value of @ in terms of a and h. 


In the equation 
1 


Mi Ben 
Nath) =f0) +W'O)+L"O)+ 


prove that the limiting value of 8 as k 
conditions being usual is 1/(n + 1). 


sian pct ah, 
le 
definitely diminished and other 


.. Show that 


2 
f(a +h) = f(a) + hf'@+ ras mH), 
where 0 < @< 1 and prove that 


" 1 
fim e=3° 


Prove the following results by Taylor's theorem: 
RP 


(i) sin (x + h) = sin x + h cos x sinx-... 


h 
Gi) sin"x + A) = sine + 
vi -x 
10 4 


ii) tan(E+2)=14204207 oe Baten 


3 
(iv) seo“ (x +h) =sec“lx +: 4 
ae 


(v) log [log (1 + €] = log? + 


x 


22-1 
Fay? 2 


2 4 
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10. 


12. 


13. 


Prove that 


Prove that 


Prove that 


Prove that 


Prove that 


Prove the following: 


3 
@ logs 4 tje-xeS eB 


Looe ae 8 
(i logseex= 425 +254 


3 
(vii) tanh !x =x + = 


Prove that 


1 
log (+n = 


120 
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14, 


15. 


16. 


17. 


18, 


20. 


21. 


22. 


Prove that 
20 4x5 
ef sinzextS + Spo 
Prove that 
é log (l+x)=x+— 
Prove that 
2x! 
60s.x cosh x= 1 === 
Prove that 
: 20 4axé 
sin cosh x =x¢>- toe 
Prove that 


3 
coh rel tart ne+(@ +39 


Prove that 
2p 2 py? 
sins beens? OEE ye UES on sin(n tan! Ae 
3! nt a 
Prove that 


@ r= {' + 


ax* 

art 

4 

Gi) eM ce Petite te. 
3 120 


ini 1525 


‘ii Slextsor tir ges 
ii) rape age 


2 43 

ate 
iv) 1oy +tanx)=x +4 
Civ) log (sec x + tan x)= + +57 


Expand e“ cos bx by Maclaurin’s theorem and deduce that 
ve xe 
e7 cos(x sin a) =1 +008 +5 cos2ar +7 cos3ar+ oo 


Prove taht 


(i) xcotx= 


ng Lr oe) 
21442 4p! 4... 
Gi) xcoseex=14E" x 
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29. 


30. 


3h. 


32. 


33. 


34 


. Expand x coth x. 


Expand log [x + V(1 + 2°)} by Maclaurin’s theorem in ascending powers of 
x and find the general term. 


. Expand “842 in powers of x as far as 2°. 


Expand log [1 ~ log (1 ~ x)] in powers of x by Maclaurin’s theorem up to 
the terms of x and deduce the expansion of log [1 + log (1 + x)]. 


Expand sin x in powers of (x ~ 2/2). 


Prove that 


a’ =1+xlog.a+ £ (os, ¢) +2  (los.a) $e +7 (logea (0x). 
Show that 

ex a's! ate! ne 

3 St m2 

and that the remainder after r terms may be expressed as 


sina@x =ax— 


ax ™ 
2 sa(aaes 
Show that the remainder after r terms of e* cos bx have been taken is 


+BY? wx 


cafeesew 
a 


Prove that 


theter +ae 
eatberer tae 


B+ 2c |b +6bc+6d 
2 


(ivi ogee 


If w= f(x), show that 


x xdu1(xy 
(3) “Tat a) 


If e* = log (ag + ayx + ax? + ++ + a,x" + ...), prove that 


(n+ Day = ay + 


If Ao, Ay, etc., to the successive coefficients in the expansion of 
y =e mertin me, prove that 
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35. Given that 


sinlog(1+.x)= 


ape 24 
coslog(+a)=14+ bt hx? ota? 


calculate the first-five coefficients of each expansion. 


36. From the expansion of 


deduce 


2x 
= +2. 
lex 31+x? 


Also, establish the series: 


Indeterminate Forms 


4.1 Introduction 


The function f(x) = f(a), when x = a, is called the value of any function f(x), 
provided it is finite and unique. However, at times, f(a) may assume any of the 
following forms. These forms are called indeterminate forms: 
0 < 2 
Da Tee Oe, 0% PT 
In such cases, x = a is called a limiting point of the functions f(x). Although its 
value f(a) does not exist there, we may evaluate its limiting value lim, ,, f(x) 
in certain cases. 
Let us suppose a rational function 


Ye) 
I 4)" 


where lim,.,, y(x) and lim, ,, (x) are both zeros. Then lim,.,, f(x) cannot 
be equal to 


lim yx) 

oa 

lim (x) 
as it becomes of the form #, which is meaningless and undefined. This form 2 
may be taken fundamental because all other indeterminate forms may be reduced 
toa problem corresponding to the form 2 . This form can be evaluated by L’ Hospital 
theorem, which states as 


tim YO 5 jim YO - tim AO -... 
re (x) 1 O() re G(x) 


In other words, this means that the numerator and the denominator should be 
differentiated repeatedly unless the form $ vanishes and the limit obtained is 
finite zero, constant or infinite. 


123 
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4.2 L’Hospital Rule 


Form $ 
Let 9(x) and y(x) be functions of x capable of being expanded by Taylor's 
theorem, and if y(a) = 0 = 9(a), then 


HO) i GO 
tina ax) sien a)" 


provided the latter limit exists. 
Let x = a +h. Then x - a as h + 0. Now according to Taylor's theorem, 
we have 


Ha +h)= Ka) +hg'(a) ste tee 


and 


2 
Yat h)= ya) + nya) + ya) + 
Therefore, 
Hath) __Ka)+h9'(a)+(h/29"(a) + 
ylath)  y(a)+hy(a)+ (#712) y"(a)+ 
_ hea) + 26a) 
hy (a) + (WP 2)y"(a) + 


_ 9a) +(HI2) 9") + 
“V@ +h) "a+ 


[as Ka) = 0 = ya)] 


Now, taking limy4o, when x—> a. 
Hx) _ im Ht) Ha+h) _ 9a) = kim Hx) 
rae yx) Ao yaeh) Wa) W(x) 

Again, if 


Then proceeding as before, we get 


mm FIO 2 hig YO 
re ya) W@W") 


Generally if 


9(a)=0=9"(a)=--=9""(@) 
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and 


y'(a)=0=y"(a)=--=y" (a), 


Then 


jim HD LO fo, PD. 
sey) ya) ay") 

In other words, under this rule, we shall go on differentiating successively 
the numerator ¢(x) and the denominator y(x) separately. Each time we shall put 
x =a in the differential coefficient. This process will continue till the form a 
stops to occur. 


Example 4.1 Evaluate: 
i oe 

Jim << 

eNO) x —Sinx 


Solution It is of the form of $ as x > 0. Given 


: *** cosx 0) 
<= jim SS form — 
x40 x-sinx 10 1—cosx 0 


e 


Differentiating again numerator and denominator separately, we get 


sinx 


"* cos?x +e%"* sin x 0 
form 5 


a tim Se 60s x + M42 cos.x sin x + eM cos x sinx +e%* cos.x 
a) cos x 
1+0+0+1 
1 
=I 
Example 4.2. Evaluate: 
tan 


itm, tes 
sant T= sing 


Solution Itis of the form of $ asx» 2/4. Thus differentiating numerator 
and denominator, we get 


=sectx __ sec?(a/4)_ (ay 
ta SBE cose Vreos(x/4) Jaana) 1 
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Example 4.3 Evaluate: 


2 
lim log (1 + kx’ }; 
a0 1-cosx 


Solution It is of the form of 2, as x —> 0. Differentiating numerator and 
denominator of the given function, we get 


in EEA + kx?) 
x0 l-cosx 0 sinx 


= lim ——>_ 
2-00 (1+ kx?) sinx 


. 2k 
ste ee ae) cee 
20 2k x sinx +(1+kx*) cosx 
on Seee 
+0401 
=2k. 


Example 4.4. Prove that 


on 2 log +x) _3 
lim “2 SEE FH) = 
=o 2 


Solution It is of the form of $, as x > 0. Now 


i 
xe -log (+2) _ 


a3 +2 x + higher powers of x 
Therefore, 


xe" —log(l+x)_,, (3 1 |). 
Jim, 2 lim | + 5 + higher powers of x 


iw 
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Example 4.5 Find the value of a and 6, so that 


. x(1 +acosx) —bsinx 
lim Sees 
0 x 


Solution Now, the expression 


sfredf 


_(ta-b)x + (6/6-al2)x + 
=fterle erat 


or 


lim 
20 


(1+a-b)x +(b/6-al2)x* 
x 


Equating both sides, we get 
ba 
Ita-b=0 and Z-Sa1 
or 
a-b=-1 and b-3a=6 
Solving them, we get a= -S/2, b = -3/2. 
Example 4.6 Evaluate: 


ue 
lima+2 "=e, 
rs 


Solution It is of the form of 2, as x > 0. Now, we have 


(+x)"* -es[2 log(1+ 5) 
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| 


+ 


Hence 


Example 4.7 Evaluate: 


~2log( +x) 
xsinx ° 


Indeterminate Forms _129 


Solution The given limit 


wage 2log (1 +n] 
lim im 4 
a 4 esinny 

dx 


ef +e* - 21 +x) 
x0 sinx +x cosx 


1 
weer 
5 +3) 
= lim ——_—_22) 
1-40 cos.x + cosx—x sinx 


+ 


=1 


Example 4.8 Evaluate: 


x COS. 
lim 


log(L +x) 
0 © c 


Solution It is of the form of $, as x > 0. Now 


_ cosx—xsinx—1Ml+x)_,, -sinx-sinx—xcosx+1/l+a)* 

lim =lim =>. 

0 2x 0 F 3 2 
Example 4.9 Evaluate: 


9 +2c0sd-4 


e 


lim 
on 
Solution If is of the form of Sas @-> 0. Then 


The given limit 
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Form = 


Let 9(a) = , y(a) = %, so that 45 takes the form =, when x approaches 
indefinitely near a value a. In order to bring it to the form 2, we write it as 
follows: 


KX) _VYe@) 
va) Ve) 
Here 
1 1 
oh and —— 
v(a) Ha) 


we may consider this as taking the form 2, and therefore we may apply the 
previous rule. 


im 22) 2 tim LY) = tim MOYO _ 5, [e2 va) 
ii = = = 
Eye) We) = Fler —LYA] ee) 
Therefore, 
lim £2lin sor tim £2) 
xa Wx) [290 yx) | 240 9(x) 
Hence unless 
im 22. 
jim 22. 
re ¥@) 
be zero or infinite, we have 
9x) |f w(x) 
[im 2m vw) 
or 
tim 222. jim £2). 


ae (x) ee W(x)” 
Example 4.10 Find 
im Jog(@- 2/2) 
eve tan 
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Solution Given 


tim 108(0-#72) _ |, MO~ x12), ] 
o-ami2 tan Oon2 sec?@ a 
-int, 
evar O- x/2" 0. 
_2eos@sin 2) 
1 
=0. 
Example 4.11 Evaluate: 
lim =. 
me 
Solution This is of the form of =. Now, we have 
mt 
tim 2 = tim 
mee me oF 
=x"? cy 
lim MO=de EE] 
= ¢ = 
, _log(x—a) 
Example 4.12 Evaluate: [iO oxy" 
Solution It is of the form of =. 
Given limit = tim BG=2_ 
348 Log (e* —e*) 
tim —e= 9) 
te e*/(e* — e°) 
stim | 
ma ka e 0 
yan ae 
248 (x-a)e* +e* 
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Example 4.13. Evaluate: lim log (tan x)™*7* 
Solution Since we know log, m log, a=log, m, the given expression can 
be written as 


log, (tan2x) ] 
3-90 log, (tan x)" 


Therefore, 


2, 
a log. tan(2x) _ (1/tan 2x) x sec’ 282) 
x90 log, tanx 90 (I/tanx)sec*x 


cos 2x 1 
jen Si 2% cos?(2x) 
“x80 cose 1 


sinx cos?x 


= lim ——2 sin x cosx 
a0 sin 2x cos2x 
sin2x 
= lim > _ 
20 sin 2x cos2x 


Example 4.14 Evaluate: 


Solution It is of the form of =. Therefore, 


log x? ix Wx 
0 logcot?x #0 cot x (—cosec?x)" 


;_ SiNX cOSx [g} 
=-lim = 
dX 0. 


2 

= lim(-) SSS aS 
=) 

=-1. 


Form © = 


Suppose 9(a) = e and y(a) = =, so that (x) -— y{x) takes the form oo — 0, When 
L'Hospital rule is applied to this expression approaches a value a. 


Indeterminate Forms 133 


Let us suppose 


Here, if 


the limit of w becomes 
ya) x(a quantity which is not zero) 


Therefore, the function tends to infinity. But if 


then the function takes the form of e x 0. 


Example 4.15 Evaluate: 


tim | 1 -—_1__}, 
en[x—2 log(e—D), 


Solution We write 


im BN G-2) RI 

od (x—2) log(x-1) * 0 

Wx-)-1 0 

=I ga) +(x- a=" [3] 
1 


(x-1* 
@=D-@-D 

@-1P 

(x-1* 


Example 4.16 Evaluate: 
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Solution We have 


; ee Lz Tee 
Te given imit= tim, (xan E scx) [o— 9] 


2x cosx +2sinx 
aoei2 = 2sinx 


Example 4.17 Find the limit: +-cot x, when x0. 


Solution It is of the form of o - 0, 


3 sinx +x0osx 
0 cosx +00sx—xsinx 
=0. 
Example 4.18 Evaluate: 
tin 5 
1 


Solution It is of the form of e ~ e, Then 


ven limit = lim 3° EX 
The given limit = lig “= 
- sin2x~-2x 
99 2x sin?x + x? sin2x 
ann 2cos2x 
290 2 sin?x + 2xsin 2x +2xsin 2x + 2x" cos2x 
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‘iy cos2x-1 

#00 sin?x + 2x sin 2x +7 cos2x 

Jes ~2sin2x 

£00 sin 2x + 2sin 2x + 4x cos 2x +2xc082x 2x" sin 2x 

ae -2sin2x 

#540 3 sin 2x + 6x cos 2x — 2x? sin 2x 

7 ~4eos2x 

"E53 G cond + Geos Dx ~ x sin 2x ~4xsin 2x 4s" cow 
1 


> 


Example 4.19 Evaluate: 


cos x~cosx + xsinx 


=lim 5 
200 4xsinx +2x? cosx 


a sinx +.xcosx 
so0 sin x + 4x c0sx+4x cosx—2x" sing 

aes cosx +cosx~xsinx 

4-0 4 cosx +8cosx—8x sinx—4x sinx—2x" cosx 
1 


6 


Forms 0°, 0° and 17 


Let y = u’, where u and v being functions of x. Then log y = v log. Now 
log.J=0, — log,eo=02, log, 0 
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and therefore when the expression u’ takes one of the forms 0° «°, 1", where 
log y takes the indeterminate form, 0 x o, The need is therefore to take the 
logarithm and proceed to reciprocal method. 


Example 4.20 Find lim, 9 x". 
Solution It is of the form of 0°. Taking logarithm both sides, we get 


i 


Therefore, 


Example 4.21 Find 
ea 
lim, (sina). 
Solution It is of the form of 1”. Now, we get 


lim_(sin.x)"** = lim, e™*¥5s= 
cay) oa 
= lim tanxlogsinx 
oa 
= tim Bsn 
x42 COLX 


= lim_(-sin x cos.x) 
soa? 


=0. 


Therefore, the required limi 


Example 4,22, Determine, tim,_.p (cosx)!"". 


Solution It is of the form of 1”. We have 


y=(cosx)!"". 
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Therefore, 


Taking limit both sides, as x — 0, we get 


: logcos.x 
lim log y = lim 
_~ ey mx 


ion (1/908.2)sin x(-1) 
ae. 


or 


Hence 


Example 4.23 Evaluate: 


We have 


eae Det 
logy=—+—x4 +-- 
BF 90 
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Therefore, 


lim log y = lit 
iim logy in 
or 
lim y=e°=1 
lim y =e" 


Hence 


Example 4.24 Evaluate: 
Solution Let 


Taking logarithm both sides 
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‘Therefore, from (1), we have 


2 
x 
2 st fx. 
4-4-3 )--£-5 +o pmeot: 


logy 
Therefore, 
1 i 6 
i a lim y=e 
fim logy - ™ 
Hence 
tim (8 Ps ag 
ol x 
Example 4.25 Evaluate: 
: col 
lim (cos.x)"* 


Solution It is of the form of 1”. Let 


y=(cosx)*, 
or 


log y = cots log cos x = 18°08, 3} 
tan’? x 0. 


Taking limit both sides, we get 


Spee 
* 2scc*x 
au! 
er 
Therefore, 
liga 


Example 4.26 Evaluate: 
iad 


Solution It is of the form of 17. Let 
yer 
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or 


Therefore, 
or 

lim y=e?* 
Thus 


\tanl x/(2a)) 
lim @ -3) =e, 
a 


Example 4.27 Evaluate (sinx)*** when x + 0 and x > r. 
Solution Let y=(sinx)"**. Taking logarithms both sides, we get 


logsin x 


log y=tan x logsinx = 
log y= tan x logsin.x == 


or 


(when x > 0, xr) 
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Therefore, 


a 


Thus 


- 
Jim (sin) 


Example 4.28 Find 


sels). 


rin(t3). 


logy = lim xoe(1+2) 
a x 


Solution Let 


= lim 0B talsy 
a Ue 
1 
I+alx 


(alx) 


or 


Thus 


Example 4.29 Evaluate: 


lim (cot x)!"€*, 
=o 


Solution It is of the form of #°, Let 


y= lim (cot x)!" 
a) 
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Taking logarithms both sides, we get 
1 oo 

logy=lim——logeotx, |= 

BY rao loge [=| 


2 
=n (I/cot x)(—cosec*x) 
20 x 
-x 


= lim ——— 
+40 sin x cosx 


-in(-25,) 


or 


Therefore, 


Example 4.30 Evaluate: 


Solution It is of the form of 1°. Let 


Taking log, we get 
logtanx-logx [0 

logy = etn x—ioex|D 

ogy = OB I 


Pare 


2x 
_ xsectx —tanx 


2x? tanx 
2, 2 2 
___sectx +2x sec*x tanx—sec*x 
4x tanx + 2x" sec*x 
Sec? tan x 


tan x + x sec’ 
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or 
at 
Jim logy = lim ——— 
a 
or 
lim y=e!”? 
Thus 


Exercises 4.1 


1, Determine the limits of the following: 


© tim * Gi) ig S Gi) tim S2Z=~ 
x0 x=sinx x x0 x—sinx 
Gv) tim Stz!98-+sin) tim 222" (iy. im 2582 zsin2x 
x00 Tog(+sinx) xa to 
= - =) 
(viiy tim SHOES Gif LEIBERX Gig) jim EOE) 
om sol [-2x x0 logcosx 
xe 
Jim 08) i) ti yes 
” ster ~2ex Ot I ington 
i si ‘ 
(allt) Hn 2 eaiyy tm ARAM 


x0 sinx— x cos x 


x= log(l +x) 
(xv) a 


y 


1. If the limit of 


2-0 7 + x log(l-x) 


sin2x + asinx 


2 


is finite, as x — 0, find the value of a and the limit. 


Pa 


}. Find the limit of 


i+sin 


xtan?x 


cos.x + log(l~ 3) 


when x 0. 
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4, Evaluate: 


@ lim 


x0 xsinx 


iii) tim sin x —log(e* cosx) 
0 xsinx 


g(L+x) 
cos 


(y) lim 


(wii) tim log ea(£-) 


5. Evaluate the following li 


ay gp tax ty lis = AX 4 logtanx 
OA tana ERIC De Togs 
su) fim logsinx ;, logtan2x ay) tanSx 

foasies logins tm 225 
OT cox Togtanx © Boh ane 


6. Determine the following limits: 


tees 2 aa , Ne 
@ Tim sin x log Gi) Lim x log tanx Jim x logsin®x 
er z Lb shag: a as 

(iv) tim xtan( 5-2) (¥) lim, x7 logs? (vi) lim x logx 

(Vi) fim eosee (na) log.x (vil) tim (asta, 


7. Determine the following limits: 


@ Gi) ti 


(iii) (iv) ‘Bm 


(vi) 


(vii) lim 4-cot s) (viii) 
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8. Determine the following limit 


(i) Tim (cot? x)"* ii) lim (x-@)*™* 
=) re 


i) im = 22)!" Gv) tim (tan x)°* —(¥) im, cos 2° 


asl 
(¥1) img (cot 8? (vii) lim xo" (viii tim( 22) 
n, . 1 
(x) tim 4 ) 

Le 


(xii) lim ( +4) (xiii) 
sel 


9. Determine the following limits: 


lt 
© tim 2 ten Gi) tim SEZ Git) tim 2E* 
fin? Lee ai 
aS clog _ logx a aes (22) 
Ge) tim “SEF ©) tim = a(S) 


(ii) tim a sin2. 
ee ee 


10. Determine the limit: 


x fa-x 
cof EEE), whens 
2Yatx 


cos.x —log( +x) +sinx-1 
0 ef -(1+x) 


11. Evaluate: 


12, Evaluate: 


+2sinx-4x 


ef -e* +2 log( +x) 


©) tim £ Gi) tim i 
a) a) 3 sin x 
13. Find the limit of: 


xsin(sii 


14, Determine: 
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15. Evaluate: 


@ in (i+sinx)** (ii) 5 
“1 
Git) tim, aan am (ivy 
(v) lim 


16. Evaluate: 
, (x= 4x4)!2 — (4)! 
xi (1-84 . 
17. Determine the following limits: 


(@) lim, Qetanx—ssecx) — (ii) tim 1218 
A, tim 


lim 
2490 


x1, (iv) tim 1429082 — cosh x — log (t+ x) 
2x’ 2x sinx 20 tanx-x 


Jog(1 + x) log(l - x) - log(1- x*) 


‘ : eats 
() lim a (vi) lim (cos-x) 
sinxY | 3 
B 3rtog( S22) + 
(vi) tim BEDE ROR De i) jy — A) 
x x(e" -e*)- 2 sa (= sinx)(0— cosa) 


18. Obtain the limits of the following: 
© tim () 
tim 


—— ue? 9 coshx—1 
(iv) lim (cosary™ — (v) tin, 2( 2851) 


way Wa folate 
ii) diem, (sin 2) 


(ii) tim © 


sec? |xA2-be)) 
) ~nt2 Togsin x 


60 tm (ue 


1—4sin? (1rx/6) 


ix) fi cot " 
(ix) im, (see 2) 9) lim 2 
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19. Find the limit: 


20. Evaluate: 
lim (+x) texl2 
21. Find: 
li —x) tan| — |]. 
sae-ou( 
22. Find: 
4) lim 1 i) lim (cot x)*2* 
OM = 


jv) tim <x2)""8- in | 22 
(iv) lim = 2?) w) win, (55 <n) 


(vi) tim =*AEX (ity tim x(a! =1) (viii) lim 
a = mo 
a. sin x Inve 5) tim LOBmsw29 208 
ii pie id AOBseta2) COST 
@) in ©) tim (cos x? CE Tose c0s(x/2) 
Gxil) im (1—sin.x)"** (xiii) lim x7 logx? (xiv) tg 
(xy) lim ( +4) hes 
mel ty sa COLE 
(xvii) tim S88 
ray 
23. Find a if the limit of 
tank(qa)+Btmnae sven x90 
sindx i; - 
24. Find a if 
__ sin2x +asinx 
lim : 
a 
is finite. 
25. If 


thea (+arsinx)— boos 
20 x 
be finite, find the value of a and b and the limit. 


Chapter 5 


Partial Differentiation 


5.1 Introduction 


If several variables are functionally related, measuring the rate of change of one 
variable with respect to another keeping others constant, is often called partial 
differentiation. In partial differentiation, the function which is partially differentiated, 
is always considered as the function of only one variable—the one with respect 
to which the partial differentiation is to be carried out. Whereas, all the other 
variables are treated as constants. 

If u = f(x, y) be a function of x and y, the differential coefficient of u with 
respect to x, treating y as constant, is called partial derivatives of u with respect 
to x, It is denoted as 


au af 
Se gg FeO OF Sy 
Thus 
and 


where 0/9 x, 2/2 y are symbolic operators. Now let w= f(x, y, z) be any function 
of three variables x, y, z, then 


this means « has been differentiated with respect to x only, where the remaining 
variables y and z have been treated as constants. Similarly, 

ou tim L2Y+hD-fGYD 

ay eo k 
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It means w has been differentiated with respect to y only, where the remaining 
variables x and z have been treated as constants, and 


2 = gg LO HE+O ~ fl H2) 
dz 0 or 


This means u has been differentiated with respect to z only, where the remaining 
variables x and y have been treated as constants. 

In this manner, if w is a function of more than three variables, then the 
definition of partial derivatives for the function x can be likewise extended, 
Generally, if u = fly, x2...» %,) is a function of n variables, x, x35 X3, .. Xqy then 
u/9x means that u has been differentiated with respect to x only while the 
remaining variables x3, x3, ... %, have been treated as constants. Similarly, 


LA He 


can be defined. 

Partial derivative, Qu/ax, Qu/dy are functions of x, y. Each may possess 
partial derivatives with respect to these two independent variables. These are 
known as the second-order partial derivatives of u = f(x, y). We denote these 
second-order partial derivatives as 


a (au) _ au 
2(4)-4 ox OF Sax 
a(au)_ au 
dla) HF ? * fy 


In general, fy = fun when f(x, y) is discontinuous of (x, y), partial derivatives 
‘fry # fre. In this text, we only concerned about order of partial differentiation, 
which has no effect on the values of derivatives, and in general 


So So Soe = Sres =Say = os €- 
For example, consider the function: 


fx, y) = ax? + Zhry? + by? 


fe = 30x? + 2hy? 
fy = Ahay + 3by? 
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Therefore, fy = fix. There are, however, cases in which fy. + fiy- 
Consider another example, 


Pty 


LO y= 1 #0 HO 
x-y 


AO, 0) =0 
It can be easily verified that at the origin, fy # fy. 


Example 5.1 When u = x° + y° — 3axy, find 
Fa gg 2H, 
ax’ ay? 
Solution We have u = x* + y’ - 3axy. Then 


ou Ou 
Soe Bay, yy es 
and 
Fug, Fug 
awe 
Example 5.2 If 
sige te, 
xy 
prove that 
Fu Fu 
axdy yar 
Solution Here 
Then 
and 
ax a 2x 1)_,, ay 
aydx dy(x?+y? x @eyy  @tryy 


Again, from (1), we have 
a 
ay 


and 


{ ~2) Loy) 4xy 
aay alee yy) OU are] Saye 


w 


2) 


@) 
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Therefore, from (2) and (3), 


dar 
Example 3 If 


waz wawi(2)- y an'(2), 
prove that 


Solution We have 


Then 


Similarly, 


Example 5.4 If u = €, show that 


Ou 


hon 7 (1 + Bayz + Py?Z)e* 
Solution We have u = e", Therefore, 


and 


Again 


as Fe™ [yz ++ (P72 +22) =e" (432 +0 


yz), 


151 
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Example 5.5 If 


(r= 


prove that 


Solution We have 


uot) 


Then 
eee er ee , 
ax Poe rar oar 2H 
or 
Again 
Sarthe! 
a i-cay UT 10m x 
rae 
poe y vtyx 


or 


Example 5.6 If u = log (x3 + y° + 2 - 3xy2), show that 


du , du, du_ 3 


@ ++ = 


a xtyee" 


a) 


Q) 
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ts 

« es ‘i } “Gtyto 

Solution Here u = log (x3 + y’ + 2 — 3ayz). Therefore, 
3x? -3yz 


12 


UP ty te -3y2" 


Quy? -3x 
dy Pry +2 -3yz 
uP 
& vey eo Ine 


(i) Adding them, we get 
Bu , 84 , du _ 307 +y? +2? -y-ye~ a) 
ax *y a +p te —3xyz 
oe ty +2 ~~ -w) 
(x+y 420? +9? +2? -3x2) 
3 


ore 
(ii) For the second part 


(2+2 +2) ue(2+2-2)2+ a, +2) 
ox ay +3 dx dy dz)\dx ay 


(22-23. 

ar Wy dz )xtyte 
-2(_3_),a(_3_), a(_ 3 
“Oxlxty+z) Oylxtytz) azlxtytz, 


-1 -1 -1 
23|——_ ++ +; 
(xt+y+2) (x+y+2) (x+y+2) 
3 
Gtyto 


154 Textbook of Differential Calculus 


Example 5.7 If 
cen Aa ae 


+ +1, 
@+u Btu ctu 


(8) GC d 3) 


Solution Differentiating partially with respect to x, we get 


2x tu) fu) 
@+u (a +u) ax (@ +uy? ox (c? +u)? Ox 


prove that 


or 


ax [2 , ¥ 2 ja 
@tu [@+uPy +uy (c? +n)? lox 


z qQ) 
(Ca <| 


. 
mu 2 


(@ c= 


@+uPy (+n? 
or 


4c 


2 y ze 
Cay, lz tu @ tur Z| 


4c 


eee Maran 2 
@ +? ots al 


Similarly, 
oa eee 
@ +uy [ 


and 


Adding them, we get 


a ee 
@+uy (@P+uPy (+n? 


st 
x y z 


@+y Gry Crue 


Again, from (1) 
te +H) 
Lee sw] 
ye 27H +) 
Ses 
Qu___ 227 +0) 
2h 2 +) 
aL fa +y*] 
Adding them, we get 


be yee [ee +0] 2 
an ay ae Die 2(@ +u)?) Yee +a] 


Since from the given equation 


lot 
— 


(a +uy? 
From (2) and (3), we get 


(J +B) By GES +3) 


Example 5.8 If u = log (tanx + tany + tan z), show that 


(sin: an + (sin2y) 24 +(sin 29% =2, 


oy 
Solution Here = log (tan.x + tan y + tan z). Then 
Qu____sectx 


Qe tanx+tany+tanz 


(2) 


(3) 
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or 


| du ___2sinx cosx 2tanx 
(sin2y) 2x 
ay tanx +tany +tanz 
Similarly, 
sno at 2tany 
sin2y) 
oe dy = tanx+tany+tanz 
and 
tage ON 2tanz 
G20, tanx +tany+tanz 
Adding them, we obtain 
(sin 22) + (sin2y) 2 + (6in22) 24 = Alans + tany + tan) 
ox dz tanx +tany+tanz 


Example 5.9 Prove that V?r = 0, where 


detayted 
7 


Or if 
prove that 
Pu i! 
ax? 
V? stands for the Laplace operator: 
Hs, Fe 
ax? ay? az? 
Solution We have 
1 
a xrtyeet Oy 


(2) 


Differentiating again with respect to x, we get 


A(R} 3k. 


Plax) Paz 
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or 
or 
22,1a7 
Ber +e 
Similarly, 
1a 
-3y'? +See 
iP +5 : 
and 
aéP+t i 


Adding (3)-{(5), we get 


3 (xt sy $2) 


or 


or 


Hence V*r=0. 


Example 5.10 If u = f(r), where P= x? + y’, show that 


(3) 


(4) 


() 


qa) 
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and 


ro-roe 


(2 
Es P 


ny. + f(r) l= aftr) oC 
aT Ox +f£O-FO% 


p 
» rh") In) + f= FRI) 
a ae 


-a[ere +70 -£ rv 
P r 
Similarly, 

7 irre +1" o-Zs “o, 
Adding them, we get 


2 
+ APoOro-= 


2 
x ro} 


or 
Pu Fu 


wy rOrssro. 


Example 5.11 If x'y’z = c, show that at x = y = z, 
ez 


(xlogex)*. 


Solution Given x‘y’z = c, taking log both sides, we get 
x log x+y log y + z log z= logc 
or 
z log z = log c - x log x- y log y 
Differentiating partially with respect to x, we get 
(1+loge) == (1 +logx) 
or 


L+logx 
T+logz 
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Similarly, 
& __L+logy 
ie: dy T+ logz 
1+ logy 
+logz 
1 dia 
=—(1+k -——_+|-= 
( ee) aah 


__itlogy (tees) 
(1+logz)? z\ 1 +logz 
_ 11+ log 2)(1 + logy) 


z (1 +logz)’ 
Hence at the point x = y = z, 


Be 
axdy 


1 + log x)(1 + logx) 
(1+ logx) 
1 
Flogx 

1 
Tog, € + log, x 
eo hait 
~~ x log (ex) 
=-[xlog(exyy'. 


Example 5.12. If 


show that 


Solution Since 


we have 
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Similarly, 


Now, we get 


Example 5.13 If u=tan'(y/x), prove that 


Solution Here 


Differentiating, we get 


Again from (1), 


a) 
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or 


e+y dud 

xo dy x 
or 

aux 

y ety 
or 

Pu -2y 

a? ey? 
Therefore, 
Thus 


Example 5.14 If w= (ax + by)? - (2 + y*) and a? +b? = 1, then find the value 
of 


Solution Here u = 2(ax + by)? - (x7 + y*). Then 
SB ga(ax-+y)-28 
and 
Su ag? -2 
Similarly, 
Ful 4b? -2 
Adding them, we get 
Sh Bega? 2440? -2=4(a? +67)-4=(4)1)-4=0, a5 a? + P= 1 


Example 5.15 If w= sin(Vx+¥y), prove that 


Ba sR nd (Wie fo)oos (le + i). 
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Solution Here since u = sin(Vx + Vy), we have 


3 cose +5)(30"") 


and 
Boldin) 
Therefore, 
xB yB cool H5)( fe +y"2) 
=4 (e+ Vi) eos (ve +5) 
Exercises 5.1 
1. Find du/dx and du/dy, when 


(i) u = sin (aly) Gi) y = tan'@ly) (iii) u = log (y + ay’) 
(iv) uw = log (7 +) (v) w=2. 
2. When u = cos y + y cos x, verify that 


show that 


4. If 2 ty’ — y's =0, find Ax and Iv/y when x = y = 1. 
S. Iu = 2292 + 227, show thal ty = the 

6. If w= log Ve? + y%, prove that tg, + thy = 0. 

Tu = V2 +9, prove that tye + ty = 


8 If w = sin"'x, prove that 


xMey 


oe, 
ax“ ay 
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9. If w=s(2), show that 


ity te 

%y 

10, If 
u=sin(sin2), 
x 
prove that 
ou, Qu 
x yye 


ax“ dy 


11. Find the second-order partial derivative of: (i) e”, (i) (x? +y?)*?. 
12. If 


2 
fiayey? onl -Se2") 
ay 


show that fiy = fur 
13, If u = fx + ay) + f(x - ay), show that 


ap ax? 
14. If w= 7", where 7 = 2 + y? + 2, prove that 
Fu Fe Fe lm tty 
ar? ay? ae? . 
15. If w= log a then show that 
wy yMog 
ax “oy 
16. If w= xf(x + y) + yFlx + y), then prove that 
Fu Fu a 
ae a 
17. If 
u=sin2, 
x 
then prove that 
eu _ eu 
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18. If f and g are two differentiable functions and are connected by y = f(x + at) + 
g(x - at), where a is a constant, show that 


ar” ae 
19, If 
=2cos!] +9], 
eC 
show that 
du, duu 
a tp Temtg ae. 
20. If u = 7 - 2) + Ye - x) + 70x - y), prove that 
Ou Oe, De, 
ox dy & 
21. If u= 27 + y+ Z, prove that 
Qu du au 
oF Sad er pe 
22, If u = fi? +»), show that 
Oty yee 
ox“ ay 
23. If u = xy + y*z + x2’, prove that 
Ou Qu au 2 
Fe de ea 


24, Ifu=(x? +9?) x+y), prove that 


y 
fyDa}x yz) 
11 
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prove that 


29. If V=ztan"(ylx), prove that Vex + Vjy + Vaz = 0. 
30. If u = log (7 + y? + 2), prove that 
Pu, Pu Pu 
Bydc 7 Oxdz | Oxy” 
31. Ifx =r cos 8 y = r sin @ prove that 


32. If 


prove that 


33. If 


prove that 


5.2. Degree of Homogeneous Functions 


If the sum of indices of different variables contained in each term of an algebraic 
expression be 1, it is called a homogeneous function of degree n, which may be 
any number, positive or negative, including zero. 
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Let u = f(x, y) be a function of x and y. If the sum of the powers of x and 
y in each term of f(x, y) be equal, then f(x, y) is called a homogeneous function. 
In particular, if the sum of the powers of x and y in each term of f(x, y) be 3, 
then f(x, y) is called a homogeneous function of order 3; if the sum of the powers 
of x and y in each term of f(x, y) be 4, then f(x, y) is called the homogeneous 
function of order 4. In general, if the sum of the powers of x and y of each term 
of f(x, y) be m, then f(x, y) is called a homogeneous function of order n. For 
example, x° + y’ + 3x’y is a homogeneous function of degree 3; x‘ + 4x7y? + y* 
is a homogeneous function of 4th order; etc. 

In general, if f(x, y) be a homogeneous function of nth order, then its form 
will be 


Fla, y) = ag" + ax "y + ayy? + oo tary! + ay" (5.1) 


The sum of powers of x and y in each term of Eq. (5.1), or in general term 
ax'y’ is (n — r) +r = n. Therefore f(x, y), as given (1), is a homogeneous 
function of nth order in x and y. 

The above homogeneous function, as in Eq. (5.1), may also be written in 
the form: 


san-r|veateale) ral] ++a(2) 22) 


where ¢ is a function of y/x. Hence if f(x, y) be a homogeneous function of nth 
order, we can write f(x, y) as 


Se, y)= x2) 
x 


Alternatively, if function f(x, y) is said to be homogeneous of degree n in 
xand y, f(tx, ty) = “f(x, y), where ¢ is a parameter. 
The function f(x, y) can also be written as 


*H) « 742} 

x x, 

if f(x, y) is homogeneous Similarly, f(x, y, z) is a homogeneous function of nth 
order then 


(ex, ty, 12) = PACE, y, 2, etc. 


Rational homogeneous function 

If P and Q be homogeneous functions of degree n and respectively, then 
f = P/Q.is a homogeneous function of degree (n — 1). Following are some examples 
of rational homogeneous functions: 


xt+y! xs Gin"). (2) 


© f0.N= Tey ay) x 
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Therefore, flx, y) is a homogeneous of order n = (4 ~ 1) = 3. 


3 2 [l+Giey? 
Gi ny ee) 
Pyta? x [(0s) + (i8) x 


Therefore, fix, y) is a homogeneous function of degree (3 - 3) = 0. 


Livi 
Seed) 


(1+ yix) 

1 [+o] 
Ve ltyk 
1+ (pix)! 


(iii) f(x, y= —— 


So, f(x, y) is a homogeneous function of degree (1/2 — 1) = -1/2. 


3 3 
‘ w+y tz 

tv) a eee: 

(iv) fy, 2) etytz 

Here, we put, x = x1, y = yt and z = zt. Thus 


363 3 
_P@ +42) _ 2 
ex, 19.2) = Jane 
Therefore, f(x, y, 2) is a homogeneous function of degree n = (3 - 1) 
We also note that 


sin$ costa tog siete 
y y A y, 


are homogeneous functions of degree n = 0, since each of them can be expressed 
as 


x (2) with n=0. 


Their expansions like 
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also indicate that they are homogeneous of degree zero. 
Similarly, 


wwr(Z} cor(S} meg (a). aes). 


are also homogeneous functions of degree zero. But 


aga aes 
wns (2 +y } vt 2224) 
: ze 


are not homogeneous, since numerators and denominators of 


4ayt 
Z4Y and 

x xte 

are not homogeneous equations of the same degree. However, 


are homogeneous functions of degree n = 4 - 1 = 3 each. 
‘The correct identification of homogeneous functions and evaluation of their 
degrees are very essential for the application of Euler's theorem discussed now. 


Theorem 5.1 (Euler’s theorem) If u = f(x, y) be a homogeneous function of 
x and y of order n, then 


Heme 
ax” dy 
for all x, y belong to the domain of the function. 
Proof We have, 
u=xgd, 
x 


as u is a homogencous function. Therefore, 


emt) 20 (2) (5.2) 


Ou yeg{X)L 
a. x9 ( ) (5.3) 
Multiplying Eqs. (5.2) and (5.3) by x and y, respectively and adding, we get 


aac miei ied Clad 


Hence the theorem. 
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Alternative proof Let 


w= AX? + Bx =D Axty? (5.4) 
where 
a+ P=, +f =a, +h, r+ fy =n. 
Therefore, 
HL pax™ ty + Bx™'W4 4... 
ax 
and 
ou 1 -1 
ay Abe Ps BB xt AH 4... 
Then 
eer = Aaxty? + Bayx® 9 +--+ (ABx ty? +BB, xy +++) 
= (a+ B) Arty? + (a, + B)BxM yA +. 
= n(Axty? + BxM yA 4.2) 
Since 
a+ f=a,+h= 
Thus from Eq. (5.4) 
wo ye. 
ae ay 


Hence the theorem. 
In general, Euler's theorem can be extended as a homogeneous function of 
any number of variables. Thus if u be a homogeneous function of three variables 


X,Y, 2 Of degree n, then 
Yay 


us Axty'd + BxtyAz" + « 
where 
a+B+y=a, +h +n 


Therefore, 


Reh ae Stax Aas"y tyhel ty (ABs 2" +z Arxty'zt 
=(a+ Bend ary 


=m 
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‘Thus 
Qu au Ou 
xtyti=m, 


ax “dy “az 


Hence the theorem. 


Theorem 5.2 If u = f(x, y) be a homogeneous function of degree n, then 


(a) ot #5 SH cut 


oxdy 


eu ou 
0) ee ae 


2a 2H pH 


aa tag PY GMM 


where 
Pu Fu 
aay ™ Sar 


are equal. 


Proof Since u = f(x, y) is a homogeneous function of nth order, from 


Euler's theorem, we have 
ou 


wo ye mw 
a 


ax 
Differentiating Eq. (5.5) partially with respect to x, we get 


Therefore, 


‘Therefore, 


(5.5) 


(5.6) 


(5.7) 
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Now multiplying Eq. (5.6) by x and Eq. (5.7) by y and then adding, we get 


au Fu Pu uu 
2 — + —=(n- —+y—l=(n— = - 
Hoa toasty wn o=3+534) (n=1)nu=n(n- Du 
* 2, 2, 
ce ee 


5.3 Total Differential 


If y =f(a), then dyldx = f'(x) and dy = f(x) ds, is called differential of y, when 
y is a function of x only. Now consider u = f(x, y), which is a function of two 
variables, x and y only. In this case, u varies partly with x and y is constant, and 
partly with y when x is constant. Hence the total variation in w can be logically 
measured in terms of partial derivatives f, and f, and total differential of u is 
denoted as 
du = f, dx + f, dy. 

Theorem 5.3 (Theorem on total differential) Let u = f(x, y), where w is a 
function of two variables x and y. 

Let x changes to x + h and y changes y + k, so u changes to u + du. Then 


u+du=fixthy+h 
or 
du = fix +h, y +) - fix y) 


-fethy+b=fey+D,, LE+D-JE9, (54) 


Proceeding to the limit, when h — 0 
fxth, y+b)-finyt+h 


h 
becomes 
2 rare) 

and when k — 0, 

Of (x,y) 

ae 
becomes 
Also, 


becomes 
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Thus the values of the ratio du:h:k may be expressed as du : dx: dy. 
Hence Eq. (5.8) becomes 
au, au 
du=F d+ ay 
na Ay? 
Hence the proof. 
In general, if w = f(x, x3, Xs, 44 Xp)» We have 


ua. a a 
du= sas, +H +e + Hee 


5.3.1 Total Differential Coefficient 


If w= f(x, x), where x, and x, are known functions of a single variable, x, we 
have 


Qu ou 
du= dr, + Sar, 
me a 
Also, since 
du=tas, d= Ghd, de, =H2ar, 
& & & 
we obtain 
au dry 
Ox, de” 


In general, if = ftps X2 ons Xy)y WHEE xy, X35 «05 Xp are known functions of x, 
we obtain 


du _ Qu dy , du dey, , Ou dey 


dem de Oy de Ox, de 
Further if x, 3, «+. %, be each known function of several variables x, y, 2, «++ 
we shall have the same way 


du _ du ax, | du dry |, au Ax, 


Bea ae ay ar Os, Or 


and 
du _ du Oxy | du au ax, 


tet : 
ay ax, dy Oxy dy Ox, ay 
Corollary If u = f(x, y), where y is a function of x, then 


du _ Of a dy 


since #1 
de ox Orde" ay 
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5.3.2 Differentiation of an Implicit Function 
If fx, y) = 0, then fx +h, y + &) = 0. Here 
faxthy+k)-fiy+h + Leyt = Slay kg 
h k h 


where h and k are indefinitely diminished. Therefore, 


Ye & ._ Hee 
ox dx affay” 


This is very useful formula for the determination of dy/dx in cases where the 
relation between x and y is an implicit one, of which the solution of y in terms 
of x is inconvenient or impossible. 


5.4 Exact Differential 


Converse of total differential leads to what is called exact or perfect differential 
in calculus. If ¢ and y be two functions involving two variables x and y or 
constant, then the expression 


odr+ ydy (59) 
is called exact or perfect differential, if a function u = flx, y) exists such that 
F oF 
du=Z de +Ldy=$dx+y dy. 
aa sae Wa bde + vay (6.10) 


Necessary condition. Comparing coefficients of dx and dy both sides of 
Eq. (5.10), we find 


a x 
af Fahd 
or 
or 


But, in general 


Therefore, 


is the necessary condition if Eq. (5.9). 
Sufficient condition, Any expression @dx + ydy can be an exact differential 
only when we can find a function u(x, y), such that for all values of dr, dy, 


(5.11) 
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In this case, we have to establish Eq. (5.11). Given 


yo (5.12) 


Let us suppose dy = 0, which implies y is constant. 
Let V = dr, so that y being constant, 


ad y (5.13) 
From Eq. (5.12) 
2g. Fy ay Ay av). 
yaar ar % (Ya) 7°: 


oat 
Lar 
is constant or a function of y only. Hence let 
aw_,, wv, 
¥-3,7° 7) or wag, t FO). (5.14) 
Next let w= v + f(y) be a function of x, y. Therefore, from Eqs. (5.13) and (5.14), 
au_ av Quy 
Fret ea yy for 
Therefore, 
Ou, ou 
dx + y dy = dx +<dy, 
Sart ydya— dr: a” 


where u is a function of x and y. Hence it is an exact differential. 
Example 5.16 Verify Euler's theorem for the function: u = x7 + xy + y’. 


Solution Here u = ° + xy + y°. This is a homogeneous function of 
degree 3, ie. n = 3. Now, 


Base 42 and Baaesay 


‘Therefore, 


rite Mose + 2ay) + (2x +3y?) = 308 +7 y + y*) = Bu = aw 
y 
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Example 5.17 If u = x7ly?, verify Euler's theorem. 


Solution Since u = x°/y’, the function is homogeneous of degree (2 - 2) 
= 0 and hence n = 0. Also, 


ou 2x 
ay 
Therefore, 
udu _ (2x 
tar 2)of (asn=0). 


Example 5.18 Verily Euler’s theorem for the expression x" sin (y/). 


Solution Let 
u=x" sind. 
Then " 
Sane sin2 + x*cos2 (1) 
or 
etna ycosd tnx" sin, 
ox * x 
Again, 
or 
Therefore, 
ayy ene! so ae 
ar ay Zo 


Example 5.19 Verify Euler's theorem for the function: 
a x(x3 -y) 
Bay 
Solution Here 
oxen) _ dye) _ (2) 
vey Styse) 
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It is a homogeneous function of degree one, i.e. n = (4 - 3) = 1. Now, taking 
logarithm both sides, we get 


log u = log x + log (x° — y*) - log (x? + y') 
Differentiating partially with respect to x, taking y constant, we get 


or 


a) 


Similarly, 


Q) 


Example 5.20 If 


prove that 


Solution Given 


ee 
5 

w-te( = 2) 
xty 


By dt ¥H) _ | (2) 


x+y x(1+y/x) x, 


or 


Partial Differentiation TT 


Therefore, e is a homogeneous function of degree one, i 1, Let 


e“ = v. Therefore, according to Euler's theorem, 


av | av 
eg ye al 
Ey (MO) ( 
But V = e, then 
av, du 
Sie and 
ox ax 
Putting in (1) 
et — + 
ae tye 
Thus 
pei yee 
aay 
Example 5.21 If 
u=cos!= 2, 
xty 
prove that 
au 
yee 
Solution Here 
wecos'(==2) or coun 2d = 2b=w) _ #42) 
xy, x+y” x(I+ykx) 


Therefore, cos u is a homogeneous function of zero degree. That is, n = (1-1) 
= 0. Let v = cos u. According to Euler's theorem 


aA TAS inka ay 


But v = cos u, then 


Therefore, 


av av ou Qu ou 
AGE tS = sina) 252 + csindy 5 = sina xStey 


ax ay ar 
From (1), we get 


wsins( x24 y®4)=0 
Ay) 
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Thus 
ou 
ot MH 20, 
ayty 
Example $.22. If 
2 
wnun'(22), 
x+y 
show that 
au, au 
xt 7 tanu. 


Solution Here 


Then 


x(1 + yh) 
Therefore, sin u is a homogeneous function of degree one, i.e. n 
Let v = sin u. Then by Euler's theorem, 
4 yM asin 
ox“ ay 


But v = sin u. Therefore, 


av ou ov ou 
=cosuS™ and ys 


oe 
or 
aye cosu( 224s 2) 
ax ay ax * ay 
From (1), 
sin w = cos uf x + yt 
- ax * ay 
Then 
au _ sinu 
Soe 


Example 5.23 If 


qa) 
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prove that 
Msn 
y 2 
Solution Here 
iy x +Jy 
é 


sinu= 


(+ yx) 
Fede =" 4(2) 


Hence sin u is a homogeneous function of degree 1/2, ic. n = 1 - (1/2) = 1/2. 
Let v = sin u, then by Euler's theorem, 


Now, 
2 coat, cog St 
Bea Oy Oy 
Thus 
From (1), 
or 
Thus 
Ou | au _ 1 
oma vier tone 


Example 5.24 If 


prove that 
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Solution Here 
, 
eeu! (=) 
x-y 
7 


vente ~ Fase. 242) 


any x(I = yl) x 


Therefore, tan w is a homogeneous function of degree 2, ie. n = 3 


Let v = tan u. By Euler's theorem, 


av, av 
xt ys =e. 
Now, 
Wo sect, OY gee OH 
Ox ax’ dy ay 
Therefore, 
Le 
aay ay 
From (1), 
2 uf 22% x) 
arose? a(t y3) 
or 
or 
ce eee) 
cosa oO MEX +75 
or 
; au, au 
2sinucosus x5 +S 
Thus 


Example 5.25 If 


-1=2. 


a 
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Show that 
du _ 
race ia 0. 
Solution Let 
Then 
Then, 
w= tar] | an (2) 
Wee x 
nisi cx a? tye =x tye 
[a= Jom 
or 
tanu= 


Therefore, tan u is a homogeneous function of degree 0, ic. n = 2-2=0. 
Let v = tan u. By Euler's theorem, 


(lt) 


Therefore, 


From (1), we get 
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Example 5.26 If 


oa qye? 
show that 


+n y See 


ae aay” a? 12 (127 12 


200 Pu, au ate can 
eS + 
Solution Here 

Ty yi 


way yO 


cose u = 


or 


‘Then 


or 


Also 


Putting v = sin u, we get 


me 2) conn Zt 
e ax ae 


qa) 


2) 
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Also, 
oy =a es conue 
Bray By Ox Seay 
Again, 
8 a conn and = -sina(3) eos noe 
ay ay AF ay ar 
Putting these values in (1) and (2), we get 
cose 234 +») 
ax” by, 
or 
(3) 
From (2), 
cosul 12 4 ay 4 2) in “Z) + 2xy HSH 42 
ae axay "” By? a dy dx” Lay. 
= sin 
144 
or 
eu, Fu au au) _ 13 
7 ise, 
cu at aay ap sinul x5" +95 ia sinw 
or 
Pee yay De oa 13 aia) 
ar aay * 2” 12 


Example 5.27 If u be a homogeneous function of the nth degree in x, y, z and 
if u = flx, y, 2), where X, ¥, Z are 1st derivatives of u with respect to x, y, z 
respectively, prove that 


ay * “az n-1" 


Solution Since u is a ws iciogbcne function of nth degree in three 
independent variables x, y, z, by Euler's theorem, we have 
ot yy em 
ax 7 ay **8z a 
Also, 
u=fK YD, 
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where 


Therefore, 


(2) 


Again, we have 


(3) 
Also, 


Qu _ Of XX FY af az 


‘ 
a axa aa aZa @ 
Multiplying (2), (3) and (4) by x, y and z, respectively, and adding, we get 


FoF EELS 5 Faz] 


} 
“FLas)38)-a6)] 
B23) o2(2)- x) 


nu = {2H Pu, Bu 

ox ("ar *” dxay * “axaz 
of 
yy 


+a(de Fay, 5) 


Bede” azdy ae ©) 


Differentiating (1) partially with respect to x, we get 


or 


vu Fu aw au 
Oe ye gg ee (ga) stn 1). 
sot Say pas Dg OD 
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Similarly, differentiating (1) partially with respect to y 


we ty Ot cla DY 
ayax “ay? “Aya 
and 
Pu Pu Fw 
85a tay Ege ODE 
Substituting in (5), we get 
=(n- 0 xLavr x) 
nu=(n v(xXerte2d . 


Hence 


Example 5.28 Mu = F(x-y, yz, z—x) and dx, du/dy, du/dz all exist, prove 
that 


212 


Solution We have 
u=F(x-y,y-%2-2) qa) 
LetX=x~-y, ¥=y-z, Z=z~- x, Therefore, 


2/8 e|¥ 12 
i 


Therefore from (1), u = F(X, ¥, Z). Then 


Qu _OF OX | OF BY | OF AZ 


dx OX ax OY ax AZ ax 
aF. aF aF 
HOG OED 


ooh. 3F 
“OX OZ @) 
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Again, 
Ou OF aX , aF OY , OF az 
dy OX dy dY dy aZay 
ar aF ar 
= Yt zy O tg 
ar _aF 
——— 3) 
ay ax ” 
And 
Ou OF OK | OY ez 
& Xa Aa aa 
OF oF oF 
=O tap Ht 
aF_aF 
“ay © 
Adding (2), (3) and (4), we get 
Qu du | au 
ste 
Example 5.29 If F (x, y, z) = 0, find dvdx, Avy. 
Solution We have 
Fs, y, 2) =u O) 
Then 
au ue 
wearers tet 
= (0) dx +(0) dy +(0) dz 
=0 [as u=0) Q) 


Now, 2/Ax be considered where y is constant, then from (2), dy = 0. Therefore, 
putting du = 0 and dy = 0 in (2), we find the value of dz/dx, we get 


(2) 22% OFX provided Feo 


and 


dc) a __ dF ag OF 
—| =<—=-——, ided — #0. 
( } ay ara: PO 
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Example 5.30 If A, B, C be the angles of the triangle such that sin?A + sin?B 
+ sin?C = constant, prove that 


dA _tanC~tanB 
dB tanA-tanC’ 


Solution We know that in a AABC, A + B + C = x. Differentiating with 
respect to B, we get 


or 


a) 


By question, 


sin?A + sin*B + sin?C = constant 
Differentiating with respect to B, we get 


= dA . a ac 
2A) + sin 2B + (sin 2-9) 
(sin 1B sin (sin 2), 2B 


Using (1), we get 


joa yd : aA 
(in2AyF +sin 2B (in20)(1 +4) 


or 


SF sin2A ~ sin20)=sin2C ~sin28 


or 


ao sin 2A=©) _  S082(C + B) ‘ain. 


dA 
7B” cos: 7) 2 2 


or 
dA . 
FB NA +O) sin (A —C) = colC + 8) sin (c-8) 
or 
F coxa BXsin A cos C — cos Asin C) = cos(# — A) (sin C cos B — cosC sin B) 
or 
7p Bein A cosC —cos A sinC) =—cos A(sinC cos B - cosC sin A) 


Dividing both sides by cos A cos B cos C, we get 


dA or AL tan C= tan B 
pian ~ tan) = tan C— tan B a aaacane 
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5. 


Exercises 5.2 


If w=e™ sin (ne — mx), prove that 


un Fu 
im? ax?” 
If H be a homogeneous function of degree n in x and y and u = (7 + y*y"?, 
show that 
a(,,a&), a(,,au)_ 
(ud) 50 )-° 
Verify Euler's theorem for the following functions: 
(i) u = tan"Q/x) (i) uw = sin 'Q/x) 
(iii) w = 2 cos"(y/x) (iv) u=log(x? +97). 
If 


then show that 


If 
then prove that 
udu _ 
EF rit Mines 
If u = (7 + V(x + y), prove that 


3-483) 


If w=asin (x/y) +b cos(xy), prove that 


oy yng, 
aay 


If u = 3xyz + Says + 42%, show that 


Ou | au 
xSty~ +z 


ax ~ dy 


Partial Differentiation _189 


9. Iu =x?y +z + x, show that 


A 
se? Hts) 


prove that 


AL. If uw (Ax" + Bx) cos n(y ~ @), where A, B, n, @ are constants, then prove 


that 
Pu lau 1 aw 
S+-S+5S-0. 
We ede et 
12. If 
show that 
13. If 
show that 
14. If 
show that 
15. If 
u=x log’, 
x 


verify Euler's theorem. 


190 


Textbook of Differential Calculus 


16. 


17. 


18. 


19. 


If P dx + Q dy + R dz can be made a perfect differential of some function 
of x, y, z by multiplying each term by a common factor, prove that 


3Q_ ar), ,(ak_ ap) ,(aP_a0)_ 
(2 5) zs )-0 


If z and u be the function of x and y defined by 


[z-awP=207-«), — [z-Kw Pew =ur, 


prove that 


P Beryl y St (asian 2u. 


If u = log G2 + y? + 2), prove that 


Partial Differentiation 
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24. 


27, 


28, 


29. 


Verify Euler's theorem for 


« 
It 
vex tar ) ay#0, 
prove that 
Fu _#-y 


If z= f(x, y), x =u -v, y = wy, prove that 


wud y2t 
(urn audt i 


Transform the following equations: 


es 


@ deer arte Bey= 0, by putting x = tan z. 


@y dy 
(ii) A= 27) 3-2 Ay=0, piven that x = cos 6. 


If z = flu, v) and w = 2 — 2xy - y*, v = y, show that 


wenz+o-» 


is eauivalent to dz/dv=0, x# y. 


If u = flx? + 2yz, y? + 22x), prove that 


229 Mg (a2 = yey ae? — yy 
oO 2) te wy te Oy 


_ xl g zy 


+3y' 


Poy 
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31. 


32. 


33. 


35. 


36. 


37. 


prove that 


xe tytaly 
dx ax 12 
If 
uafa, y= +), 
prove that 


C) 
0) Saas (i) Baty Set? 


If A be the area of any triangle, prove that 


da 
() Sz = 08.4 da + cos B eb + cos C de, where R is the circum-radius. 


If a A ABC inscribed in a fixed circle be slightly varied in such a way as 
to have its vertices always on the circle, prove that 


|. If the measurement of the side c of any AABC depends upon a, b and c, 


prove that 
dc = cos B da + cos A ab + a sin B dc. 


If 4 be the area of any triangle ABC, prove that 


a bc tana’ 
Verify if the following expressions are exact differential: 
() dy dr + Pay 
Gi) Py de +P ydy 
ay Yee __xdy 
GO) ay 
(iv) ac+bay. 
voor 
Find the total differential of: (i) ax? + 2hry + by? =0 (ii) x7 + y= a, 


Chapter 6 


Tangents and Normals 


6.1 Tangent 


The tangent at a point P to a given curve is defined as the limiting position of 
the secant PQ, (if such limit exists), as the point Q tends to P along the curve. 

In this chapter the applications of derivatives to plane geometry will be 
discussed. 


6.1.1 Equation of a Tangent in Cartesian Form 
Let y = flx) be the equation of a curve and let P(x, y) be any point on the 
curve and let Q(x + dr, y + 5y) be any other point on the curve very near to 
P (Fig. 6.1). 

Bg 


(x + &, y + 5y) 


Fig. 6.1 A straight line through two points. 
Let X, ¥ denote the current coordinates. Then the equation of the secant PQ is 
y+8y-9 by 
POY x — y= 2 (x=), 
Pry rier "cai 


This line will be tangent at P, when Q — P and dx —> 0. Therefore, the equation 
of the tangent at P(x, y) is 


ae 
Pa trn es x= 


193 


Y-y > (Xx) 
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Thus, the tangent to the curve y = f(x) at (x, y) is 


~yeBex- 
Y-y=F(X-2). 


dyldx can also be written as the gradient m = tan y= f(x). Then the equation of 
tangent at (x1, yy) is 
y~ yr = moe ~ x). 
Second form, When the curve is f(x, y) = 0, in this case 
2 my fn 
Thus, the equation of the tangent to the curve at (x, y) is 


y-y=-£(x-») 


L 


or 
(X-xf, + -y)f, =0. 

Note: For the sake of convenience, the current coordinates in the equation of the 
tangent and normal are denoted by (X, ¥) and those of any particular point be 
(x, y). The current coordinates in the equation of the curve are however denoted 
by (x, y). So try to convert the current coordinates (x, y) in the form of (X, ¥), 
wherever necessary. If the coordinates of a particular point be other than (x, y) 
then (x, y) may be used as current coordinates. 


6.1.2 Geometrical Interpretation of dy/dx 


The equation of the tangent to the curve y = fix) at P(x, y) 


y-y=2ax-9 


can be written as 


which is of the form y = mx + c, the standard equation of a straight line (Fig. 6.2). 


Y 


P(x, y) 


° ls x 


Fig. 62 Geometrical representation of dy/dx. 
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Hence we conclude that 


of the tangent at P(x, y). If y'be the angle which the tangent to the curve at P 
makes with the positive direction of x-axis, then 


dy 


tany=m=—. 
any =m = 


Hence dy/dx is trigonometrical tangent of the angle, with a geometrical tangent 
to the curve at (x, y) makes with a positive direction of x-axis. 


Corollary tan y = dyldx is called the gradient of the curve at the point 
(x, y) and ys called the inclination of the curve. 


Corollary If the tangent at (x, y) is parallel to x-axis then y = 0. Therefore 
from 


we have 


yy, # 
a 


tan 0° = 


Corollary If the tangent at (x, y) is perpendicular to x-axis, i.e. parallel to y= 
axis then y= 22. Therefore 


tany=tan== 
¥ 2 de 


Thus, 


ae 
deldy 


Example 6.1 Find the equation of the tangent to the circle 


wty+4x+2y-5=0 


at (1, -2). 
Solution Let 
fu ya P+ y+ drt 2-5 
or 
Bore, ye 2427 Z+442%n0 


or 


rant? or fa.-2 
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is the gradient of the tangent at (1, ~2). Therefore, the equation of the tangent 
YH =M(x- 4) 


at (1, 2) is 
3x-y-5=0. 


6.1.3 Equation of Tangent in Symmetric Form 


Let the equation of the curve be flx, y) = 0; and f(x, y) be an algebraic function 
of x and y of degree n. For homogeneous; we take a suitable power of z, where 
z= L. Thus the function is altered by 


f(xy2)=0, where z=1. (6.1) 
By Euler's theorem, we have 


A Be 
3g tay 123 MOD) 


or 
Fy yh, Fe 
"he yk (nO) 


or 


or 


(62) 


But the equation of tangent to curve fx, y) = 0 is 


-ntsy-yt- 
(5H =0 


From Eq, (6.2), 
xAgyLa Ay yF eA 


ax ay Ox “dy az 


or 


or 
=O; (63) 


where z, the coefficient of dffdz, for the sake of symmetry, has been replaced 
by Z. 
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Corollary Remember that both Z and z are to be put equal to one after the 
differentiation has been performed. 

Equation (6.3) is the simplest form of equation of the tangent and it will be 
very convenient in practice. 


Example 6.2 Find the equation of tangent at (x, y) of the curve: 
+ ax’ + by + cy = 0. 
Solution Here x + ax’ + by + cy* = 0. Let 
f(x,y) =P + ae + by + cy =0 
For homogeneity, we write 
+ are + byZ + cz =0, — where 


Now, we have 
Sy. 2) =P + az + by? + cz =0 
Then 


oF 3,2 Ff =p? 5 F oe 2 
£. Sat +22z, Lear? +2byz+0°. 
sp T3e +a, By 2ey. ax? + 2byz+cy’ 
Here the equation of the tangent to the curve at (x, y) is 


xZerLs20- 


x ay 
or 
X@x* + 2axz) + Y(bz* + 2cy2) + Z(ax? + 2byz+ey*)=O0 
or 
X(Bx? + 2ax) + ¥(b + 2cy) + ax? +2by+cy" =0, 


as both Z and z = 1 


6.1.4 Equation of a Tangent in Parametric Form 
If the form of the curve be in parametric, then x = (0), y = yXt). Therefore, 


Hence the equation of the tangent to the curve at the point (1) is 
ay 
y-y=2(x- 
yas (X32) 


or 
vo 


[x — 
ay 0) 


y-yn=2>) 
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6.1.5 Tangent at the Origin 


Let the equation be y = fx). Now the equation of a tangent at any point (x, y) 
to the curve is 


(Xx). 


If the curve passes through the origin (0, 0), the equation of the tangent at 
(0, 0) to the curve is 


dy 
(X-0) oF r-(2) x 
4x Joo) 


Corollary If the curve passing through the origin be given by a rational integral 
algebraic equation, then the equation of the tangent at the origin is obtained by 
equating the lowest degree terms to zero in the equation, For example, let 


1, y) = 32 + 42 - 7 + 2xe-y=0. (6.4) 


Here the lowest-degree term is (2x —y). Hence the equation of the tangent at the 
origin is 2x - y = 0. 
Verification: Differentiating Eq. (6.4) with respect to x, we get 


ly 

2 a gay? +Bx2y ay 
Yay 2 42- 
9x? +81? +8r°y: Ly 


At (0, 0), 


Hence the equation of the tangent at the origin is 
z] 
(2 x or 2x-y=0. 
A }oo) 
Example 6.3 Let fix, y) = x° + y° ~ 3xy = 0. Find the equation(s) of tangent. 


Solution Here the lowest-degree term is ~3xy 0. Therefore, 
equations of the tangents at the origin are separately x 0. 


Oy 
Example 6.4 Find the equation of the tangent to the parabola y? = 4ax at the 
origin, 

Solution Since y* = 4ax, we get 


At the origin (0, 0) 
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Therefore, 


a 
x-0-(4) (Q-9) 
4 Jon) 


Thus x = 0 is the equation of the tangent. 


6.2. Angle of Intersection of Two Curves 


The angle between two curves is the angle between the tangents at the two curves 
at their points of intersection. 

Let the two curves be flx, y) = 0 and F(x, y) = 0 intersecting at the point 
(x, y). Let PT and PN be the two tangents to the curves respectively, such that 
ZTPN is the required angle. Let the tangents PT and PN make angles yand yj 
respectively with the positive direction of x-axis. From Fig. 6.3. 


Fig. 6.3 Angle of intersection of two curves. 
fe 


tany= 
and 
tan y, == ze 
Let be the angle between the tangents. Then 
o=n-¥ 
or 


tan @=tan(y, - y) 


= tany ~tany 
i+tany, tany 
FIR) + elf) 
~1+JEYGL,) 
feo Bh 
GEES 
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If the curves cut orthogonally at P(x, y), then @= 72. Therefore, 


x _fE~FS 


2 GR teh 


wn 5H Eh 
15 +h 


or 
LiFe + hF,=0. 


Therefore, the condition for orthogonality is 
LF, +hF=0 of 2 4+l—=0 


Corollary If the curves touch at P(x, y), then @= 0. Therefore, 


LAA ES 
FE, + £5, 


SiFy-F,f,=0 8 fF, =S)Fe 
Thus the condition for parallelism is 


SOF FF 
ray ayor" 


6.3 Normal at a Point of a Curve 


A normal at any point of a curve is a straight line through that point and perpendicular 
to the tangent at that point. 
Let the equation of any straight line through the point P(x, y) be 


Y¥-y=m(X-x) (6.5) 


Also, the equation to the tangent to curve f(x, y) = 0 at the point P(x, y) is 


dy 


y-y=2ex-» 


or 


y=x24()-x2) (6.6) 
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Since the tangent and the normal are mutually parpendicular (Fig. 6.4), product 
of their m’s = 1. That is, 


° x 
Fig. 64 Normal at a point of a curve. 


Substituting this value of m in Eq. (6.5), the required equation to the normal to 
the curve y = f(x) at (x, y) becomes 


ae 
y-y=-S(x-x) 
ey 
or 
w-yS+x-0=0. (6.7) 
Similarly, if the curve is f(x, y) = 0, the equation of the normal-at (x, y) is 


X-x_Y-y 
7 (6.8) 


where 


Example 6.5 Find the equation of the normal at the point (x, y) to the curve 
> slog sec~. 
@ a 
Solution Here the given curve is 


= logsec~ 


y x 
a a 
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Differentiating with respect to x, we get 


1 = 


——see= tan 
sec(xla) a 


a 
Hence the equation of the normal at (x, y) of the curve is 


k-9+0-Z=0 of (Xn +0r-ytan 


6.4 Cartesian Subtangent, Subnormal and Other 
Geometrical Results 


Let P be a point (x, y) on the curve y = f(x) (Fig. 6.5). Draw PM perpendicular 
to OX, then PM = y. 


Y 


Fig. 6.5 Cartesian subtangent and subnormal. 


Let the tangent and the normal at P meet OX at T and N, respectively. Then the 
length TM is called the subtangent at P, the length MN is called the subnormal 
at P, the length PT is called the length of the tangent and PN is called the length 
of the normal. 

Also let ZPTN = y, ZNPT = 2/2. Then ZPNT = #f2 - y, and ZMPN = y, 
where tan y= dyldx, In the right-angled triangle PMT, 


or 
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Therefore, 
MN = ytany= yy. 
Again, in the right-angled triangle PMT, 


Then 


PT =ycosec y= 


Therefore, 


Length of the tangent PT 


In the right-angled triangle PMN, 


gece EN, 
v PM y 
Then 
PN =ysec y=yy1+tan'y =y l+y2. 
Therefore, 


Length of the normal PN = yyi+)?. 
Corollary We know that the equation of the tangent to the curve y = f(x) 
at P(x, y) is 
y-y=2ar-» or xf-ys(y-2@)- 
From O draw OD perpendicular to the tangent, PT, as shown in Fig, 6.6. 


P(x, y) 


D 
Fig. 66 Length of perpendicular from origin to tangent. 
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The length of the perpendicular D from the origin to this tangent is 


oe -04[r-x2) y-D 


4y ara si 
dx 


Corollary We know that the equation of the normal to the curve y = f(x) is 


w-y2+x-9=0 


(fe 


From O draw OE perpendicular to the normal PN, as shown in Fig. 6.7. 


or 


Fig. 6.7 Length of perpendicular from origin to normal. 


Then the length of perpendicular from the origin to this normal OE is 


Example 6.6 Find the subtangent and the subnormal at (x, y) on the curve 
3 wal 
year. 


Solution Here, the given equation of the curve is »° = a°x. Differentiating 
with respect to x, we get, 


yt 
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or 


Therefore, 


and 


Corollary The product of the Cartesian subtangent and subnormal at any point 
on the curve y = f(x) is equal to the square of the ordinate of that point. Therefore, 


2 


(Subtangent) x (Subnormal) = 2x yy, =y? = Square of the ordinate. 
n 


6.5 Derivatives of Arc Length in Cartesian Form 


Let P(x, y) be any point on the curve and Q(x + dx, y + 6)) be any other point 
on the same curve very near to P (Fig. 6.8). Let s be the length of the arc AP 
and s + d that of the arc AQ measured from a fixed point A on the curve such 
that arc PQ = (s + 6:) — s = ds. Now PM and QN are perpendiculars to OX and 
PR perpendicular to QN. 

Here, OM = x and ON = x + &, such that MN = PR = ON ~ OM = &. 
‘Again, PM = ) and QN = y + dy, such that QR = QN - RN = QN - PM = dj. 
Now from the right-angled triangle PRQ 


(Chord PQ)? = PR? + QR? = (dx)? + (6). 


Fig. 6.8 Arc length. 
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Dividing both sides by (dx)", we get 


or 


‘We have 


or 


: 
1+(2) 9) 
Multiplying both sides by dx/dy, we get 

#./.(2) #- (4) =f(4J- 

dy dx} dy de dy. dy 


Note: (i) If the tangent at P(x, y) to the curve makes an angle y with the 
x-axis, then 


Be 


=% 

tan y= 

Therefore, 
2 2 
(Af -16(2f =r pene y 

or 

cosy = (6.10) 
Also, 
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or 


siny = (6.11) 


(ii) If the tangent to the curve at P(x, y) be parallel to x-axis then y'= 0 or 

tan y= 0. That is, 
bd 
a 


(iii) If the tangent to the curve at P(x, y) be perpendicular to x-axis, i.e. 
parallel to y-axis, then y= 90°. Therefore, 


or 


or 


(iv) Length of the curve be in the form: x = fit), y = 0). Then 


22-2 8-O. 


Example 6.7 If y? = 4ax, prove that 
Y x 


Solution Here y* = 4ax. Differentiating with respect to x, we get 


ds 
de 


dy) 4a? _ 4a? _a 
29th ata rs (2) eer iar) 


Therefore, 


Example 6.8 Show that the curve 
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touches the straight line 


at the point (a, b), whatever the value of n. 
Solution Equations of the tangent to the curve at (a, b) is 
(x-a)f, +(y-)f, =0 qd) 
Here 


At (a, b), 


Thus 


Example 6.9 If Ix + my = 1 touches the curve (ax)" + (by)" = 1, show that 


ar 


Solution Let us suppose that the given line touches the curve at (x, y) 
(Fig. 6.9). The equation of the tangent to the curve at (x, y), is 


(X af, + - yf, = 0. a) 
Y 
B 
PCs, ¥) 
oO ry x 


Fig. 69 Solution to Example 6.9. 
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But the equation of the curve is 
(ax) + (by)" =1 


where 
fe= nate! and f, = nbty"!. 

Then 

(X—x)na"x" +(Y - ynb"y"! =0 
or 

ate1X— ax" +¥b"y" —bty" =0 
or 

ahx™'X + Yb"y[(aay" +(y)" ]=0 
or 

ax" "X +b" IY =1 

or 


Here the equation 


lx + my =1 


be the tangent. 
Equating (1) and (2), we get 


or 


ey" = 


Putting x and y in the given equation of the curve, we obtain 


ogy 


or 
Cate, Yate 2 
we a 
or 


ane 


2) 
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Example 6.10 Show that the portion of the tangent at any point on the curve 
23 4 v3 = g* intercepted between the axes is of constant length. 


Solution Let the tangent to the curve at P meets the coordinates axes at 
A and B such that AB is the portion of the tangent intercepted between the axes 
(Fig. 6.10). 


Y 
0, ay") B 
P(x, ») 
° 
A(x", 0) 


Fig. 6.10 Solution to Example 6.10. 
Now the equation of the tangent to the curve at P(x, y) is 


(X-xf, +0 -y)f, =0 

or 

(x- aie +- yay =0 
or 

(X-ax "8 + -yy? =0 

or 

Hog yy 29 4 282g? 
Since the tangent passes through A, i.e. y-coordinate is 0, we get, 

23 


Xx" oa of x gh, 


x 
Hence the coordinates of A are (q*?x'?, 0). 
Similarly, we have X = 0, at B on y-axis. Therefore, 
Yy" aa? of Yea%y!?, 
Hence the coordinates of B are (0, ay"), 
Now 
AB? =(@?32°9)? 4 (22 y!9)2 
ale? gly? 
aal3(428 4 2) 


Thus AB = a = constant. 
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Example 6.11 Show that in the curve x"*" = d™*y", the mth power of the 
subtangent varies as the nth power of the subnormal. 


Solution We have 
Subtangent = 2 and  subnormal = yy;. 
n 


According to the question 


(Subtangent)" e (Subnormal)* 
or 


(Subtangent)” _ -snstant 
(Subnormal)” 
or 
Gy)" _ 


con: 
ow)" 


or 
yo 
~ 

Now the equation to the curve is x" = a"™*y**. Taking logarithm both the sides 


(m +n) log x = (m — n) log a + 2n log y. Differentiating with respect to x, we 
get 


= constant, a) 


11 ymin 
(m+n) oa 2a or 
Now, 
LHS of (1) =——»>—__ 
pak} 
fa) 


Thus LHS = RHS. 
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Example 6.12 In the catenary 
y=ccosh~ 
c 
show that the length of the perpendicular from the foot of the ordinate on the 


tangent is of constant length. 


Solution Let PT be the tangent to the curve at P and MN be perpendicular 
from M, the foot of the ordinate on the tangent (Fig. 6.11). We have to prove 
that MN = constant, 


P(x, ¥) 


° - + x 


Fig. 6.11 Solution to Example 6.12. 


Now the equation to the tangent at P(x, y) is 


y-y-2x- 
or 


ay xt 
x2 ray xt 


a 
Therefore, 
MN = Length of the perpendicular from M(x, 0) to the tangent. 
_ 3(dyldx) + y- x(dylds) 
1+ (dyldx) 
s » 


Here the curve is 


x 
=ccosh = 
if ¢ 


Then 


Example 6.13 Prove that the sum of the intercepts of the tangent to the curve 


Ve +Jy=va 
upon the coordinate axes is constant. 


Solution Let the tangent to the curve at P meets the coordinate axes at A 
and B, respectively. Thus OA and OB are the intercepts of the tangent upon 
the axes, We have to prove that OA + OB = constant. Equation of the tangent 
at P is 

(X-f, +7 -y)f, =0 
or 


(X-ahe +@-yy"? = 


Then, we have 
Xe? +99? =r + Vy =va. 

Now, the point A is the intersection of the tangent and the axis of x. That is, 
xe"? + yy"? =Ja and Y=0 


Therefore, 


Xx =Ja or X=Vavx 
Hence coordinates of A are (VaYx,0). 
Similarly, point B is the intersection of the tangent and the y-axis. Then 


Xe ayaa o X=0. 
Therefore, 


yy"? =Ja or ¥=Jayy. 
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Hence coordinates of B are (0,¥aVy). Now 
OA + OB=Vavx + VaJy = Vax + Jy) =VaVa=a (aconstant). 
Example 6.14 In the curve 
y=acosh~, 
a 


prove that the length of the portion of the normal intercepted between the curve 
and the x-axis, varies as y*. 


Solution Here 


Now 


=y, hi +sinh?= 
a 


«¥ 


Example 6.15 Find the condition that the conics ax? + by? = 1 and ayx? + by? = 1 
shall cut orthogonally. 


Solution Let the equations of conics are 
f(x, y) = at + bY -1=0 () 
and 
F(x, y) 5 ay? + by - 1 =0 Q) 
Since the two curves are orthogonal, 
SEs + SFy 


(ax) (2a;x) + (2by)\(2biy) = 0 


or 


or 
aayx* + bby? = 0 @) 
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Now eliminating x and y among (1), (2) and (3), we have 


aa, bb, 0! 
a b i|=0 
a4 & 1 
or 
«aa, (b — by) ~ bby (a, ~ a) =0 
or 


aba, ~ aa,b, ~ abb, + abb, =0. 
Dividing by aa,bb,, we get 


This is the required condition. 


Example 6.16 Show that the part of the tangent to xy = c? included between the 
coordinate axes is bisected at the point of tangency. 


Solution ‘The equation of the curve is 
xed io) 


Differentiating with respect to x, we get 


The equation of the tangent to (1) at (x, y), is 


y-ys-2QK-2 of 24 
x 2x 


This tangent makes intercepts 2x and 2y on the axes of x and y, that is, the 
tangent meets the axes of x and y at points (2x, 0) and (0, 2y), whose middle point 
is (x, y), the point of contact of the tangent. 


Example 6.17. Prove that 


x 
=+£al 

ab 

touches the curve y = be at the point, where the curve crosses the axis of y. 


Solution Here the equation of y-axis is x = 0. The point at which the 
curve crosses the axis of y is (0, b). Now the equation of the tangent at (0, 6) to 
the curve is 


-y=x-y, 
¥-y=-07. 
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where y = b, x= 0. Aty =, x=0, 


‘The equation of the tangent becomes 


y-p=cx-0(-4) 


or 


If we take (x, y) instead of (X, ¥) for the current coordinates on the tangent, the 
equation becomes 


Example 6.18 Find the equation of the normal to the curve x7 + y*? = a 
which makes an angle y with the x-axis, 


Solution Let x = a cos°@ and y = a sin°@, then 
dy 


& -~sacos’asing and Fp 7 asin" 0058. 


Therefore, 


de ddd ee 
or 


or 


The equation of the normal at P(a cos?@, a sin®®) is 


y — a sin’ = cot@ (x - a cos’@) 
or 
y sind ~ a sin*@ = x cos 8 a cos*O 
or 
x cos @-y sin @= a(cos'@- sin’@ = a cos2@ 


Tangents and Normals 


217 


or 


xeo(E-y)-ysin( E- v)=acosa(n7 -y) 
or 
=x siny + y cosy =a cos2y. 
Example 6.19 Prove that the tangent to any point of the curve 
x=a(t+sint cot),  y=a(l + sing? 
makes an angle with x-axis. 


Solution Here x = a(t + sint cos #). Then 
Fn al +eos2t) and y=a(l+sing? 
and 
dy . : 
a = 2acost(1 +sint) =a (2cost + sin2r) 


Therefore, 
dy _dyldt _a(2cost +sin21) 
dx diddt — a(1+cos2t) 
_l+sint _ cos(t/2) +sin(#/2) 
"cost cos(t/2)—sin(/2) 


_ 1 +tan(2) 
1=tan(#2) 


zit 
stan] =++ 
(j :) 
Then 


i or y==4 
tany= tana (x+0) 4 


Example 6.20 Prove that the normal at any point of the curve 
x= a(cos0+ 8 sin), —_y = alsin @- 8 cos) 
is at a constant distance from the origin. 
Solution Here 


Fe -asind +asind + a8c0s0= a0cosd 


we ry bes thc bad 
76 -acos@ — a cos@ + asin@=a0sin@ 
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Then 


Now 


Slope of the normal = —— 
gs ay 


The equation of the normal at 8 is 


: 9088 
y= (asind — a9 0s) =— 


—acos6— asin 6) 


or 
y sin ~ a sin?@ + 8 sin Bcos@ = -x cos + a cos?O + a8 sinOcos8. 


Therefore, the equation of the normal is x cos@ + y sin@ ~ a = 0. 


Example 6.21 Show that the curves x° — 3xy+ 2 = 0 and 3x*y - y>-2 = 0 cut 
orthogonally. 


Solution Let P(x, y;) be the point of intersection of the given curves. 
Differentiating x° — 3xy? + 2 = O with respect to x, we get 


Then 


Thus 


mm, =-1 


which shows the given curves cut orthogonally. 
Example 6.22. Prove the following: 


(a) The subtangent on xy" = a" varies as the abscissa. 

(b) The subtangent on y = ae~*** varies inversely as abscissa. 

(c) The sum of the tangent and subtangent on y = a log (x7 - a’) varies 
as the product of the coordinates. 
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or 


Then 
> 2a 
Bx? =2ay and x=. 


Since the normal passess through the origin, the equation becomes 


x Y 
+> 
3x7 2ay 
The intercept being equal to zero on 3x7 = 2ay. But 


ae) 
222 sog{3e 
on? ao oof} 
‘Then 4ax = 9ax* gives either x = 0, or x = 4a/9. But, when x = 0, y = 0, the 
normal passes through the origin (0, 0). Hence the required abscissa is 4a/9. 


Example 6.25 Show that the normal to the parabola y* = 4ax touches the curve 
ay? = 4(x - 2a)’, 


Solution Given the equation of the parabola is 
y = 4ax (1) 


Differentiating, we get 

cd o Haz. 
de dy dy 2a 

At any point (a? 2at) on the parabola (1), we have 


‘The equation of the normal to (1), at (ar, 2at) is 


dx 
Yoy+X 9 0 or y+tx=2at tat? Q) 
Any point on the curve 
ay? = 4(x - 2a)* @) 
is x = 2a + 3am", y = 2am*, Therefore, 
* ~ 6am, © =6an*, 


am dm 
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Example 6.30 For the ellipse 


show that 


where x = a sing. 


Solution We have 


qa) 
and 

Q) 
Then 

@) 


Differentiating (2) and (3), we get 
dx=acos¢dg and dy =-b sing dg. 
Therefore, 
(ds? = (dy)? + (dx)? = B? sin?g (dg)? + acos?¢ (dg)? 


or 
2 
sy 52 sin’ 2 
(4) =B sin?¢ +a" cos’9. 


We know that the equation of the ellipse, 6? = a(1 — e*). Then 


2 

($) =a"(1-e")sin'9 + a* cos’g 
=a" (sin’¢ -e? sing + cos"¢) 
=a°(1—esin’¢) 

or 


1 e? 
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Exercises 6.1 
Find the tangent and the normal to the curve y(x — 2)(x-3)-x+7=0 
at the point where it cuts the axis. 
Find the equations of the tangents and normals at the point (x, y) on each 
of the following curves: 
(xP 4 yea Gi) +y -3ary=0 (ili) xa" +y"/b" =1. 
Find the equation to the tangent and normal at the point @= 7/2 to the curve 
x = a(@ ~ sin8), y = a(1 - cos). 


Find the equation of the normal to the curve xy = (a + x)* which makes 
equal intercepts on the coordinate axes. 


If the line x cose + y sin @ = p touches the curve 


prove that 


(acosay™™ +(b sinay™n- = pnd, 


Find the condition that the line x cos a+ y sin a= p may touch the curve 
wtyt'= an, 


For the curve x = a(@ + sin@), y = a(1 ~ cos®), prove that 


1 ds og 
We5% and ia 


‘Show that the normal to the ellipse 


touches the curve (ax)*? +(by)*? =(a? -b*)*?. 
). If the tangent at (x, y1), to the curve 2° + y° = a? meets the curve again in 
(x, y2), prove that 


2,42. 
uO 


Prove that the tangent to the curve x° + y’ — 3axy = 0 is parallel to the 
x-axis at the point, where it meets the parabola x* = ay. 


Prove that the tangent to the curve ax” + 2hxy + by? = 1 is perpendicular 
to the x-axis at points, where the line hx + by = 0 intersects the curve. 
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41. 


42, 
43. 


47. 


48. 


Prove that in an ellipse the subnormal varies as the abscissa. 


Find the length of tangent, normal, subtangent and subnormal at the point 
0 of the curve x = a cos@, y = a sin°@. 


Prove that the subnormal at any point of the curve xy? = a(x? - a’) varies 
inversely as the cube of its abscissa. 


. Find the condition that the tangent at any two points P, Q on the curve 


x= a(9— sin 0), y = a(1 ~ cos 8) are at right angle. 


Find the portion of the normal intercepted between x-axis and the curve 
x = a(O- sin, y = a(l - cos). 


Find the condition that the normal at point P(x, y) to the curve meets the 
a-axis at 


x=—2(sinh @ cosh +0), y=acosh76. 


Prove that for the ellipse: 


2.3 
5+4-1 
ar 


length of normal varies as the perpendicular from the origin on tangent. 
Show that the curves y? = 2x and 2xy = k cut at right angle, if 2 = 8. 
Prove that the portion of the tangent to the curve: 


ania 


intercepted between the point of contact and the x-axis is constant. 


|. Find the equation of the tangent to the curve y* = 4x + 5 which is parallel 


to the line y = 2x + 1. 


If x= a cos*@, y= a sin°@, the tangents meet the axis at A and B, Find the 
locus of Q(0A, 0B). 


Find the tangent and the normal on 


xe lat yo oat when ret 
ieee! 2 


Find the tangent and the normal when 
x=2acos@-acos20, y=2asin@-asin20 at a=5 
Find the tangent and the normal on 


(P +y¥)x-a(x? -y?)=0 at rat, 
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Let P(r, ® be any point on the curve r = f(Q) and Q(r + 5, 8+ 56) be any 
other point on the same curve very near to P (Fig. 6.14). Let PQ be the secant 
through PQ and PT, a tangent at P. Draw PN perpendicular to OQ. 


Ur + dr 8+ 68) 


Fig. 6.14 Angle between radius vector and tangent. 


Now ZPOT = @ and ZQOT = 8+ 60 such that ZQOP = 58. Again PN = 
sin 68, ON = r cos 58 Let ZOPT = ¢. From right-angled triangle APQN, 


PN 
tan PON = 55 
___PN 
~ 0Q-ON 
____rsinda 
© (+67) =1 00858 
___rsinda 
~r(1 = cos 58) + Sr 


= sind? 
2r sin? (66/2) + dr 
sindo 


er peas 50 | or 


60/2 4 *% 


Now in the limit when Q — P, 5@ -> 0 and the secant PQ becomes the 
tangent at P and hence ZPQN = ZOPT = ¢. Therefore, 


(od), 


tan ¢= lin ———__"—____ = —_,_——___ . 
e ace sin (69/2) 8 &r 2r(l?(0)+drid@— dr 
ae | 4 50 
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Again since 


cosec*9=1+cot79=1 +4) 
78, 


ds 
77 mata or dst =e +r’. 


Perpendicular from pole to tangent 


Let ON = p be the length of the perpendicular from the pole O to the tangent PT 
to the curve r = f(6) at any point P (Fig. 6.15). Then from right-angled triangle 
ONP, 


(6.12) 


Fig. 6.15 Perpendicular from pole to tangent, 


—_ 
r sing 


Je 


(6.13) 
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The symbol w is generally used to denote 1/r, that is, 


or 


Hence from Eq. (6.13) 


Angle of intersection of two curves (in polar form) 


Let the two curves r = f(@), and r = $(6) intersect at P and let PT,, PT) be the 
tangents at P to the curves (Fig. 6.16). Let 


ZOPT, = ¢ and ZOPT, = ¢). 


r=fO 


Fig. 6.16 Angle of intersection of two curves (in polar form). 


Also, let a (=, ~ 3) be the angle between the curves such that 27,PT; = @. 
Therefore, 


tanar=tan(4 - ¢) = A-One 


+tan ¢, tan, 
But 
28 at IO 
dr drid@ f'(8) 
and 


= 48.1 40) 
dr drld@ 9(8) 
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Therefore, 


£0) _ 40, 
- LO _ 9 _ $O9A- KAS 


=a OH)” F'B9' + fOKO)" 


Corollary If fo +g = 0, therefore @ = 72 and the two carves instersect 
orthogonally, i.e. at right angles. 


6.7 Polar Subtangent and Polar Subnormal 


Let P(r, be any point on the curve r = f(@). Refer to Fig. 6.17. Draw TON 
perpendicular to the radius vector OP. Let tangent and normal to the curve at P 
intersect TON at T, N, respectively. Then OT and ON are called polar subtangent 
and polar subnormal to the curve at P. 


T 
Fig. 6.17 Polar subtangent and polar subnormal, 


Since ZTPN = ZPON = $ and ZOPT = ZONP = ¢. 


from triangles OPT and OPN, we get 


or=rian 9= 08 and ON =reotg= rt 
dr rdo” 


Therefore, 
Polar subtangent, OT = =f and Polar subnormal, ON = 5. 


Corollary Since 


240 dr_j2 


oT-on= 
or) 
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Let p be the length of the perpendicular from the origin to the tangent 
(6.14), then 


(6.15) 

Also 
(6.16) 

and 
S(x,y) =0. (6.17) 


Eliminating x and y from Eqs. (6.15)-(6.17), the required pedal equation is 
obtained. 


Pedal equation deduced from polar equation 


Let the equation be f(r, 6 = 0. Let the pole be taken at the point with regard to 
which it is required to find the pedal equation of the curve. 

If p be the length of the perpendicular draw from the pole to the tangent 
at (r, @) to the curve, then 


parsing (6.18) 

40 
tan | detorras (6.19) 
fir, 9 =0 (6.20) 


If we eliminate 8 and ¢ from Eqs. (6.18)-(6.20), we get the required pedal 
equation, i.e, relation between p and r. 


Example 6.31 Find the pedal equation of the curve r = ae®™@, 


Solution Here the given curve is 
r= acer (a) 


Differentiating with respect to 8 we get 


‘We know that 


Therefore, ¢ = a We also know that p = r sin @ Hence p = r sin & 
‘This is the required pedal equation. 


Example 6.32 Show that for the curve r = a®, the polar subtangent and the polar 
subnormal have constant ratio. 
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Solution Here the given equation is r = a or r = e%®, Then 
£ "8 loga=rloga 


Therefore, 


Polar subtangent _ r?(d@/dr) 
Polar subnormal  dr/dO 
2 
“doy 
wees 
© Pogay* 
Aecl 
© (oga)* 
= Constant. 


Example 6.33 Prove that the polar subtangent for the cardiode r = a(1 — cos@) 
is 


2asin*(@/2) 
c0s(6/2) 
Solution Here 
a0 
ent => — 
Polar subtangent = r? 
Then 
6° 
P=d(2sin?9) = 4a’ sin* 
‘Therefore 


4a? sin*(6/2) _ _ 2asin*(6/2) 


Polar sublangent = 77 n(@12)c0s(6/2) cos0/2 


Example 6.34 Find the angle of intersection of the curves: 
r=a(l+cos 6), r=b(l-cos6). 


Solution The first curve is r = a(1 + cos ®. Then 


He asing 
6 
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Then 
Parsing 


en ae Pee 
=P sin? 5 [since ¢-$60m 0] 


Example 6,37. For the parabola 2a/r=1—cos@, prove the following results: 


ipee o 7 a rete 
Mo=n-5. Gi) cm «(i= ar, 
(iv) polar subtangent = 2a cosec 6. 

Solution We know that 


parsing, tang=r 2, 
dr 


Now, 


as 
r 


e 
=1-cos@=2sin?— 
e058 = 2sin? > 


Differentiating, we get 


Therefore, 
es 
sin? (0/2) r° sin (6/2) cos(6/2) 
_ a ___sin‘(6/2) -a 
sin?(6/2) a _sin(8/2)cos(@/2) 
eaten! 
2 
wim(«-2) 
Then 
axe? 
=a 2 ay 


From (1), we get 


=rsing=rsin(x-2)=—2- sin( x4) 4 
bees 2) sin?@ 2) sin(6/2) 
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Example 6,39 Find the pedal equation of r” = a cos m8. 


Solution Taking log both sides, we get, m log r = m log a + log cos m8. 
Differentiating both sides with respect to 8 we get 


sinm@ 
cosm@ 

or 

1 —tanmo 
or 

x 
cotg=—tan no =co{ £ +m) 

Then 
Now 


p=rsin g=rsin (E+m0)=rcosma=r 
2 o 


Hence the required pedal equati 
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Also, 
P=rey (3) 


Eliminating x? and y? from (1), (2) and (3), we get 


a® 1? 1 
Wat 1/b*  Wp?|=0 or 
ae an 


Solving, we get 


Therefore, 


which is the required pedal equation. 
Example 6.41 Find the pedal equation of the parabola y* = 4ax with regard to 
its focus. 


Solution Here the equation of the parabola by? = 4ax. The focus of the 
parabola is (a, 0). So, transfer the origin (0, 0) to the focus (a, 0). Therefore, the 
equation to the parabola becomes 

( +a) = 4a(x +a) or y= 4ax + 4a? (0) 


By the coordinate geometry, the equation of the tangent to the parabola (1) at the 
point (x, y) is 


Yy = 2a(X + x) + 4a 
or 
2aX - y¥ + 4a? + 2ax = 0. 


Now, from (1), the length of the perpendicular (p) from origin upon the tangent 
is 


4a? +2ax_ 4a +2ax 


paste et 
Vad +y faa? +4ar+4a? 


__2a(2a+x) 


P*"JaaQa+) 


or 


VaJ2a+x 


or 
=a(2a+x)? (2) 
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7. Show that the curves 7" = a" sec (n8 + a) and r* = b" sec (nO + f) intersect 
at an angle which is independent of a and b. 


8. Show that the pedal equation of the parabola y? = 4a(x + a) is p? = ar. 


9% Show that the pedal equation of x = ae%sin@ - cos @ and y = ae%sind 
+ cos@) is r = (V2)p 
10. Obtain the pedal equation of x* - y? = a’. 
11. Show that: 


(i) Pedal equation of 7? cos 26 = a’ is pr = a*. 
(ii) Pedal equation of 7 = cos 26 is r = a’p. 
(iii) Pedal equation of r = a(1 + cos) is P = 2ap*. 
12. In the equiangular spiral r = ae®®, prove that drids = cosa 
13. For the curve r = a(1 + cos 6), prove that p = 2a cos*(@2). 
14. Obtain the pedal equation of the circle x2 + y? = 2ax. 


15. Show that the pedal equation of astroid x*? 


yaa is 24 3p = 


16. Find the pedal equation of the curve Ur = 1 + ¢ cos @ 

17. Prove that the pedal equation of the curve 2a = r(1 + cos 8) is p* 
18. Prove that the pedal equation of the curve r” = a" sinn@ is p = r°*/a". 
19. Prove that the pedal equation of the curve r sinn@= 


20. For the curve 


show that 


Ver 


21. Prove that P= @ — 3p’ is the pedal equation of the curve: x = a cos*t, 
y=asin’t, 


22. Prove that the pedal equation of the rectangular hyperbola x? ~ y? 

pr=a. 

23. If @ be the angle, which the tangent to a curve makes with the radius vector 
drawn from the origin, prove that 


(an Oo yaya) 
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24, Show that: 
@ Pedal equation of r(1+sin$) =ais ar’ =4p'. 
(ii) Pedal equation of r* = a” sin m6 + 6” cos mB is r**! = pa" +b, 


(iii) Pedal equation of r = a sech nO isbo4+B, where A and B are 


constants. 
25, For any curve, prove that: 


ode cr .. ds 
Oar (i) F= 


26. For the involute of a circle 


prove that cos @ = alr. 


Chapter 7 


Curvature 


7.1 Introduction 


‘A curve is that which changes its direction at each point and as such the tangent 
goes on changing as “Sc point moves on the curve. The rate of change in the 
direction of tangent is different for different curves. The special feature of any 
curve is called bending or curvature. In mathemaiics, when we use the word 
‘curvature’ it also means ‘bend’. 

Let us take two curves *® and CD (Fig. 7.1). It is obvious that the curve 
AB has a larger bend of the} —- P, whereas the curve CD has the least bend at 


B \P 


Fig. 7.1 Two curves with different bendings or curvatures. 


the point Q. It means the rate of change of the tangent at P is large compared to 
that at the point Q. Thus bend is determined by the rate of change in direction 
of the tangent. When we say the curvature of any curve it means a point on the 
curve. How to measure the curvature of a curve at « given point. For that the 
measurement of curvature at any point on a curve taking into account its length 
and the direction of the tangent. The basic formula depends upon the intrinsic 
equation of a curve and all the other formulae are derived from it. 

Let P be any point on the curve and Q, R be the other points very near to 
P (Fig. 7.2). Thus we can draw one and only circle through these three points P, 
Q. R. Now, we tend the points Q and R to coincide at P. We have a limiting 
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Fig. 7.2 Curvature at a point of a curve. 


position of the circle PQR. This circle is called the circle of curvature. When 
QR Py, the limiting position of the circle PQR is called the point of curvature. 
The centre of this circle is called centre of curvature and its radius is called 
radius of curvature. The chord drawn inside the circle of curvature through P is 
called the chord of curvature. 


7.2. Average Curvature 


Let P be any point on the curve and Q be any other point on the same curve 
which is very near to P (Fig. 7.3). Let A be the fixed point on the curve such that 
the arc AP = 5 and the arc AQ = s + ds then the curve PQ = ds. Let PT and QN 


Fig. 7.3. Average curvature. 


be the tangents to the curve P and Q respectively such that ZPTN = yand ZONX 
= y+ dy. Then ZTRN = ZORL = dy. Hence dyis the change in the inclination 
of the tangent line as the point of contact of the tangent line describes the arc PQ. 
Thus the angle ZRTQ = dy is called the angle of contingence of the arc PQ. 
Hence the angle of contingence of any arc is the difference of the angles which 
the tangents at its extremities make with any given fixed straight line, generally 
x-axis. That is, it measures the change in the direction of the tangent when the 
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point moves on the curve through an arc length db. It is clear that the whole 
bending of the curvature which the curve undergoes between P and Q is greater 
or less according as the angle of contingence RTQ is greater or less. 
The fraction, 
Angle of contingency 
‘Are length 
is called average curvature or average bending of the arc, Thus 


Average curvature of the are PQ = % 


The limiting value of the average curvature, when Q—> P along the curve, & —> 0, 
i.e: lims, > 0 dyé is called the curvature at P and denoted by K. The 
curvature K at a point P, whose distance from a fixed point on the curve is s and 
the inclination of the tangent at P makes an angle y with the positive direction 
of the x-axis, is 


Hence the curvature at a point is the arc-rate of the turning of the tangent at the 
point. The sign of the curvature K is positive if y increases as s increases and it 
is negative if y decreases as s decreases. Though the curvature can be positive 


or negative it indicates the absolute value of K, i.e. curvature 
x-|4 
ds 


7.3 Intrinsic Equation of a Curve 


‘Suppose any curve AP is given on a plane. Let its tangent at A be parallel to OX, 
or the initial line (Fig. 7.4), Draw a tangent at P to meet OX at T making 
ZXTP = y, Let AP = 5, the arc length of AP of the curve. (s, y) be the position 


Fig. 7.4 Intrinsic equation of a curve. 
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of Pon the curve, and pfs is called the average rate of curvature of the curve 
along AP. As s and yvary, the coordinate (s, y) is the position of different points 
on the curve uniquely. The coordinates of o is (0, 0) and any functional relation 
5 = fly) is called intrinsic equation of the curve. 

If y = fx) be the equation of any curve, its intrinsic equation is obtained 
by eliminating x between 


2 =tany =") and B= Vier. 


A list of intrinsic equations of some useful curves is given below: 


& 


(i) Circle: s = ay, 
(ii) ¢ tany and s = log (secy + tany), 
Gi) 4a siny, 
(iv) log sec x, 
(v) 5 = 4a(1 + cos yf2) = 8a sin? y/6, 
(vi) Equiangular spiral: s = a(e"¥ - 1). 


7.4 Geometrical Representation of Curvature 


Theorem 7.1 If the normals at two consecutive points P and Q on a curve 
intersect at N, then the radius of curvature p of the curve at P is given by 
p=lim PN. 
Proof Let the tangents at two consecutive points P(s,y) and Q(s + &, 
v + Sy) intersect at L. Then ZQLR = dy and arc PQ = é (Fig. 7.5). Since 
normals at P and Q intersect at N, 


Fig. 7.5 Geometrical representation of curvature. 
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ZNOL = LNPL = and ZPNQ = dy. 
Also, 
x 
PON = - ZPOL. 


Hence from APNQ, 
PQ PN PN PN 


Sindy sinZPQN sin(@/2—ZPQL) cos ZPQL 
Therefore, 
py =PQcosZPOL 
sindy 


Now, when Q > P, dy 0, ZPQL + 0 and the chord PQ > &. Hence 
Q-— Pimplies dy — 0. Therefore, 
PQ cos ZPQL 

sindv 
_ a Ss oy 
” B Sy indy 


lim PN = lim 
one a0 


cos ZPOL 


ds 
=F qycos0 
ay” 


=p. 
As QP, N shifted towards the centre of curvature C on the normal PN till it 
coincides with C, and the limit PN + PC = p. 


7.5 Circle of Curvature 


The radius of any circle is its radius of curvatures, too. Let C be the centre and 
CA = CP = a is the radius of any circle (Fig. 7.6). 


Q 


re 


A T 
Fig. 7.6 Circle of curvature. 
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Note: If at any point, y becomes infinite, the above formula is not applicable and 
in that case, we consider the equation of the curve as x = F()). 


(b) Let the curve be x = F(y). If the tangent to the curve at the point 
(x, y) makes an angle y with the axis of x, then 


a 
scot y. 
a 


Differentiating with respect to y, we get 


dx 2, dy 
SF =-cose’tyS 
dy dy 
=~ cosecty 2 
Was dy 
~-coec'y Loe y (=Z-s0v} 
Therefore, 
But 
Then 
we 
pe-Gte wheres, #0. 
4 


Here suffixes denote differentiation with respect to y. 


Example 7.1 Find the radius of curvature for the catenary y = c cosh (x/c). 
Solution Differentiating with respect to x, we get 
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Then 


rr 
(i+) 1+ sink?= 
putts c 


x 
ys soon 
ce 
v2 

x 

ccosh?~ 

c 

cosh cosh> 
¢ ¢ 


=ccosh?= = 
¢ 
Example 7.2. Find the radius of curvature at the point (x, y) of the parabola 
= day. 


Solution The equation of the parabola x7 = day can be rewritten as 
x = 2N(ay). Differentiating it with respect to y, we get 


Waa o aM 
'y 


a Wy & Wy 


Again differentiating, we get 


‘We have 


paltry? __20+0)" 
Paxldy (12,Saly?”) va” 


taking its absolute value. 


Corollary Since 


yak 
Differentiating with respect to s, we get 

av ey -siny YE 

cosy Sona and ~siny =o 


Therefore, 
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Also, squaring and adding, we get 


[g)emv-w( Se (Sy 
#(2) (2). 


The above two formulae are useful when equation of any curve be available as 
functions of 5, x, 


or 


Implicit form 
124 the equation of the curve be f(x, y) = 0. We have 


ay 


fi dy 
tet, tg aay 


Differentiating with respect to x, we get 


Hiv Fy. 
ae dds ae 
or 
w, Het) (He, Hao, 
ax dy de) (ax dy de dx 


Assuming that fi, = f,. and using (7.1), we get 
i 

+2, + 
teil ( Al fe ( fy 


ae 5 


or 


(7.2) 


We know that 


pt 


1+ (ayasy J” 1+-fif,) 
OPE GG Ly * Gy 
Then 
+43? 
LG US Sat Iyhe 


taking the absolute value and f,, f? -2f,f,f,, + f,f2 #0. 


p= 


Curvature 257 


Parametric form 
Let the equation of the curve be x = f(t), y = (0). Then 


and 


(dy) af dla: 
dx\ de) de\ de Jax 


-4{¢@)]1 
“a f'@ |dddt 


But the formula, 


[r+ cava} [atom F]? _ ots yt? 
byl (ay =P 


ey? 


where the denominator # 0. 


Example 7.3 Find the radius of curvature for the circle: x = r cos @, y= r sin 8. 


Solution Here x = r cos , and y = r sin 8. Differentiating, we get 
6 y=rcos@ 
x’ =-rcos Oy =-rsin O 


x =-r si 


We also have 
Ao ty? _ sin’ +P cos'a)? _ P(sin®@ + cos? 8) _ é 
xy - ye" 7 (sin°8 +cos'8) r 


Pp 


Polar form 
Let the equation of a curve be in polar form, r= (@). We know that 
ds _ ds dO 


dy do dy (73) 
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Differentiating with respect to p, we get 


dp d’p dy 
pers eeyy, 
dy dy* dp 
or : 
@p_ dr 
Pt "dp 
or 
@p 
b= p+ 


Corollary From Eq, (7.4) it can be easily seen that the projection of the radius 
vector on the tangent = r cos¢ = dp/dy. Hence, geometrically, dp/dy represents 
the projection of the radius vector on the tangent. 


Theorem 7.2 For any curve, prove that the formula: 


p=————— or ung(1+ 28 
sing + dgld0) rT 
Proof We have 
ino{1+® lasing sino? 
sna( 1+) sing + sing 
ard, 40.40 
as ds dO 


Example 7.4 Prove that the radius of curvature of hypocycloids, p = A sin By, 
varies as p. 
Solution We have p = A sin By. Differentiating with respect to y, we get 


® = 4B cos By 
ay 


Again differentiating, we get 


2 
£2 ._ 4B" sin By = Bp. 


aw 
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Now, 
paftt yy 
Ys 
Putting the values of y, and ys from (1) and (2), we have p = 3(axy)", 


Example 7.7. Show that the radius of curvature at a point (a cos*@, a sin?) on 
the curve x3 + 2 = a* is 3a sin8 cosd. 


Solution Proceeding as in Example 7.6, we find its radius of curvature at 
any point (x, y) as p = 3(axy)"®. Here putting x = a cos*@ and y = a sin3@, we get 
P=[a(acos* )a(sin’ )}' = 3a sinBcosd. 


Example 7.8 Find the radius of curvature of the curve: x = a(@ + sin®), 
y = a(1 ~ cos6) at the point @ = 0. 


Solution Since x= a (6+ sin 8) and y = a(1 —cos 8), we get on differentiation 


dy 


4. a(i+cos6) and Y= asino, 
7 6 


Now, 


av aoav w 
where 


de 


=aJ2(1 + cos8) 


=2acos®. 
2 


He fH) 4(B) 2 fara cos0y +a 0050 
a6 


with 
asin 
a(i + cos0) 


Therefore, 


tany =n or y= 


Differentiating with respect to 8, we get 
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Putting the values of ds/d@ and dy/d@ in (1), we have 


p= 2000 f 2atocns. 
2 2 


At = 0, p = 4a cos 0 = 4a. 
Alternative method: We have x = a(@+ sin®), y = a(1 cos). Then 


SL ai+cos6), 2 =asind 
7 


a0 
Since, 
ay +asind_ _ 2sin(6/2)cos(0/2) _ 1,8 
dx dddO a(l+cos@) 2cos*(6/2) 2 
29) d0 128 a ey 
2)d 2 ‘4a cos*(6/2) 
We get 
Ut Gilde? P? _ [1+ tan? (6/2)P? _ a 
“Pyle ————‘1(4a) cos*(@/2) 2 


Note: Radius of curvature of all the parametric curves with the same constant, 
can be found in a similar manner. 


Example 7.9 For the curve r* = a" cos n@, show that the radius of curvature 
varies inversely as the (n — 1)th power of the radius vector. 


Solution Here /* = a" cos n@, taking log both sides, we get n log r= 
log a + log cos 8. Differentiating with respect to 8, we have 


ay 


Therefore, 


(2) 


(3) 


From (2) and (3), 


P+ 2r} = rr, =(1+n)r? sec?(n8) (4) 
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or 


a 
ds xta 
Now, 
ap dp de. 
ds de 


de 31 3 
ds Ja2Wx\xta 2fa(x+a) 


2 
oGe-(2) 9 2(040)- 8-9-2 (x pa-x-0)=0 
a aa 


Example 7.11 In the curve p = 7"*"/a", show that the radius of curvature varies 
inversely as the (n - I)th power of the radius vector. 


Solution We have 
qa) 


Then 


But 


ir 
=rls 
dp 


Therefore, 


r 
Example 7.12 For the curve y* = c? + s°, prove that s = c tany and p = y*/e. 
Solution We have y? = c? + s, Differentiating, we get 


Then 


ytany = ssecy or siny= + Q 


Now, 
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or 
s=ctany (3) 
Differentiating to y, we get 
ds 8) ects’) y* 
rtalek =c(1+tan?y) = {uS) Se. 


Therefore, 


Example 7.13 If p and p' be the radii of curvature of a curve and of its pedal 
at corresponding points, show that ¢/(2r - pp) = P. 


Solution Here, for the pedal curve 


aia ay 
and 
(2) 
We know that 
3) 
@) 
From (1) 
(5) 
From (2) 
1 1 
py = 2p—dp adr (6) 
Therefore, using (1), (5) and (6) in (4) 
r dp dp fe 
Sp = 3) 
P= Pond (PIP ar Aap =(piPy pap sins 
Therefore, 


Oop. p'2r - pp)=r". 


Example 7.14 Find the radius of curvature at any point (a cos t, b sin 1) of the 
ellipse x*/a? + y7/b* =1. 

Solution Let the coordinates of any point on the ellipse be x = a cos 1, 
y =b sin ¢. On differentiation, we get 


Feeasint, Bebcost, 
dt it 
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Therefore, 
; s F 
et =4asiny. 
siny or s=4asiny. 
Then 


Example 7.16 Find the radius of curvature of the curve y = a log sec (x/a). 
Solution Differentiating, we get 


dy _ sec(x/a) tan (x/a) x d’y 
BL seela) an OM) tn, SD 
dx sec (xa) a de 
Then 
U+ (ldxy Pf? _ [+ tan? (a2)? x 
Ds ley TE an a asec~, 
ad yide (la) sec? (x/a) a 


Example 7.17 If x= 61 - 31’, y= 8° be two curves, find the radius of curvature, 
Solstion Here x = 67 - 37%, 


Now, 


and 


de a-ry ad (i-ry Tai-F) o-Fy 
Therefore, 
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We also have 
a 1y? 
pAza(lt?) >, prne(i+) 


Then 
(a)? + (py sae EF =a? 


Example 7.20 If py, pz be the radii of the curvature at the extremities of any 
chord of r = a(1 + cos), which passes through the pole, then 


2 2 

@ pte pat, Gi) Le constam. 
9 r 

Solution Here r = a(1 + cos 6). Then 


dr . 
7 ~asin@, 4 =-acosé 


Therefore, 
(Cok? ae [a (1+ cos)? +a’ sin?@y"? 
P+2ri =r a°(1+cos6)’ +2a° sin’@ + a’ cos’ +a* cosO 
_ Qa? +2a* cos)" 
SOs 


p= 


2 


+" (1+ e089) 


The vectorial angles of two extremities of the chord will be @ and (7+ @. Then 


28 504 4a (240) _ 40 9 
Sasa one SL 2 


(i) We have 


(ii) We also have 


Pee 
pee #8 
pas oO 5 (Constant) 


Example 7.21 If p,, p be the radii of curvature at the extremities of two 
conjugate diameters of the ellipse x7/a* + y*/b? = 1, prove that 


pi + pi? = (a? +b? Kab)”. 
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Solution Since x = a cos t, y = b sin is the point on the ellipse (x*/a) + 
(7/6) = 1, 
Se -asint, 2 =be0s1. 
dt dt 
and 


dy _ boost 
dx -asiné 


Therefore, 


allt (B/a*) cos? 1}? . (a’ sin? + b* cos*t)” 


PChla)coseet ab 


Since P and Q be the extremities of two conjugate diameters, the parameters of 
P and Q are f and (¢ + 12). Also, 


ans _.a?sin?t +B? cost 


re 23 @ cos’t +b? sin*r 


(aby a (aay? 


Therefore, 
+h 


213 z 
(ay? 


pi + pi? = 2 4B \(aby?”, 


Exercises 7.1 
1. Find the radius of curvature at any point (s, y) of the following curves: 


(i) s=ay, (ii) s = 4a sin y, Gi) s = ¢ tany, 
(iv) clog secy = (v) s = a log tan (a/4 + yf2). 


2. Find the radius of curvature at any point of the curve s = a(e¥ ~ 1). 


3. Find the radius of curvature at (s, y) of the curve of parabola s = a tany 
secy + a log (secy + tany). 


4. Find the radius of curvature at the point (x, y) of the following curves: 


(i) Y= dax, xe, 

Gii) ay? =X, y= ae, 

(vy) x*/a? + y?/b? =1, (vi) la? - y°/b? = 1, 
(ii) y = 4 sin.x - sin 2x, atx = 92, (viii) ey =a'(x-y), alx=a, 
(ix) y= e*, at 0, 1), (x) x= acost, y = asinut, 


(xi) y = 2° - 2 + 7x at the origin, 
(xii) Vx4Vy=Va at the point x= y. 
(xiii) Vx/a — Vy/b=1,at the point where it touches the coordinate axes, 
(xiv) 8 + y= 2 at (1, D, 
(xv) Py = ats? + y*) at (-2a, 2a). 
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5. 
6. 


7 


13. 


14. 


20. 


Find the radius of curvatures xy? = 16(x + 4) at the point (-4, 0). 
Find the radius of curvature at (3a/2, 3a/2) on the curve x° + y? = 3axy, 


In the ellipse x7/a? + y?/b? = 1, show that the radius of curvature at the 
end of the major axis is equal to the semi-latus return of the ellipse, 


Find the radius of curvature of the curve y = e* at the point where it crosses 
the y-axis. 


‘Show that the radius of curvature at a point of the curve x = a(cos 1 +f sin 1), 
y =a (sin f= 1 cost 2) is at. 


Show that the radius of curvature at a point of the curve x = a sin 20 
(1 + cos 28), y = a cos2@ (1 — cos26) is 4a cos36 at O= 0, O= 4a. 


Find the radius of curvature for the curve y = V(s? +c’). 


Prove that the radius of curvature of the catenary y = @ cosh(x/a) at any 


point is equal in length to the portion of the normal intercepted between the 
curve and the axis of x. 


Show that for the cycloid x = a(@- sin ®, y = a(1 - cos ), the radius of 
curvature at any point is twice the portion of the normal intercepted between 
the curve and the axis of x. 


Prove the following for any curve: 


; 2 ig 
OGF a = FF 
Show that when the angle between the tangent to a curve and the radius 
vector of the point of contact has a maximum or minimum value, p = 7/p. 


If x= c log [s + V(s? + c)], prove that cp = c+ 7. 
For the curve 7? cos 20 = a’, prove that p = -r/a*. 


For the cardioide r = a(1 + cos @, prove that 3p = 2V(2ar), i.e. p varies 
as Vr. 


For the curve y = ax/(a + x), prove that 


Ee 


Find p at any point (r, 8) on the following curves: 


(i) r= a sin@ + b cos@ Gi) r= ae r= a sec(@2) 
(iv) r= a cos (v) P= @ cos 26 (vi) M =a" sin nd 
(ii) r= a(1 -cos (viii) r= 2a cosO~ a, at @=0 


(ix) r= a sind. 
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a1. 


22. 
23. 
24. 


25. 
26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


MM. 


Find p at any pint (p, r) on the following curves: 

() P = 2ap (i) P= ap parsing 

(iv) p? = ar (v) 2 +3p? =a? (vi) @Hp +P =a + BL 
If r = a sec 20, prove that r* + 3p'p = 0. 


Prove that p = r cosec @ for the curve r = ae%**, 
Find the radius of curvature at any point on the curves: 
(i) p = all + siny) (ii) p? = aos 2y. 


Prove that the radius of curvature of the curve ax? + by? = 1 varies as the 
cube of the length of the normal. 


Prove that p5p = a! if p® + a’cos 2y = 0 in usual notations. 


Find the radius of curvature of the curve 


y at (-a, 0). 


a= 


Show that the radius of curvature at any point on the curve r = ae*cot@ 
subtends a right angle at the pole. 


For any curve, prove that 
40 


ri. de _ 40 
sna( 1+) ener 1a 


p 


For any curve, prove that 


2 
[( de) (dy) 4 d?xids? _ d?ylds? 
» (4) (3) oy 1, fet tt 


1 _ (Wr) ~ (rXdridoy — (a? r1d6*) r(d0lds) 


aes i (i) PT aoras)* = (rls) 


is 9a/10 at the point x = 0. 


Find the point on the parabola y* = 4x if the radius of curvature at that point 
is ¥(125/27). 

Find the radius if curvature at the point having the same abscissa of the 
curves ay w a2, 2° = 3a?y, 


‘Show that at the points, where the curves r = a@ and r@ = a intersect, their 
curvatures are in the ratio 3:1. 
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35. Prove that for the curve 
=a log cot| 
raeeneo(E 


zy), sin 
2 


cos? y" 
P= 2a secy; and hence 


7.7 Radius of Curvature at the Origin 


If any curve y = f(x) passes through the origin (0, 0), then in order to use the 
formula p = (1 + y?)*“/y2, we shall have to evaluate y; and y2 at the point (0, 0) 
ie. we shall have to put x = 0, y = 0 in y, and y2 separately. In this relation, we 
write 

CWDaeoye0 =P ANd (¥2)a0,y00 = 9 
is obtained by the method of 


Therefore, at the origin, p=(1+ p*)"*/q. This 
substitutions. 


Method of expansion by Maclaurin’s theorem 


Let the equation of the curve be 
y= fe) (75) 
By Maclaurin’s theorem, we have 


y=f@)=fO+YO+ 76) 
Since the curve passes through the origin (0, 0), from Eq. (7.5), we get 
0 =F(0). 
Differentiating (7.5) with respect to x, we get 
ako) on 
At the origin (0, 0), 
( alk = f'(0)= p(say) (7.8) 
Again differentiating Eq. (7.8), we get 
2 
Stes") 
At the origin (0, 0), 
dy 5 
(2). =f'=4 (ay) (19) 


and so on. 
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Polar form. If the equation of the curve is given in polar form and x- 
initial line) is tangent at the origin, x = r cos@, y= r sin@. Therefore, writing the 
previous formula in polar coordinates 


S—, when x90, y—>0, then 0-0 
#0 2rsind 


r cos'O 


Geometrical proof of Newtonian method 


Let x-axis be the tangent to the curve at the origin (0, 0). Let P(x, y) be any 
arbitrary point on the curve, which is very near to 0. We draw a circle through 
© and P which touches the x-axis at the point O, i.e. the circle passes through two 
coincident points at O and the third point P (Fig. 7.8). 


Y 


© 0 R 


Fig. 7.8 Geometrical proof of Newtonian method. 


It is obvious that when the circle moves along the curve to coincide with 
O, this circle becomes the circle of curvature at the point O. 

Let OD be the diameter of the circle. From P, PQ perpendicular is drawn 
to OD. Therefore, the middle point M of PQ will be on the diameter OD. Now 
from geometry, 


OM-MD = PM-MQ = PM-PM (as PM = MQ) 
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Y 
PQ, ») 
° x 
Fig. 7.9 Tangent at the origin. 
Now, dividing Eq. (7.10) by x, we get 
=0 


a, +b, + art by toy2 + 
= * 


Taking the limit on both sides, when x — 0, y — 0, we find that ay + bym = 0, 
because all the succeeding terms become zero, when x ~> 0, y — 0. Therefore, 


(7.12) 


Case I: Suppose b; # 0. Then from Eq. (7.11), the equation of the tangent 
at the origin is 


¥=-2. x bY =a,X a,X +bY =0, 


that is, in terms of (x, y), 
ax + by =0 (7.13) 
But Eq. (7.13) is the collection of the lowest terms in Eq. (7.10). 


Case II; Let b = 0, then from Eq. (7.12) a, also vanishes, as m is finite. 
Therefore, Eq. (7.10) will be of the form 


ay? + boxy + cay? + ay + ta to + hy" = 0 
Now dividing by x2, we get 


2 
ath2ea(2} + 


x 
Taking the limit of both sides when x — 0, y — 0, we find that 
a + bym + cy? = 0 (7.14) 


because all the succeeding terms become zero when x ~> 0, y > 0. But this is 
a quadratic equation in m. This means there will be two tangents at the origin. 
Now, putting m = ¥/X in Eq. (7.14), we get 
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or a;X? +b, XY +e,¥? =0. 


But a, = 0, b, = 0, then the equation of the lowest degree terms in Eq. (7.10) is 
ax? + bury + cy? = 0. Similarly, if ay = 0, by = 0, then the truth of the theorem 
can be proved as before. 


7.9 Chord of Curvature 


Through the pole 


Let O be the pole and OX the initial line. Let P be any point on the curve and 
C be the centre of the circle of curvature at the point P (Fig. 7.10). Join P with 
the origin O, which cuts the circle of the curvature at the point Q. Then PQ is 
the length of the chord of curvature passing through the origin (pole). We want 
to find the length PQ, the chord. 


Fig. 7.10 Chord of curvature through the pole. 


Draw a tangent at the point P of the curve which makes an angle ¢ with 
OP. Join P with C and produce it to meet the circle of curvature at the point D. 
Then PD = 2p. Join DQ 

Since the angle of the segment of a semi-circle is a right angle, ZPQD = 72. 
Also, since DP LPT, ZDPT = 7/2. Therefore, 


ZDPQ = 5 
Now, in ADPQ, 
PQ 
DQ cos DPQ ==2 
12 cos DPQ. PD 
Therefore, 


ro=PDea{ 4-9) =20xng, 


Thus the chord of curvature passing through the pole = 2p sin ¢. 
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Parallel to the coordinate axes 


Let P(x, y) be any point on the curve y = f(x). Let PQR be the circle of the 
curvature at the point P whose centre is C (Fig. 7.11). 


Fig. 7.11 Chord of curvature parallel to coordinate axes. 


In the circle of curvature from P, draw a chord PQ parallel to x-axis. Then 
this will be called the chord of curvature parallel to the x-axis. 

Similarly, from P we draw a chord PR parallel to the y-axis then this will 
be called the chord of curvature parallel to y-axis. We separately find out the 
lengths of PQ and PR. Since PT is the tangent, ZPTX = y- Join PC and produce 
it to meet the circle of curvature at the point D. Then PD = 2p. Since PQ is 
parallel to OX, 


LOPT = LPIX = y. 
Again ZDPT = 22 as radius is perpendicular to tangent. Therefore, 


~v)-v. 


ZDPQ = bey and ZDPR = ZOPR = 5 


Again since angle in a semi-circle is a right angle, 
2Pqp=5 and zprD=%. 
Now, (i) from APQD, 
PQ = PD cos DPQ = 2p o»(5-v] 


Then 
PQ = Chord of curvature = 2p siny. 


Hence chord of curvature parallel to x-axis = 2p siny. 
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Therefore, 
Chord of curvature through the pole = 2p sing 
= 2r cose a sinar 
=2r. 


Example 7.24 Find the chord of curvature through the pole of the curve 
r= a(l + cos 


Solution Here the equation of the curve is r = a(1 + cos8). Then 


, 
& ma(-sind) and Se == a 0088. 


‘Therefore, 
(+n? [a*(1+c0s0)? +a? sin?) 4.0 
fs Ps 
P42r-r, a (1+ cos) +2a°sin'O +a°(I+cos0)cos0 3° 2 
Now, 
2 
tang =r4@_a(l+c0s0)___ 2e0s%(0/2) cor 
dr -asin@  ~2sin(6/2)cos(@/2) "2 


Example 7.25 Show that the chord of curvature through the pole of the curve 
r= a™ cos mis 2r/(m +1). 


Solution Here r* = a” cos m@. Taking log both the sides, we get 
m log r = m log a + log cos m8, 
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or 


2 4 =—mcot m8. 
Therefore, 
Hence 
Now, 
Again, 


Example 7.26 In the catenary y = ¢ cosh (x/c), prove that the chord of curvature 
parallel to the y-axis is double the ordinate. 


Solution Here 


ysccosh?, y,=sinh2, —_y, =Lcosh2. 
¢ c oe 


Now, 


p Tn ON ec cosh?= 
Ys (We) cosh (xtc) (fe) cosh (x/e) ¢ 


284 Textbook of Differential Calculus 


Hence 
Chord of curvature parallel to y-axis = 2p cos y 
1 


x 
= 2c cosh?> 
¢ vi + tan? y 


= 2c cosh? = 7am 
CVl+ yy 


= 2c cosh = =2y. 
¢ 


Therefore, chord of curvature parallel to y-axis is twice the ordinate. 


Example 7.27 Show that in a parabola the chords of curvature: (i) through the 
focus (ii) parallel to x-axis, are each equal to four times the focal distance of the 
point. 

Solution Let the equation of the parabola is 2a/r = 1 + cos 8 with pole 
as a focus and initial line as axis. To find the pedal equation, taking log both the 
sides, we get 


log 2a — log r = log (1 + cos 


or 


We also have 


or 
Now, 
; @ 
parsing =rcos> 
and 
2 
2a 1+ c0s0 = 2cos? 2a 22. a) 
r 2 °F 
Therefore, 
Pear ot paver, Bo1M, 


dr 2Vr 
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or 


Thus 


Example 7.29 Show that the radii if curvature of the curve 


2_¥(a+x) 
ax 


at the origin are +av2. 


Solution Here 


y ees or y(a-x=x (atx). 

But 
e 
ya Peta 

Then 
e } 

onal metas =H (a+x) 
or 


(atx) 


(a = a +2phe + ) 
Equating the coefficients of x? and x° both sides, we get 


ata” 266 


apqg-p?=1 or apg=2 


=l of p=4l 
and 


If p = +1, q = 2/a and if p = -1, q = -2/a, then 


(+ py? _ +? 
afte) Ga 2+ Ja. 
ar Bat 
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Example 7.30 Find the radius of curvature of the curve 4x° - 3xy + y? - 3y = 0 
at the origin. 


Solution Here (0, 0) satisfies the equation of the curve and y = 0 is the 
tangent to the curve as the lowest-degree term to zero. Put y = 0 in the given 
curve, we get x? = 0, which shows that y = 0 cuts the curve at coincident points 
at (0, 0). So, we use Newtonian method 


xz 


im — 
fey 
Now, 
2 
42 —3ry+y¥-3y20 or 46 -3542%-320, 
2y 2.22 
Therefore, 
jm 42 tim 3x + tim - im? =0 
aes tea 
Thus p=3/8. 


Example 7.31 Find the radius of curvature at the origin of the curve 
3x? ay + -4x=0. (ly 


Solution Obviously the curve passes through the origin. To get the tangent 
to the curve at the origin, equate the lowest-degree term to zero. We get 


4x=0 or x 


which is the equation to y-axis, Here y-axis is the tangent to the curve at the 
origin. Therefore, 


Q) 
Dividing (1) by 2x, we get 


or 


or 


lim 3x lim ty4 lim lim 2=0 
0D eakyOQ”  esdyO Dy 24040 


Thus 
p=2. 


288 Textbook of Differential Calculus 


7.10 Centre of Curvature 


The centre of curvature at any point P of a curve is the point which lies on the 
positive direction of the normal at P and is at a distance p from it. 

Let the coordinates of P be (x, y) and those of C be (X, ¥). Let the tangent 
PT to the curve makes an angle y with x-axis in positive direction so that the 
positive direction of the normal makes an angle y+ 2/2 with x-axis (Fig. 7.12). 


Y 


M 
T 

COX. 

if) 

H 

H 

NF Pex 9) 
H 
H 
¥t> 

DZ) m2 x 
T D M 


Fig. 7.12 Centre of curvature. 
The equation of the normal at P(x, y) is 


r= 


or 


where X and ¥ are coordinates of any point on the normal and r the variable 
distance of the variable point (X, ¥) from (x, y). Thus the coordinates of 
(X, ¥) of the point on the normal at a distance, r from P(x, y) are (x —r sin y 
y+rcos y). 

For the centre of the curvature, we have r = p. Hence (x, y) be the centre 
of curvature, we have 


X=x-psiny, Y=y+poosy. 


But 
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Therefore, 


Note: For centre of curvature, we substitute the values of siny, cosy 
and p. 


Evolute 


The locus of the centres of curvature of a curve is called its evolute and a curve 
is said to be an involute of its evolute. 


Example 7,32 Find the coordinates of centre of curvature at a point (x, y) of the 
parabola y* = 4ax. Hence obtain its evolute. 


Solution Here 


dy 4a? 
ys dar, re ae 
y 
If (X, ¥) be the centre of coordinates, we get 
2/42 ae 2 
ex Miltary! _ yh tda! daredart aa seg) 
y daly 2a 2a 
and 
L+4atly? yO? 44a") _-y _, ax? _, 2x 
Yay+ = yet =i 
ap aa cage a ge 0) 
Eliminating x from (1) and (2), we get 
> 
y 2-4 ee) or 27a¥? = 4(X ~ 2a)? 
a al 3 


is the required evolute. 
Example 7.33 Find the evolute of the astroid x = a cos*6; y = a sin°6. 
Solution We have 


dx 
x=acos'0, —=3acos’@ (-sind) 
a = ¢ ) 


4 = 3asin’@ cos0. 
Therefore, 
Basin’ Ocos@ _ 


+ =~ tan 
3acos’6 sind 
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tan (i+ tan?O) 


X =acos'd +——> 
sec‘ @ cosecO 


3a =a cos'@ + 3asin*cos8 a 


Also 
1+ tan’ 


¥ = asin'@ + OO 3a asin’ + 3a c0s°0 sind 2) 


Eliminating @ between (1) and (2), we get 
X +¥=a(cosO +sind) or (X +¥)'? =a" (cos + sind) 
or 
X -¥ =a(cos@—sin8)’ or (X -¥)'? =a"*(cosO ~ sind) 
Squaring and adding, we get 
(X +P? (XV)? = 207” 
This is the required evolute. 


Exercises 7.2 
1. Find the chord of curvature through the pole of the curve r = ae"®, 
2. 
3. Find the chord of curvature through the pole of the curves: 
(i) P cos 20= a, (ii) P= a cos28, 
4. Show that the chord of curvature through the pole of the curve p = f(r) is 
given by 2/(n/f"(r). 
5. Show that in any curve of the chord of curvature perpendicular to the radius 
vector is 2p(r? - p*)'/r. 


Find the chord of curvature parallel to x-axis for the curve y = log sec x. 


6. Show that the circle of curvature at the origin of the parabola y = mx + x7 
isx7 + y? = (1 + my - mo. 

7. Show that the circle of curvature at the point (am?, 2am) of the parabola 
y? = 4ax, has its equation x7 + y? - 6am*x - 4ax + 4am*y = 3a’m', 

8, Find the equation of the circle of curvature at the point (0, b) of the ellipse 
la + yb? = 

9. Find the radius of curvature at any point P of the eatenary y = ¢ cosh (x/c) 


and show that PC = PG, where C is the centre of curvature at P, and G the 
point of intersection of the normal at P with x-axis. 


10. For the lemniscate r* = a cos 26, show that the length of the tangent from 
the origin to the circle of curvature at any point is V3r/3. 


11. The circle of curvature at any point P of the lemniscate P = a? cos 20 meets 
the radius vector OP at A, show that OP:AP = 1:2; O being the pole. 
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12. 


13. 


4, 


15. 


16. 


17. 


18. 


20. 


21 


22, 


23. 


Pu Pz are the radii if curvature at the corresponding point if a cycloid and 
its evolute, prove that (p?+ p3) is a constant. 


Prove that the distance between the pole and the centre of curvature 
corresponding to any point on the curve r” = a"cos nO is 


If c, and c, be chords of curvature parallel to the axis at any point of the 
curve y = ae“, prove that 


Show that (i) the chord of curvature at any point of the cardiod r = 
a(1 + cos 8) is (2/3V(2ar), (ii) @*/r is constant. 


Ic, and c, be chord of curvature parallel to the axis of x at any point of 
the catenary y = cosh (x/c), prove that 4c?(c? +¢2) =e! 


Find the centre of curvature for the following curves at the points indicated: 
@) aG? - 7) = 2; (0, 0), Gi) @ - NO - 29) = 8 +y*, 0, 0) 
(iii) 4x7 - 3xy + y? - 3y = 0, (0, 0), (iv) r = a sin n8, (0, 0) 

(v) Y= 3xy + 27 - + y* = 0, 0, 0), 

(vi) y? = (a + Ma — x) at the point (a, 0), 


(vil) y = af 7, ©, 0), (sill) y =e", @ 1). 

Show that the centre of curvature of the curve /a* + y7/b? = 1 is 
= ta -a 
y= y 


Prove that the centre of curvature at the point determined by 1 on the ellipse 


x =a cos 1, y= b sin ris given by 


Boo Be 


sin’. 


Find the centre of curvature at the point determined by ¢ on the astroid 
x =a cos, y = a sin’t. 


Show that the circle of curvature at the origin of the parabola y = mx + 
Pla? is x2 + y? = all + m)(y - mx), 


Find the evolute of the following curves: 


(@ y = 4ar, (ii) x = a cos®, y = b sind, ) %/a? - y2/b" 


Prove that the centre of curvature at points of a cycloid lies on an equal 
cycloid. 
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24, 


25. 


26. 


29. 


Show that in the curve y =x + 3x —2°, the radius of curvature at the origin 
is nearly at 0.4714 and that at the point (1, 3) is infinite. 


Find the coordinates of the centre of curvature of the curves: 


(i) © + y = Bary at Gal2, 3a/2) (ii) x = a(t + sin), y = a1 + cos f) att 
(iii) x + y* = 2a?xy, at (@, a). 


Show that the evolute of the ellipse x = a cos, y = b sin Bis (ax)?? + (by) = 
@ - BY, 


|. Show that for the hyperbola x7/a* — y*/b? = 1 the equation of the evolute 


is (ax)? - (by)? = (@ + BY? 


Prove that the evolute of the hyperbola 2xy = a* is (x + y)*? - (x yy" = 


2a, 
Show that the evolute of the tractrix x = a [cos ¢ + log tan (1/2)], y = a sin t 
is the catenary y = a cosh (x/a). 


Asym ptotes 


8.1 Introduction 


A curve in a plane is either closed or open. Examples of closed curves are circle, 
ellipse, whose lengths are limited. Open curves are those whose graphs extend to 
infinity, such as parabola and hyperbola. 

Thus a straight line touching a curve at infinity is called its asymptotes. Let 
a curve be given and a tangent be drawn at some point of the curve. If the point 
of contact of the tangent goes further away from the origin, then the distance of the 
tangent from the origin will also go on changing; somestimes it will increase 
continuously and sometimes it will decrease continuously. But it may be possible 
that when the point of contact tends to infinity, then the tangent takes up a definite 
position of a straight line. This is called ‘asmyptotes’. 

In other words, if P be a point on a branch of curves which extends to infinite 
and a straight line exists at a finite distance from the origin, from which the 
distance of P gradually diminishes and ultimately tends to zero as P tends to 
infinity, moving along the area, then such a straight line is called an ‘asymptote’ 
to the curve. 

In a simple language, an asymptote is a straight line, which cuts a curve in 
two points at infinity (i.e. touches at infinity) but is not itself at infinity. In other 
words, an asymptote is a tangent whose points of contact are x = 

This can be understood as follows: Let P(x, y) be any point on the curve 
y=/(x). Then a straight line will be the asymptote of the curve if the perpendicular 
distance of the point P(x, y) from the straight line tends to zero as x — % or 
y © or both x 

For example, the straight line x = 2a is an asymptote of the cissoid 
(Qa — x) =.°. We find that as P(x, y) moves to infinity, its distance from the line 
x = 2a tends to zero (Fig. 8.1). 

Asymptote of a curve can be obtained in a number of ways and we shall 
discuss them one by one. 


yao, 


So, 
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x’ 


Asymptote 


Fig. 8.1 An asymptote. 


Solution to an equation with two infinite roots 


If y = mx + c be an asymptote of the curve (x, y) = 0, we solve these equations 
for at least two infinite roots, such roots help find sets of suitable values of m and 
¢ for the asymptotes. This is the basic method to find the asymptotes. 


Asymptotes of an algebraic curve 
Let the equation of the curve be 
Cage" + aye ly + oo + ay) + (bye! + By 2y + yxy? +o Bay!) + 
(ex? + oxy + opty + + Gy) + = 0, 


where a's, b's and c’s, are constants, In the first parentheses, we put all those terms 
in which the sum of the indices of x and y is n, i.e. the term in the first parentheses 
is a homogeneous function of x and y of degree n. Similarly, the term in the second 
parentheses is a homogeneous function of degree (n ~ 1), and so on, Therefore, 


va 2) e%4,(2}+e70.(2}+ “ 

x x x 

where x"9,()/x) is a homogeneous function of degree r in x and y. 
Let the equation of the asymptote be 


0 (8.1) 


yomte (8.2) 


Now we want to find out the point of intersection of the line y = mx + ¢ with 
the given curve afier simplification, we get 
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{nes}+ 


which gives the abscissa of point of intersection of the line and the curve. 
Expanding Eq. (8.3) by Taylor's theorem, we get 


Putting this in Eq. (8.1), we get 


Cli cc), 
va(mes}ee amet} ee (8.3) 


x [aim +E¢meS a 
x Pd 


fee ‘[avem+Sacume-] 


+277 [9 lm) +] 
or 


2 
xg (m) + x" feg{(m) + ¢.,(m)] +> [Satom + Gf (m)+ 4.x] +50 
(8.4) 
This is the equation of the nth degree in x showing that the straight line cuts a curve 
of the nth degree in n points, in general (real or imaginary). If the straight line (8.2) 
is an asymptote to the curve, it cuts the curve at infinity. Therefore this equation 
has two infinite roots for which the coefficients of two highest-degree terms should 
be zero: 


@(m)=0 (8.5) 
cG{(m) + g,(m)=0 (8.6) 


If the roots of (8.5) be my, ms, my, ~~. mp, the corresponding values of ¢, ie. 
(Cty €25 €3, ***s Gq) are given by Eq. (8.6). Therefore, 


= Al) 
am) 
Hence the  asymptotes are 
YEmxtoy, yo mete, ys=metcy y= amet cp 
Working rules: 
(i) In the highest-degree terms, put x = 1 and y = m; then we get ,(m). 
Equating it to zero and solving it, we get m = my, ma, ms, 
(ii) In the next lower-degree terms, put x = 1, y = m, then we get @y_,(m). 
iii) To get c put the values of m in the formula c = ~4,.\(m)/¢(m). 
(iv) If this formula takes the form 0/0 by the substitution of the value of 
im, then use 


(im) + 09, ,(m) + ¢,.(m) =0 


to get c. 


296 ___ Textbook of Differential Calculus 


Example 8.1 Find the asymptotes to the curve y° — 3x°y + xy? ~ 3° + 2y? + 2ry + 
4x - Sy +6 =0. 

Solution Let the asymptote be y = mx + c. Here we put x= 1, y = m in the 
highest-degree terms, i.e. in the third-degree terms of the given equation of the 
curve and equate it to zero, we get, 


(mm) =m? ~3m +m? O) 
Therefore, gy(m) = 0 gives 
m —3m +m? —-3=0 or (m+ Xm —3)=0. 
‘We get 
m=-1, 23. Q) 


Again, put x = 1 and y = m in the second-degree terms of the given equation of 
the curve, we get 


A(m) = 2m? + 2m (3) 


Differentiating (1) with respect to m, we get #3 = 3m? — 3 + 2m. Therefore, 


fm) ___ 2m? +2m 
Gm) 3m? +2m—3 


Here, we put m from (2), we get c = 0, when m =—-I, c= 1, when m = V3 and 
c= 1, when m = —V3. Hence the required asymptotes are y = mx + 1, that is 


x+y=0 and y=3V3x+1 
Oblique asymptotes of algebraic curve 


Let the rational algebraic expression containing terms of the rth and lower, but of 
no higher degrees be denoted by Py, F,. 


(@) Let the equation of the curve of nth degree can be put into the form 
(ax + by + 0) Ppp + Fy = 0. (8.7) 


Then the straight line parallel to ax + by = 0, obviously cuts the curve (8.7) 
in one point at infinity. We are now to find out the particular member of this family 
of parallel straight lines which cuts the curve (8.7) in a second point at infinity. We 
will now examine the ultimate linear form to which the curve reaches infinity. We 
make x and y in the equation of the curve in the ratio by 


Therefore, (8.7) becomes 


arthyte, tin Bs 
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ayy + by = 0, y = -by/a, is the asymptote parallel to x-axis. Similarly, rearranging 
the terms of the equation of the curve in descending powers of y, we get 


OV" + (dy 3X + By! + (dy? + by x + cy" + =O (8.12) 


Hence if a, = 0, and x be so chosen that dy.1x + by = 0, the coefficient of the two 
highest powers of y in (8.12) vanish, and therefore two of its root are infinite. 

Hence the straight line a,..x + By = 0 or x = ~by/d,.y is an asymptote parallel 
to the axis of y. 

Again if ay = 0, ay = 0, b, = 0 and if y be so chosen that ayy? + day + c= 
0, three roots of Eq. (8.11) be infinite and the lines represented by ax)? + boy + 
¢, = 0 represent a pair of asymptotes (real or imaginary) parallel to the x-axis. 

Similarly, if a = 0, ay-1 = 0, by = 0 and x be so chosen that ay.2x7 + by.yx + 
Gy =.0, three roots of Eq. (8.12) be infinity and the lines represented by 
y2° + yx + Cy = 0 represent a pair of asymptotes (real or imaginary) parallel 
to the y-axis. 


Working rules: 
(i) In order to obtain the asymptotes parallel to the axis of x, equate to zero, 
the coefficient of the highest power of x. For example, if the curve be of 
the nth degree and term containing x" be absent, the coefficient of x! 
equated to zero will give the asymptotes parallel to the axis of x. 
(ii) If both the terms containing x, and x"' be absent, then the coefficient of 
x"? equated to zero ive two asymptotes parallel to the axis of x. 
(iii) To get the asymptotes parallel to the axis of y, equated to zero, the 
coefficient of the highest power of y. For example, if the curve be of nth 
degree and the term containing y, be absent then the coefficient of y,.1 
equated to zero will give the asymptotes parallel to the axis of y. 
(iv) If both the terms containing y” and y*' be absent then the coefficients of 
¥" equated to zero will give two asymptotes parallel to the axis of y. 


Corollary If the equation of the curve be the nth degree, and the coefficient of 
x" is not zero, then there will be no asymptote parallel to the axis of x. Similarly, 
if the coefficient of y" is not zero, then there will be no asymptote parallel to the 
axis of y. For example, the curve x° + y*, 3axy will have no asymptote parallel 
cither to x-axis or y-axis, as the coefficients of x° and y’, the highest-degree terms, 
are not zero. 


Example 8.2 Find the asymptotes to the curve x3)? = ay? + Bx? 


Solution Here x7)? = ay? + 64 be the equation of the curve. This is the 
4th degree equation. The terms containing, x‘, x, y* and y° are absent. Hence 
equating to zero the coefficient of x? and y’, will give the asymptotes parallel to 
the axis of x and the axis of y. 

Here the coefficient of x7 = 7 — 6 or y = +b. Hence the asymptotes to the 
axis of x are y = 5 and y = ~b. Again, the coefficient of y* = x? - a to zero. 
Therefore x = +a. 

Hence the asymptotes parallel to the axis of y are x = a and x = ~a. Thus the 
required asymptotes are y- b= 0, y + b=0,x-—a=Oandx+a=0. 


300___ Textbook of Differential Calculus 


8.3 Asymptotes by Inspection 


(a) If the equation of an algebraic curve be put in the form Fy + Fy. = 0, where 
F, consists of nth degree and lower degree terms which cannot be expressed as a 
product of 7 linear factors, none of which is repeated; and F,. consists of terms 
of degree (n - 2) or lower degree terms. Then all the asymptotes to the given curve 
will be given by F, = 0. 

(b) If in the equation F, + Fy. = 0 of the curve, F, consists of real linear 
factors (some repeated and some non-repeated factors). Then, the non-repeated 
factors equated to zero will definitely be the asymptotes to the curve. But the 
asymptotes corresponding to the repeated factors will however have to be obtained 
as in the general case. 


Total number of asymptotes to a curve 

Let y = mx + c be the equation of an asymptote. We know that the value of m is 
found out by solving the equation ¢,(m) = 0. Since the equations of nth degree has 
‘roots, we shall get n values of m by solving ¢,(m) = 0. We shall get an asymptote 
corresponding to each value of m. Hence the curve of mh degree has generally 
asymptotes, real or imaginary. 

Theorem 8.1 If y = mx + c is an asymptote to a curve then 


m=lim and c=lim(y—mx) 
oe a 


Proof Let y = mx +c be an asymptote to the curve, where m and c are to 

be obtained. Let P(x, y) be any point on the curve (Fig. 8.2). From P, draw a 

perpendicular on y = mx + c, whose length is p. Then 
yomr-c 


p (8.15) 


N+ m* 


Fig. 8.2 Perpendicular from an asymptote to a curve. 


From the figure, it is obvious that as the point tends to infinity along the 
curve, the distance between the curve and the line becomes lesser and lesser, i.e. 
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p> 0. When y = mx + ¢ touches the curve at infinity, then p —> 0. Thus when 
x ©, p — 0. From this we get the values of m and c, Now taking the limit of 
Eq, (8.15), when x — 22, 


Therefore, 
(8.16) 
Again, 
yemete+ pyitm 
or 
Zem+Ss2 Siem 
x ¥ 
Therefore, 
lim >= m+ lim£ + lim 
bake ae 
Hence 
m=lim> (8.17) 


ie 


Thus, we find out the values of ¢ and m from Eqs. (8.16) and (8.17) and 
thereby the equation of the asymptotes y = mx + c is found out. 
Example 8.4 Find the asympotes of the curve x° + y° = 3axy. 


Solution Let y= mx + c be the equation of the asymptote. Here we divide 
the equation of the curve by x}, we get 


‘J y 
¥(2] =3a2= sat 
x Po xx 
Therefore, 
vn[t-(2)] =3atim2tim + 
Hallet po 
Then 


1+mP=0 or (1+ mm -m+1)=0. 


Therefore, the real value of m = -1. Now 
C= fimo me) = lin +2 
‘Now put (c — x) for y and take the limit x — ». Therefore, 
x) +(e ~x) = 3ax (¢~x) 
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or 


, 
(Gc+3a)—3ele + aye+S 
xx 


Taking the limit when x — ©, we have 
3e4+3a=0 or cma. 
Hence, the required equation of the asymptote is 
yr-x-a or x+y+a=0. 
Example 8,5 Find asymptotes of the curve x° - 2y° + 2r'y - 7 +xy - 7 +1 = 0. 
Solution Putting x = 1, y= m in the third-degree terms and equate to zero, 
eS (im) = 1 — 2m? + 2m — m? = 0, 
7 (1 + 2m) — m?(1 + 2m) = 0 
or 
(1+ 2my(1 + mX1 = m) = 0 


We get m = 1, -1, -1/2. Again, 


(mm) = m — m? = m(1 - m) 
Therefore, 


= Gam) ____ ml —m) 


© = Sm) 6m? +2 2m 
when m = 1, e=0 
_ _na+ 
when m = 1, c ~614242 
1 
when m=—5, 


Therefore, putting the corresponding values of m and c in y = mx + c, we get the 
asymptotes as: y =x, x+y +1=0,x+2y-1=0. 
Example 8.6 Find the asymptotes of x° + x¢y - xy? — y? + 2ay + 2y? - 3x + 
y=0. 

Solution Putting x= 1 and y= m in the third-degree terms equating to zero 
¢3(m) = 1 + m — m? ~ m? = 0, Therefore, m = -1, -1, 1. 

Again 9(m) = 2m + 2m? = 2m(m + 1). Then 


when m = 1, 


oO 
when m = -1, e=o: 


Now to find the value of c, we choose first-degree terms to zero 


2 
Sem + c9f(m) + A(m) =0 


or 


a 
S-2-Gn) + (2 + Arm) + (-3 +m) =0 

or 
-c(1 + 3m) + (2-4) +(-3-1)=0 

Solving, we get ¢ = -1, 2. 

When m = 1, then ¢ = 1, when m = ~I, then c = ~1 or 2. Therefore, the 
equation to the asymptotes are: y= x + I,y+x+1=0,y+x-2=0. 
Example 8.7 Find the asymptotes to 4x° — 3xy? - y° + 27 - xy- - 1 = 0. 

Solution Putting x= 1 and 
zero, we get 9(m) = 4 — 3m? — ne 

Again, 

@y(m) = 2 — m — m? = {n? + m — 2) = {m — 1)(m + 2) 


in the third-degree terms and equating to 
). Solving, we get m = 1, -2, -2. 


Therefore, 
= _ Gam) __ (m= 1m +2) __ mal 
o(m) 6m — 3m? 3m 


‘Therefore, using 
2 
ii Bln) + c95(m) + (m) = 0. 
we get 
2 
F6-6m) + e(-1- 2m) +0=0 


Solving, we get 

© = 0 or 3c (I +m) + (1 + 2m) =0. 
Thus when m = 1, ¢ = 0; when m = -2, ¢ = -1. Therefore, the equations of 
asymptotes are: y —x = 0, y +2x=0 andy +2e+1=0. 
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Example 8.8 Find the asymptotes to the curve 
2 -2ey tay +P -xy+2=0. 

Solution Here the highest power term in x is x° and the coefficient of x° is 
1(#0). Therefore, there is no asymptote parallel to x-axis. Again, the highest power 
term in y is x7 = 0, We shall get one asymptote x = 0 from the coefficient x of 
¥. For finding out the equation of the other two remaining systems, we follow the 
previous method. 

Here the highest degree of the equation is 3. Therefore, putting x = 1 and 
y = min the third degree terms and equating to zero, we get 


O(m)=1-2m+m?=0 or m=1,1 
Again ,(m)=1-m. Therefore, 


Bylo) _ 
H(m) 


When m = 1, then c = 0/0. Therefore, we get 


Seon + eef(m) + Alm =0 


or 


e 
ncCO 00: 


Solving, we get ¢ = |. Thus when m = 1, c= 0 or c= 1, the equations 
of the asymptotes .y=x+Landx=0. 


Alternative method: The equation of the curve can be written as 


xe? — Day + 7) + xe -y) #2 = 0 


or 
x(x —yP + x(x -y) +2 =0 
or 
x(x — yr —y + 1) +2 =0, 
which is of the form of F, + Fy. = 0. Therefore, the three asymptotes are: 
x=Ox-y=0 and x-y+1=0. 
Example 8.9 Find the asymptotes to the curve y*(x ~ 2a) = x8 - a, 


Solution The equation of the given curve is of third order. Here the 
coefficient of x’ is 1(# 0). Therefore, there is no asymptote parallel to x-axis. 
Again the coefficient of ° = 0. Then equating to zero the coefficient of »7, 
‘we get x ~2a = 0. Therefore, the equation of the asymptote parallel to y-axis is 
x—2a= 0. Now, putting x= 1, y= m in the third-degree terms and equating to zero, 
we get 
o(m) =m? -1=0 of m=1,-1. 
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Now, by putting x = 1/t, y = -1/t so that 1 > 0, we have 


i [lt 9 +2 8 + 2r 
=tlim |————— t =tV8 =+2V2. 
ae yee 2ne2 (ave Mintne 


Hence the three asymptotes are: x + 2y +2 =0,x+y = 2V2 andx+y= 
22, 


Example 8.11 Find the asymptotes to the curve (x? — ?)y ~ 2ay? + 5x-7 = 0, and 
prove that the asymptotes form a triangle of area a. 


Solution Here the given equation of the curve can be written as x°y ~ y* 
—2ay? + Sx — 7 = 0. Here, equating the coefficient y of x°, the highest power term 
of x, to zero, we get the equation of the asymptote parallel to x-axis as y = 0. 

‘Now, putting x = 1, y= m in the highest power, i.e. in the third-degree term 
in the equation of the curve and equating to zero, we get 


@(m) = m =m? =0 or m=0,1,-1. 
Again, ¢(m) = —2am?. Then 


d(m)__ 2am? __2an* 
Gm) 13m? 13m 


Therefore, when m = 0, ¢ = 0; when m = 1, ¢ = ~a; and when m = -1, c= -a. 
‘Therefore, the equation of the asymptotes are 


yr0, yax-a xa. 


Solving the three asymptotes, we get 


zea, y=0, x=-0, y= x=0, ys-a 


Hence the coordinates of the three vertices of a triangle are: (a, 0), (~a, 0), 
and (0, ~a). Hence 
Area of A= 3 fa (0 + a) + (ala ~0) + 00-0) = a 
Example 8.12 Find the asymptotes to the cubic x7y — xy? + xy +? +x-y = 0, 
and show that they cut the curve again in three points lying on the straight line. 


Solution Putting x = 1, y = m, we get, o(m) = m— nt = 0. Therefore, 
m = 0, 1. Again ¢(m) = m + m’, Hence. 


ex film) __ mil + m) 
Om) 1=2m 


When m = 0, ¢ = 0; also when m = 1, ¢ = 2. Therefore, the equation of two 
asymptotes are: y = 0 and y = x +2. 
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Again equating to zero the higher powers in x and y, the equations to the 
asymptote parallel to the coordinate axes are: y = 0 and | - x= 0, ie. x= 1. 
‘Thus the equations of three asymptotes are 


y=0, x-1=0, x-y+2=0. 
Now the joint asymptotes of the three equations will be 
dee = ry +2) =0 


vy xP tay ty -2y=0 0) 
which we write as P; = 0. 

But the equations to the curve is xy ~ x97 + xy +? -2y + (x+y), 
P; + (x + y) = 0. Hence the point of intersection of the curve and asymptotes 
satisfies x + y = 0, which represents a straight line. 

But a straight line cuts a curve of third-degree in 3 points. But each 
asymptote passes through two points of infinity. Therefore, it will cut the given 
curve at (3 — 2) or I point more. Since the number of asymptotes = 3, the number 
of points of interesction of the curve and asymptotes = 3 x 1 = 3. 

‘Thus all the three points of intersection of the curve and asymptotes lie on 
a straight line. 


or 


Example 8.13 Determine the asymptotes to the curve. 
A(t + y) — 12x? - 4x4? - 2°) + 207 - 2) = 0 
and et that they pass through the point if intersection of the curve with the ellipse 
+4 = 4. 
Solution The equation of the curve can be written as 
(4x8 + 47 - 172) - 4x(4y? - 7) + 267 - 2) = 0 
* = aye — 92) + AxGe — 4y7) + 207-2) = 0. 
Simplifying, we get 
(x + yx - 22x + 1 +y)Qe + 1-y) +O? + 4-4) =0 
Hence the required asymptotes are 
(@-2)=0, x+2y=0, 2e+y+1=0, 2-yt1=0. (1) 


From the equation of the curve and (1), it is evident that the points of intersection 
of the curve and the ellipse x? + 4y? = 4 satisfy the equations of the asymptotes. 


Example 8.14 Find the asymptotes to the curve 
xet3ry-dy-xt+yt+3=0. 
Solution Here the equation of the curve is written as 
waxy + ary-4P-xt+y+3=0 
or 
&- ye + BP =x-y-3. 
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or 
y-2e+4=0. 


Thus the asymptotes are: y +x +1=0,y+x+z=0andy-2r+4=0. 
Example 8.16 Find the asymptotes of the curve »° + ty + 2x? ~ y+ 1 = 0. 
Solution The equation of the curve can be written as 


207? +P +2y)-y+1=0, 
or 
yo txP-y+1=0. 
Therefore, the curve has a pair of asymptotes 


Thus the two asymptotes are x + y= I and x + 
The third asymptote is obtained by equating to zero the coefficient of 3° 
which is y = 0. Thus the asympototes are x + y= 1, x+y +1=O and y= 0. 


Example 8.17 Find the asymptotes of x° + 2x¢y — dy? - 8y' — 4x + 8y- 1 = 0. 
Solution The given equation can be written as 
P(e + 2y) — Aye + 2y) - 4-29) - 1 = 0 


(x + 2y)e ~ 47) - 4x - 29) - 1 = 0 


(x = 2y)(x + 2p + Me + 2y-2)-1=0 


which is in the from of F, + F,.2 = 0. Therefore, the asymptotes are: x ~ 2y = 0, 
x+2y+2=0, and x +2y-2=0. 


Example 8.18 Find the asymptotes of y’ — xy? - Py +P +2 y= 1. 
Solution The given equation can be written as 
YO -9-F0-)-0- NO +H -1=0. 
Y-0P -F-(ty]-1=0 
=x + HY -x-1)-1=0 


which is in the form of F, + F,.2 = 0. Hence the asymptotes are: y— x= 0, y +x 
= 0 and y-x-1=0. 


or 


or 


or 


or 


Example 8.19 Show that there is an infinite series of parrallel asymptotes to the 
curve 
« 
Osind 
and show that their distance from the pole are in harmonic progression. 
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Solution Here 
__a@ 
@sin 


r +b or r@sin@-(a+bOsind) =0. 


It is of the form of r/i() + (0) = 0. The directions for asymptotes are 
A(M=0 or Osin@=0 or O=nz, 
where n = 0, +1, +2, #3, ... Thus the asymptotes are 
Sf,(nz) a+bnzsinne 
et ()) 
filnz) — sinna+nzcosnt 


If n # 0, by (1) the asymptotes are 


r(-1)"™ sind = or rsin@=— Q) 
nt 


na" 
When n = 0, the right-hand side of (1) is infinity so we get no asymptote in this 
case. These are infinite number of asymptotes corresponding to n= #1, 42, 43, »+- 
and the perpendicular distance of these from the pole are 


Os Oo Bo Bs 

x 2x" 3x" 
which are clearly in harmonic progression. 

Exercises 8.1 


Find the asymptotes of the following: 


1 x tye 2. Yara -x) 

3. eyt aaa 4. Py=Ptxty 

5. Pla—x)= P(x +a) 6. Pe -y?) = 72 - 4a?) 

1. xx-y) + be - a =0 8 ya +x)=x(a-x)? 

9 (-aP(e-@)=x +a 10, 9xt- 4° +2 +y-1=0 
I. (a+ x9 +2) =x, 12. Y-xe- ryt P-P-Ye=l 


B. PP -ey-xr te tyt1=0 

14, 2 + 3px + 3+ P- PP =0 

15, 2 + 2y-xy - 2p +P? -Y -2x-3y=0 
16, x3 — dy? ~ 3x? + I2xy ~ 12)? + Bk + BVH 4=0 
17, 9 + 2ey -x7 - 29 + Ay? + Ay +y-1=0 


18, (x ~y + 22x - 3y + 4)(dx — Sy + 6) + Sx —6y +7 =0 
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58. The asymptotes to the curve x47 - x7 - 7 -x-y +1 = 0 forma square 
through two of whose angular points the curve passes. 

59. The asymptotes to the curve x77 ~ a(x? +) - a(x + y) + a’ = 0 forma 
square two of whose angular points lie on the curve. 

60. The four asymptotes to the curve 
(2 = Ag? — 42) — 62 + S2y + 392-299 2 +31 =O 
cut the curve again in eight points which lie on a circle x7 + y? = 1. 
[Hint: The given equation is (x — yXy - 2x\x + y +1) (+ 2x4 It + 

-1=0) 


61, All the asymptotes of the curve, r tan n@ = a touch the circle r = a/n. 


Maxima and Minima 


9.1 Introduction 


Any function f(x) admits a number of values of x varies within a certain interval, 
Some of these values may be greatest or least, when compared to other values of 
the function, are called extreme values. 

We shall here be concerned with the application of differential calculus to 
the determination of the values of a function which are greatest or least in their 
immediate neighbourhood is known as relatively greatest and the least or maximum 
and minimum values. 

The term ‘maximum value’ does not mean the absolute greatest value and 
neither the absolute least value of the function y = flx). Moreover, there may be 
several maxima values and several minima values of the function, Between 
two equal values of a function at least one maxinum and one minimum must lie 
(Fig. 9.1). 


AL BA: By By Ba Bs 


y’ 
Fig. 9.1 Maximum and minimum points on a curve. 
33 
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The function y = f(x), represented graphically, has maximum values at 
P2, Py, Psy, and has minimum values as P,, P3, Pg ... For instance, at 
P,, corresponding to x = OB (= c2), the value of the function is not necessarily 
bigger than the value at Ps, but we can get a range, say c1Bc» in the neighbourhood 
of B, on either side of it (8= cyB, = Byc3) such that the value of the function is 
less than P2B3 (i.e. the values at P,). Hence, by definition, the function is maximum 
at x = OBy. Similarly, in the interval A,ByA2 (A,B, = & = B,A, say) in the 
neighbourhood of B, within which for every value of x the function is greater 
than that of By. Hence the function at B, is a minimum. 

At points P;, P2, Ps, Py, «-*, at which maximum and minimum ordinate 
‘occur, the tangents are parallel to one or the other of the coordinate axes. At 
points P}, P2, Ps, Ps,--, the value of dy/dx vanishes, whilst of point Ps, dy/dx 
becomes infinite. The position of maxima and minima are given by the roots of 
the equations: 


F@=0, fa)=~. 
In Fig. 9.2(a), we observe that, at points A, B, the tangents are parallel to 
either of the axes but at the ordinates, they have neither a maximum nor a 
minimum value. In Fig. 9.2(b), in passing a maximum value of the ordinate, the 
angle ymade by the tangent with OX changes from acute to obtuse and therefore 
tan yor dy/dx changes from positive to negative. While in passing, the maximum 
value, y changes from obtuse to acute. Therefore, dy/dx changes from negative 
to positive. 


y, 


Zz MAN: 


Obtuse 


x ol Ky [Acute 


(a) ) 
Fig. 9.2 Tangent at two points in a curve. 


A function fix) is said to have a maximum at x = c if there exists some 
h > 0 such that f(x) < f(c) whenever |x — ¢| < h. 

A function ftx) is said to have a minimum at x = 
h > 0, such that fx) > f(c) whenever |x ~ c] < A. 

A function fix) is said to have an extreme value at x = c if it has either a 
maximum or a minimum at that point. 

For example, y? = x? ~ 6x + 17 = 
when x = 3 and has no maximum value. Similarly, y 
has its maximum value 6, when x = ~1, but has no minimum value. The function 


ff there exists some 
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in x has both its maximum and minimum values. They are 1 and -1, when 
(4n + I)a/2 and (4n ~ 1)a!2, respectively, where n is any integer. But 
fan x has no extreme value. 


Explanation for maxima and minima 


Let fix) be a function whose maximum corresponding to x = c is at A. We 
consider the neighbourhood |c - h, c + hl of x= c. 

The tangent at A is parallel to the x-axis, ie. at A, then dyldx = 0. Now we 
take any point on the curve in the interval [¢ ~ h, c] preceding A and draw a 
tangent to the curve at the point P (Fig. 9.3). We see that this tangent makes an 
acute angle with the x-axis, In other words, f(x) is an increasing function in the 
interval [c ~ h, c]. Hence f(x) > 0. 
x Y 

A 


x p x 
Fig. 93 Increasing and decreasing function. 


Again, we take any point P’ on the curve in the interval [c, c + h] succeeding 
A and draw a tangent to the curve at the point P’. Hence we see that this tangent 
makes an obtuse angle with the x-axis. In other words, f(x) is a decreasing function 
in the interval {c, c + h]. Hence f'(x) < 0. 

Thus we find that the value dy/dx is positive for every point before the 
maximum point and the value of dy/dx is negative for every point afier the 
maximum point. Thus when the curve passes through x = c and the sign of 
dyldx changes from positive to negative in the neighbourhood of x = c then we 
can say that the curve has a maximum value at x = c. 

Since while passing through a maximum point, the sign of dy/dx changes 
from positive to negative, dy/dx is a decreasing function. Consequently, its derivative 
@y/dx? will be negative. 

Again let the minimum of the curve corresponding to x = d is at B. We 
consider the neighbourhood {d ~ h, d + h] of x = d. The tangent at B is parallel 
to the axis of x, ic. at B, dy/dx 

Like before, we take any Q on the curve in the interval (d = h, d] 
preceding B and we draw a tangent (o the curve at the point Q. We see that this 
tangent makes an obtuse angle with the x-axis, i.e. f(x) is decreasing function in 
the interval [d — h, d]. Hence f“(x) < 0. We take any point Q’ on the curve in the 
interval [d, d + h] succeeding B and draw a tangent to the curve at the point Q’, 
Here we see that this tangent makes and acute angle with the x-axis, 
an increasing function in the interval {d, d + h]. Hence f“(x) > 0. 
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Thus we find that the value of dy/dx is negative for every point before the 
minimum point and the value of dy/dx is positive for every point after the minimum 
point. Thus if the sign of dy/dx changes from a negative to positive dy/dx is an 
increasing function. Consequently its derivatives d°y/dx* will be positive. 


Working rule I: Let y = f(x) be a function of x. 


(i) First find out dy/dx. 

(ii) ‘Then putting dy/dx = 0, we shall find out the value of x. Let one such 
value be x = c. 

(iii) For every value of x (say x = ¢) we shall test whether the sign of dyldx 
changes from positive to negative or for negative to positive, when x 
passes through the value (by putting x = c ~ A and c + h separately), If 
the sign of dy/de changes from positive to negative then y is maximum 
for the value of x. But if the sign of dy/dx changes from negative to 
positive, then y is minimum for the value of x. 

(iv) If for x < @ dyldx > 0 and for x > a, dy/dx <0, then y will be 
maximum at x = @ If for x > @, dy/dx > O and for x < @, dy/dx < 0, 
then y will be minimum at x = a 


Working rule II: Let y = f(x) be a function of x. 


(@ For maximum or minimum, we shall find out the roots of the equation 
dyldx = 0. Let x = c be one such root. 
(ii) Next we shall find out the second derivative d’y/d? and we shall put 
x= therein. 
(iii) If @y/de* < 0, then y will be maximum at x = c. If @y/dx* > 0, then 
y will be minimum at x = c. 


9.2 Extreme Values 


Let PN = f(c) be maximum value of any function y = f(x) in the interval [c ~ 6, 
c + 6] in Fig. 9.4(a). 


Y 


5 
F A B 
A B 
=| ¢g = 4) a 
r) Ss + e| & & 
x IS = iS 
oLe=/) ec ie+h) x oLe-4 ce [+h x 
L N R L M R 
@) (b) 


Fig. 94 Extreme values. 
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Let -6< h < 6, and suppose that [c - h, c + h] are abscissa if two points 
A and B on the left and right side of P respectively in its immediate neighbourhood. 
Then their ordinates are: 


AL = f(c-h)< PN and BR = fic + h) < PN. 
Hence if PN = f(c) be a maximum value of f(x), then 
Sle -h) fle) <0 and fle +h) - fc) < 0 (9.1) 


Similarly, if QM = fic) be the minimum value of y = f(x) in any interval 
in Fig. 9.4(b) then 


AL = fle = h) > QM and BR = f(c + h) > QM. 
Thus 
Sle -h) - fic) > 0 and fle +h) - fc) > 0 (9.2) 


if lc) be the minimum value of f(x). 
Keeping Eqs. (9.1) and (9.2) in view, we have the following analytical, 
definition of extreme values of any function of one variabl 
In any interval of a function, f(x) has its maximum value f(c) if f(c + h) 
~f(€) < 0 and minimum value f(c) if f(c - h) — f(©) > 0, where h is any number 
positive or negative, but numerically very small. 


Criteria for extreme values 
Theorem 9.1 If f(c) be an extreme value of f(x) at x = c and f“(c) exists, then 
fo) = 0. 
Proof Let f(c) be an extreme value of f(x) in any interval then if | h | be 
very small, 
fle+h)-fle) <0 and fle-h)- fl <0 
Therefore, 


Ler W-S0 <9 a fe-W= $0), 9, 


Now Since f(c) exists, by definition, we get 


LE+W~ FO jig [E-W= LO. 
i toh 


fO= im. 


Hence in the limit, f"(c) < 0 and f’(c) 2 0. This is possible only when we conclude 
Se) = 0. 

Similarly, the theorem can be proved when f(c) is minimum, 
Note: The theorem provides only necessary condition for the existence of extreme 
values of f(x). Its converse is not true, and f(x) = 0 is possible without any 
extreme value for f(x). 


Theorem 9.2 If f(x) be defined in any interval containing the point x = c, and 
‘F(c) = 0, but f“(c) # 0, then f(x) has its one maximum value of fic) if f"(c) < 0 
and minimum value of fic) if f"(c) > 0. 
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Proof By Langrange’s mean value theorem, 
Sle +h) = flo) + hf'(c + Oh), where 0< O< 1. 
But since f((c) = 0, we can write 
If'(c + Oh) = hif"(c + Oh) - 0} = hic + Oh) - F*(0)) 
Therefore, 
KG) 


fle+h)- fo) =p (e+ 00) 047 LEA LO (9.3) 


Now, if we put k= @h, then k + 0 ash +0 


tim LEP A= Lig LEFW=S'O « 
ca) Oh 


ra k 


“© 
Hence from Eq. (9.3), we get 


Sle + h) - f(O = 6H? fc) (9.4) 


In the limit, in the neighbourhood of x = c, making h as small as we please. 
Moreover, since 0 < @< 1, for any positive or negative of h, 8h? > 0. Also, 
flo) #0. 

From Eq. (9.4), 


fc+h)-fO<0,  iff"(o<0 


and 
fe+h-fl>o, iff" >0. 

Therefore, f(c) = 0 and f”(c) # 0. f(c) is a maximum or minimum value of f(x) 

according as f”(c) < 0 or > 0. 


Note: When both f"(c) = f”(c) = 0, the extreme values depend upon signs of 
derisatives of higher order. 


Theorem 9.3 If f(x) is defined in an interval containing x = c and f(c) = 
f'O= fC) = + = fc) = 0, but f*(c) # 0, then 
(i) (©) is a maximum or minimum value of f(c) according as f"(c) < 0 
or > 0 when n is even and 
(ii) (©) is not an exterme value of f(x), if n is odd. 
Proof Since f(c) = f"(c) =f") = + 
theorem of higher order, we find 


fc) = 0, by mean value 


Ont f+ Oh)- fo) 


ferh)-fo= Gm Oh 


where 0 < @< 1 and @h — 0 when h — 0. Then 


im LT E+ O= FO _ ps 


lim 7 ) 


320___ Textbook of Differential Calculus 


9.3. Functions of Two Variables 


Consider extreme values of u = f(x, y) subject to the condition ¢x, y) = 0. There 
are two possible cases, which are discussed in the following examples. 

By solving equation 9(x, y) = 0, we may find that y = g(x) is satisfying the 
given condition. 
Example 9.1 Find extreme values of 4x° ~ 15x* + 12x - 2. 

Solution Let y = f(x) = 4x° - 15x? + 12x - 2. Then 


dy. 


de 
For maximum or minimum value, f“(x) = 0. Therefore, 


"(x) = 12x? - 30x + 12 = 6(2x7 - 5x + 2). 


6(2x-5x+2)=0 or x= 
Also 


F=f) =6ax-9)=-18 <0, when x= 


vir 


and 


2 
S2- = 18>0, when x=2. 


Therefore, f(x) is maximum when x = 1/2 and minimum when x = 2. Hence the 
given equation has 


a ‘ 
Maximum value = f(1)=4{1) ~15(1) +12(1)-2=3 

2) "(2 2 2) °"4 
Minimum value = f(2) = 4(2)° ~ 15(2)? + 12(2) - 2 
“1 


and 


Example 9.2 Prove that x‘ is minimum when x = 


Solution Let log y = log x* = x log x. Then 
fii aloget xt stops +! 
and 


ay 


For maximum or minimum, 


Therefore, 


logx+1=0 or logx 
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or 


But from (1), when x = 


ay ld yy 
F 


ey =log(xe) +x" >0 


Therefore, y = x* is minimum when x = 
Example 9.3. Prove that x/(1 + x tanx) is maximum when x = cos.x. 


Solution Let 


Then 


dy_,,,.._(1+xtanx)—x(tanx+xsec*x) __cos*x—x? 
aa (+x tana) “(+ xtan a) 


Therefore, f"(x) = 0, when x = cos x. Also f’(x) > 0 or < 0, according as x < cos x 
or x > cos x. Hence the sign of f(x) changes from positive to negative as soon 
as the point x = cos x crosses from left to right. Therefore, f(x) is maximum when 
X= 60S x, 


Alternative method: Let 


l+xtanx_1 
ys 
x x 


+tanx 


=0, when x=cos.x. 


But when x = cos x 


: i in (x/2)+ cos (x/2)]° 
Fe 2 aac rian zn eH, Beye cos ay} 
ae x cox Te0s (cos x)} 
Therefore, 
AE212 is minimum and ~———is maximum, 


x 1+xtanx 


Example 9.4 Find the maximum value of (log x)/x. 


Solution Let y = (log x)/x. Then 


dy _ x(U/x)—logx _1-logx 
de x 
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For maximum or minimum value of y, we get dy/dx = 0. Then 


L+logx 
¥ 


=0 or logx Bee or xee 


1 
eR 5G 20g) 


Example 9.5. Find the maximum value of x°y? when x + y = a. 
Solution Le z = x°y’ = x*(a - x)". Then 


Ma — x)"[pla - x)- gx) 


4. px? "(a — x)? -gx"(a-x)™" 


For maximum or imum of z, 


x?"(a—x)"'[p(a - x) - qx] =0 


Therefore, 
x=0, x=a, x=—2 if p>l, q>l. 
ptq 
Now 
a&e 2, ee pt ene 
Fe P-De a= 2)" [ala 2) gx] = (q— Daa) [D(a - 44] 


+a? "a-x)""(-p-9) 
Also, 


2 
When x = 0, x = a, S-0 


a az ( ap yt ap y 
When x = , 42.{2) (a-2#) Ep-a<0 
p+q de \p+q, a) ae 
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or 


For x = 773, we have 


Pfs) 981-2828 
2 2 a2 4 4 


=-22 (negative) 


Hence y is maximum for x = 2/3. 
Example 9.8 If y = x/(log x), show that y is minimum for x 
Solution We have y = x/(log x). Then 
a _bogxn 1 
dx (logx? 


For maximum or minimum of y, dydx = 0. So, logx — 1 = 0. Therefore, 
log x = 1 = log e. Thus x = e. We also have 


sy 
hen I 1, 250 
when logx>1, 5° 
and 
dy 
when logx< 1, 2<o 
ms de 


Hence dy/dx changes sign from negative to positive. Therefore, y is minimum for 
x= e and the minimum value of y is e/(log e) = e. 


Example 9.9 What fraction exceed its pth power by the greatest number possible. 
Solution Let x be the required fraction. Then y = x - x. Therefore, 


2 
4 I= px", 2 —p(p-1)x??, 


For maximum or minimum value of y, dy/dx = 0, Then, we get 


a 
pera or attad o (3) 
P P 
Clearly for this value of d*y/dx? is negative, and hence y is maximum for 
x= (Ip)! 
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For maxima and minima, cos x = 0 and sin x = 1/4, Thus x lies between 0 and 
2n. Now, cos x = 0 gives x = a2 and 3272 and sin x = 1/4 gives x = sin™'(1/4) 
and x- sin-'(1/4). So sin"'(1/4) lies between 0 and 7/2. 

We again have 


a 
© 2 -sinx-4cos2x 
Now, 
a d’y 
atx=4, Q 
2 ae 
2 
-s>0 
atx=sin"'—, # sinx—4(1-2sin? x)=-15.<0 
7 
axea-sin'4, -B<o 
4 4 


41/4), and is minimum 


Thus y is maximum for x = sin"(1/4) and 2-si 
for x = a2, 3/2. 


Example 9.15 If y = @ log x + bx? + x has its extreme values at x = —1 and 
x = 2, then find @ and b. 


Solution Here 
yf) =alogx+betx 


Be py ak 
asad + drt 


if it exists. Given extreme values are x = -1 and 


For extreme values, f(x) = 
x = 2. Therefore, 


Sl) =0 or -a-2+1=0 ay 
£2) =0 or a+8b+2=0 (2) 
Solving them, we get a = 2, b = 1/2. 


Example 9.16 Prove that x-sin x has neither maxima nor minima. 


Solution Here 
ae Oy 
2. 1-cosx Q) 


For maxima or minima, dy/dx = 0. Then 1 - cos x = 0. It gives x = 2nm 


Therefore, at x = 2nz, 


Hence f(x) has neither maxima nor minima. 


Example 9.17 Find the greatest and the least value of 2 sin x + sin 2x in the 
interval (0, 3.4/2). 


Solution Let 
f@) = 2 sin x + sin 2x, f(x) = 2 cos x + 2 cos 2x 


For maxima or minima, f"(x) = 0. So cos x + cos 2x = 0. Solving, we get x = 723, 
m. Since. 


£2) = Acos x + cos x) = 2(2cos*x + cox 1) = 2(cos.x +1)(2cos.x ~ 1) 


we get f'(x) > 0, for cos x > 1/2, Then f’(x) is increasing in (0, 2/3). Therefore, 
greatest value of 


fQ)= (3) asin’ sin 2a BMS, 
Also f(2) < 0 for cos x < 1/2. Therefore, f’(x) is decreasing in (713, 32/2). The 


least value of f(x) is f(32/2) = -2. 


Example 9.18 If ax? + b/x 2 c for all positive x, where a > 0 and b > 0, show 
that 27ab* > 4c. 


Solution Here 


fy sare ® 
x 


s"=2a+>0 (as a, b, x >0) 
¥ 
Now for maxima or minima, f(x) = 0. Then, we get 
by 
x-(3) >0 (asa>0,b>0) 
2a 


Also, it has shown that f(x) > 0. Therefore, f(x) is minimum at 
x = [b/(2a)]'? and the minimum value at the point is 


So)zax +2 
PF 
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According to the condition, f(x) 2 0 for all the x > 0. Then 
ua 
(20) 2, 
216 
Thus we get a cubic, 


, 
ee or 27ab? 2 4c*, 


9.4 Problems Involving Geometry 


In this section, it will be shown as to how the method pertaining to maxima or 
minima is applied in the problems relating to geometry and solid geometry. In 
this connection, it is necessary to remember the formulae of areas and volumes 
of some important figures. These are the following: 


Sphere. Refer to Fig. 9.6. If r be the radius of the sphere, then 


Volume = far and Area of whole surface = 42> 


Fig. 9.6 A sphere. 
Cylinder. Let h be the height and r be the radius of the base (Fig. 9.7). Then 


Volume = 27h 
Area of curved surface = 2arh 
Area of whole surface = 2arh + 2° 


Fig. 9.7 A cylinder. 


Maxima and Minima 331. 


Cone. Let h be the height of the cone, r be its base radius and / the slant height 


(Fig. 9.8). Then 
Slant height = Ji? +r° 


Volume 


" 
! 
3 
> 


Area of curved surface ml =arJr +i? 


Area of whole surface of a cylinder = are +h tar 
° 


\\ 


Fig. 98 A cone. 


Example 9.19 The sum of the perimeters of a circle and a square is 1. Show that 
when the sum of the areas is least, the side of the square is double of the radius 
of the circle. 


Solution Let the radius of the circle = r and one side of a square = a. 
Therefore, the perimeter of the circle = 2ar and that of the square = 4a. Then 


2a 4a=1 ay 
and 
Sum of both the areas = 2? + a?. 
From (1) 
2 
Azmrsd =a(4 <2") 
we get 
aa x 
Shader Fl —2er) = 2a - wa. Q) 


Now for maxima or minima, dA/dr = 0. Therefore, 


2a - ma or a=2r 


Itis clear from (2), dA/dr > 0, if 2r > @ and dA/dr < 0 if 2r <a. Therefore, 
for a = 2r, A has a minimum value. 
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Solution Let a cone be given, whose radius of the base CB = r, height 
OC = h and semi-vertical angle = a Then from Fig. 9.8. 


Area of the surface of the cone = m7 + ml 
and 


Volume = i arh. 


Given that m7 + zrl = k (constant). Now, in ABOC, 


Therefore, v is a function of r only. Differentiating with respect to r, we get 
dv_1 
a= gk[Aen)-2a4r?)] 

= 3k -8rr) 
1 

=<k[2r(ar? + arl) -827° 
gt arr + ari) 82°] 

= phar -3r) a) 


Now for maxima or minima, dv/dr =0, i.e. | — 3r = 0 or 3r = I. From (1), 
dvldr >0, 3r <1 and dvidr <0 if 3r > 1. Therefore, the volume of the cone be 
maximum for 3r = [. Now, in AOCB, 


sina =B 4 or a=sin't 
OB 3 3; 


Example 9.22, Prove that a conical tent of a given volume requires the least 
amount of material when its height is V2 times the radius of the base. 


Solution Let r be the radius of the base of the circle, h the height and ! 
the slant height (Fig. 9.8). Given v = (1/3)m@h (= constant), therefore, 


Ph = k (constant). a) 
The area of the surface 


S=ml=amjitr Q) 


or 


2 
Sar sPam(t 
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we (fer) 
F 


Differentiating with respect to r, we get 
du _ 2 2 
#-r[e( 3) +47 éj 


For maximum or minimum, du/dr = 0. Then from (1) 


Put u = S%, so 


1 
4-0 ot ar Seth? 
r 7 


Solving, we get h = J2r. Again differentiating (3) with respect to 7, we get 


Hence u is minimum when h = rV2 and consequently $ is minimum, when 
he 


Example 9.23 Prove that the least perimeter of an isosceles triangle which can 
be circumscribed in a circle of radius a, is (6V3)a. 


Solution Let ABC be an isosceles triangle with AB = AC circumscribing 
the circle whose centre is O and radius is a (Fig. 9.10). 


D 
Fig. 9.10 Solution to Example 9.23. 


4B= ZC =20, where 0 < 20< #2. 


Let O be the in centre of AABC. OA, OB and OC be the internal bisector 
of the angles of the triangle OD, OE, OF are perpendiculars to BC, CA and AB 
respectively D, E, and F be the points of contact with the circle. Then BD = 
a cotd, DC = a cot. Therefore, 


BC = BD + DC = 2a cot @& 
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Also 


ABeAC#AE+ EC =a ca( 5-20) +a cot O=a tan20+ a cot 8 


Let P be the perimeter of the triangle, then 
P =BC+CA+AB 


= BC + 2AB 
= 2acotd + 2a tan 20+ 2a cot 8 
= da cot @+2atan 8, 0<0< 4 Oy 
and 
aP 2, 2, 
ig 7 taC-cosee"O) + dasec*(20) (2) 


For maximum and minimum, dP/d@ = 0. Therefore, 
fa cosec?@ + 4a sec? = 0 


Solving, we get @= 2/6. 
Again, differentiating (2) with respect to 8, we get 

EA = sacosec’@cat +16 sec*(26) tan 20 

At 0= 116, PId6? is posit 

from (1), the least value of P is 


Therefore, P is minimum when @ = 7/6. Thus 


= 4ay3 + 2aV3 = 6V3a. 


P=dacor% + 2atan 


Example 9.24 Find the height of the right circular cylinder of maximum volume 
that can be inscribed in a sphere of radius r. 


Solution Let ABCD be a cylinder inscribed in a sphere with centre 
O and radius OD = r (Fig. 9.11). Let the height of the cylinder CD = 2x. Draw 
OE 1 CD so that CE = ED = 2x. Then 


A D 
MA 
»——. 


Fig. 9.11 Solution to Example 9.24. 
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Radius of the cylinder, OE = Jr — x 


and 
Volume of the cylinder, V =r 
= MOE) CD 
sar -x)2x 
=2a(rx-x) 
Therefore, 
2 = 2a? -32), 


For maxima or minima, we have 


Again 


At x=rl3, 


Hence V has maximum at x = r/V3 and height the cylinder = 2x = 2r/V3. 
Corollary Volume V of the cylinder is 


V=2ar-x)= ae 


r _4zr° 


VaowW3 


Example 9.25 Prove that the right circular cone of maximum volume which 
can be inscribed in a sphere of radius r has its altitude equal to (4/3)r. 


Solution Let O be the centre and r be the radius of the sphere. Let AB be 
the diameter of the base of the cone (Fig. 9.12). Let VN is perpendicular to AB 
and let ON = x. Then 


Fig. 9.12 Solution to Example 9.25. 
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Therefore, 
dp, s_ 1» bcos —a* sin’ 
AD. (a? — yy br 008*8 =a" sin“ 
20 OG sind +5 cos? 


Ford maximum or minimum dp/d@ = 0, and 


Be 
tan‘@=—> or tan@= 
@ 


If p = 0, @=0, or m2 and p is positive when @lies between O and 7/2. Therefore, 
pis maximum when tan@= V(b/a). Putting this value in (1), we get the maximum 
value p = ab. 

Example 9.28 Find a right circular cylinder of greatest volume that can be 
inscribed in a given right circular cone. 


Solution Let / = the height of the cone c= the semi-angle and x = radius 
of the inscribed cylinder. From Fig. 9.14, we have AO = h, AO = x cota 


Fig. 9.14 Solution to Example 9.28. 


Therefore, 
Height of the cylinder, 00, =AO-AQ,=h-xcota (1) 
The volume of the cylinder 
V = we(h - x cota) Q) 
Differentiating with respect to x, we get 
B= a[zxh—x cotay + s°(-cota)] = m(2hs 30° cota) 


For maximum or minimum dv/dx = 0. Then 


0 = m2hx - 3x*cot a) = m(2h - 3x cota) 
Solving, we get 


=0, 6 
AE0 OF SS ota 3 
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Differentiating, we get 


AP -3h) @) 


For maximum and minimum, dv/dh = 0. Therefore, ? — 3h? = 0, or h? + 7 = 3h? 
or 7 = 2h? or r = hV2. Again differentiating (3), we get 


av ii 


Season) (negative) 
Therefore, V is maximum, when 
r=hJ2 or v2 


That is, 
tand= V2 or O=tanV2. 


Example 9.31 Show that the radius of the right circular cylinder of the greatest 
curved surface, which can be inscribed in a given cone, is half that of the cone. 


Solution Let O be the vertex, h be the height and r be the radius of the 
base of the cone (Fig. 9.15). Let us suppose that the cylinder be inscribed in a 
cone and CL be its radius = x and LM = y. Therefore, the area of the curved 
surface of the cylinder, 


S = 2A(CL\(LM) = 2my qa) 


oO 


A B 
Fig. 9.15 Solution to Example 9.31. 


Now triangles BLM and BCO are similar. Therefore, 


Lat _ Bt 
oc iC 


Then 
ry = h(r - x) = rh - he Q) 
From (1) and (2), 
$= 2x) = hog 22) 
r r 
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or 
dS _2xh 
Sa r-2 
arn) 


For maximum or minimum, dS/dx = 0. Then 


2th 2x20 of rate. 
7 


Again, 
aS _ 2th 
Se) negative) 


Therefore, S be the greatest, when x = 1/2. 


Example 9.32 Show that the volume of the greatest cylinder which can be 
inscribed in a cone of height / and semi-vertical angle ar is (4/27)zh? tan? 


Solution Let O be the vertex, OC = h, BC = r and ZBOC = a, the semi- 
vertical angle of the cone (Fig. 9.15). Let the cylinder be inscribed in a core 
and CL = x be the base and LM = y, the height of the cylinder. Therefore, 


Volume of the cylinder = 2x°(LM) = my (o) 


Here, 


tis Mend or y= Medd 


Ser r= Mr 2) = hr he. 


Solving, we get 


V=aeh(r-x)=—(r - 2). 
r 
Differentiating, we obtain 
dv _fh 
a rte) (2) 


Now, for maximum or minimum dv/dx = 0. Therefore, 


Qn -3=0 or x= 


i 
Again differentiating (2) with respect to x, we get 
av _ ath 
Pad = (ar -6x) 


At x = 2r/3, 


Farr) (oegative) 
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Then the volume of the cylinder is maximum when x = 27/3. Thus, 


Maximum volume = ax*y = ax AC) 
r 


aha 2 ) 
2BtP{,-=, 
r9 3 
_Aahrr 
93 
=Ane? 
But 
CBr 
tan@=——=" or r=htana 
OC h 
Therefore, 


7 4 
Maximum volume =— zhr? 
27 


ot th tm? 
Fhe tan?a@)(h) 


Example 9.33 An open tank is to be constructed with a square base and vertical 
side so as (o contain a given quantity of water. Show that the cost of lining the 
tank with lead will be least if the depth is made half of the width. 


Solution Let one side of the square base of the tank is x and the depth is 
y. Let the tank contains V cubic units of water. Then 


V = xy (constant) a 


is given. Let the area of the metal sheet used in the square base and the vertical 
side of the tank is S. Then 


Sev taryer starters 
x x 
Sax (2) 


For maximum or minimum, dS/dx = 0. Then 


4 
2x-F=0 or xP =2¥. 
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45. 


46. 


55. 


56. 


57. 


58. 


The sum of the volume of the sphere and a cube is given. Show that the 
sum of the surface is greatest, the diameter of the sphere is equal to the side 
of the cube. 


A wire of length 25 m is to be cut into two pieces. One of the pieces is to 
be made into a square and other into a circle. What should be the lengths 
of two pieces so that the combined area of square and circle in minimum? 


An open box with a square box is to be made of given quantity of sheet of 


area a*. Show that the maximum volume of the box is a°/(6V3). 

Prove that among all the triangles of a given hypotenuse the isosceles 
triangle has maximum area. 

Show that the height of an open cylinder of given surface and greatest 
volume is equal to the radius of its base. 


‘Assuming that the petrol burnt (per hour) in driving a motor boat varies as 
the cube of its velocity, show that the most economical speed when going 
against a current of ¢ mile per hour is (3/2)c mile per hour. 


Divide 15 into two parts such that the square of one multiplied with the 
cube of the other is a maximum. 


. Show that of all the rectangle of a given area, the square has'the smallest 


perimeter. 


. Prove that the area of the triangle formed by the tangent at any point of the 


ellipse x*/a? + y*/b? = 1 and its axis is a minimum for the point (a/V2, 
bN2). 


A tangent to an ellipse meets the axes in P and Q; show that the least value 
of PQ is equal to the sum of the semi-axes of the ellipse, and also that PQ 
is divided at the point of contact in the ratio of its semi-axes. 


Find the area of the greatest isosceles triangle that can be inscribed in a 
given ellipse, the triangle having its vertex coincident with one extremity 
of the major axes. 


The amount of fuel consumed per hour by a certain steamer varies as the 
cube of its speed. When the speed is 15 mile per hour, the fuel consumed 
is 4" ton of the coal per hour at Rs. 4 per ton. The other expenses are total 
Rs. 100 per hour. Find the most economical speed and the cost of a voyage 
of 1980 mile. 


The strength of a beam varies as the product of its breadth and the square 
of its depth. Find the dimension of the strongest beam that can be cut from 
a circular log of wood of radius a unit. 


The sum of the area of the surface of a cube and a sphere is given. Show 
that when the sum of their volumes is least, the diameter of the sphere is 
equal to the edge of the cube. 
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Ket, Geek, ak 
ae aay’ Oy 
be the values of these partical derivatives at (a, b), then: 
(f(x, y) has a maximum value f(a, b) if r <0, 1-5? > 0 
i) f(x, y) has a minimum value f(a, 6), if r > 0, rt - 2 > 0 
(iii) JG, y) has no extreme value f(a, b) if rt - 3° <0 
(iv) The case in doubtful and deserves further investigation, if rt ~ s? = 0. 
Thus (i) and (ii) provide sufficient conditions for the existence of extreme value, 
They are called Lagrange’s condition for extreme values. 


9.6 Taylor’s Theorem for Two Independent Variables 


The function ftx, y) of independent variables x and y possesses continuous partial 
derivatives of order n in any domain of a point (a, b) and point (A, k) be such 
that the point (a + h, b + k) may belong to the domain under consideration, then 
there exists a number 6, 0 < @< 1, such that 


Farnese siad)+i( nxt then 
1(,2,,2 1 a.,ay" 
+ wet 2) F(a, by t+ an(*E+43) f(a, b) +R, 
where 
a 
R= nZ 2) sa+oio+00. 


‘Under similar condition, the Taylor's theorem for three independent variables x, 
y and z can be enunciated as follows: 


farhorberdasabar(agres +t ay 
a,,a,,ay 
+Hrgeegnd) fla,b,c) ++ 


a 
("+ +h 4 SF (a,b,c) +R, 


*G=ni a 


where 


CRC Ber) 
(ndvedeid} flat Oh, b + Ok, c +61) 


Similarly, the Taylor’s theorem can be extended to functions of three or more 
independent variables. 
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The stationary point (x, y, 2) = (a, b,c) is obtained by solving these equations. 
Next if A, B, C, F, G, H be the values of partial derivatives 


respectively at (a, b, c), we form inequalities if: 


AH G 
>0, |H B FI>0 
IG FC 


A>0, 


ae 


then fla, b, c) is the minimum value of f(x, y, 2). In case they be alternatively 
negative and positive, i.e. if they be < 0, > 0 and <0 respectively, then f(a, b, c) 
is the maximum value of f(x, y, 2). 

We have similar consideration for a function of more than three variables, too. 


Subsidiary condition. Consider the extreme value of f(x, y, z) when variables 
are connected by a given condition, (x, y, z) = 0. We solve the equation (x, y, 
2) = 0 for z and let z= g(x, y). Therefore, f(x, y. 2) = fx, y. g(x, y)] becomes a 
function. 


Example 9.34 Find the maximum values of ° + y?> + 9xy. 
Solution Let f= x° + y° + 9xy. Then 


3x? + 9y =3(x7 +3y) 


x 32 2 
=3y' +9x=H(y? +32) 
2 y" bod y Qa) 


When 


we obtain x7 + 3y = 0, y? + 3x = 0. Solving these equations, we find (0, 0), 
3) are two stationary points of the function. Now, from (1) when (x, y) 
3), we have 


1= Sh 6-6-3) =-18<0 
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Thus for the existence of extreme value, when 9(x, y) = 0, 


Hd Hy ,28_ 7 
rar iad ela Ax, y)=0 (9.10) 


Since u = f(x, y) + AG(x, y), using partial derivatives ty, fr Ad «ons €1C., these 
equations can be written as 


Uy = fe + AG, = 0, wy =f, + Ad, = 0, ua= PG. y= 0 (9.11) 


Therefore, 

Solving 
LG 
Sat, Wx y)=0 
a % 


we get the finite values of x, y to determine the extreme value of Eq. (9.6). If x), 
yy satisfy these equations, then will also (x, y) = 0. Hence from Eq. (9.6), the 
extreme value of f(x, y) is given by 
4 = SX Wi) + AGED Y) = Fn WD) + 42% O= fer, WD) 

Thus we see that f(x, yi) does not depend upon the actual value of 2. Hence the 
theorem. 

Working rule: 

(i) w= f(x, y) + APG, y), where O(a, y) = 0. 

Gi) uz = uy, ua = 0 for extreme values, we have f, + 29, = 0, f, + Ag = 0, 
OC, y) = 0. 

(iii) Finally solving equations, f,/¢, = f/¢, and (x, y) = 0. 

(iv) If x, yy satisfy them, the required extreme value = fix), y,), then 
(x1, yi) is the maximum or minimum value of f(x, y) according as f(x, 
yi) >S0’, y’) or flr, 1) < fC’. »”), where (x, »’) be an arbitrary point 
satisfying $(x, y) = 0. 


Example 9.36 Find the maximum value of x + Sxy + 2y when x + y = 4. 
Solution Here flx, y) = x? + Sxy + 2y? and g(x, y) =x +y-4 = 0. Let 


waft Agax + Sry + yt Axt+y-4)=0. (ly 
For extreme value, 
oe Be moo 
ax ay an 


Therefore, 
Qe+SytA=0, Sxtdy+l=0, xty-4=0. 
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Solving these equations, -A = 2x + Sy 
Solving x + y- 4 =0 and 3x-y 
value of f(x, y) is u = f(1, 3) y 

Finally to verify it this is the maximum value, we take any arbitrary point 
(x, y) = G, 0), which satisfies the given condition x + y = 4. Since f(x, y) = 7 
+ Sxy + 2y’, f(4, 0) = 42 +040 = 16 < 34, 

Therefore, the required maximum value of f(x, y) = 34. 


Sx + 4y. That is, 3x - y = 0. 
y= 3. From (1), the extreme 


Example 9.37 Find extreme value of x“y’, when x + y = c. 
Solution Here f(x, y) = x“y’ and 9(x, y) =x+y-c 
waft ager +Acety-o=0 a 

For any extreme value, 


0. Let 


Therefore, 
ax'y+2=0,  bxyh'+4=0, xty-c=0. 
From these equations 


~A= arly = bxty>! 
Then 
ax*"'y? — bx" y* or x*ty*(ay- bx) = 


Solving, we get ay = bx. Thus solving the equations ay = bx, x + y = c, we get 


Thus from (1), the extreme value of x*y* is given by 


(25) ( 5] +4x0 or u=a's" 
a+b} a+b 


Since (x, y) = (c, 0) satisfies x + y = ¢ and 


#y' =0<a°h’| 7 
ceaeaoad 


it is a maximum value. 


Example 9.38 Find the maximum or minimum value of 
wy(a-x-y), x#0, y#0, xty4a. 
Solution Let « = x°y? (a - x - y). Then 


Beseye-s-y)-¥y ay 
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Hereye-x-y-2y 


For maximum or minimum value of u, du/dx = 0 and du/dy = 0. Hence 


3ry(a-x-y) =x? 
2ey @-x-y) ary 
From (3) and (4), we get 
3xy(@ - x - y) = Wy(a- x-y) ory= ds 
From (3), we get 


Solving 


Solving, we get 
ce 


2 


x= 


2._2a a 
and yore tind 
7°3°"32 3 


Now 


Fu 


=3y'[PC1) + (@-x- y2x]-3x07y? 


=-31'y’ + 6xy"(a-x- y)-32°y? 
= 6xy"(a~x- y-6x’y*) 


2, 
s = =3x'[y'(-l) + (a-x- y)2y]-2x°y 
=6x"y(a-x- y)-3x'y? -2x'y 
2, 
a Fhe Ded + (ane y=? 2y) 


=2x(a-x-y)-4xy 
Hence at (a/2, a/3), we get 


and 


n-%=“>0 
144 


Thus r < 0, and rt — s* > 0. Therefore, u is maximum at (a/2, a/3). 
The maximum value of the given function 


aV(a\(_@_a)_a* 
rool Ghsa& 


Q) 


(3) 
(4) 


Maxima and Minima __359 


Example 9.40 Prove that the function 2 + xy + 3x + 2y + 5 has a stationary 
point, but it has no extreme value. 


Solution Let f= x7 + xy + 3x + 2y +5. Then 


Yareeys3 and Laser 


Also, 
os 7 erie es eee 
reGirad sag Soak 1 Se=0 


Now, affax = affdy = 0 for the existence of any stationary point. Hence solving 
2x + y +3 = 0 and x + 2= 0, we get x = -2, y = 1. Therefore, (-2, 1) is the 
stationary point but rt - s? = 0 - 17 1<0 

Thus the function cannot have any extreme value. 


Example 9.41 Find the minimum value of x2 + )? + 2 when ax + by + cz = d. 
Solution Since ax + by + cz = d, 
= (ax + by- dP qa) 
From the given function, we get 
x a 2 , 
Laa[x+ Seer+m-a]-3[e +c2)x+aby—ad] 


lm 
ay 
Now for maxima and minima, 


afr Star+ ty -0| Ze +2)y+abx—bd] 
é eu 


ox 


or 
(@ + c)x + aby = ad and (b? + cy + abx = bd 


Solving them, we obtain 


(+c Mute ibd - abx)=ad 


or 
[Ca #0*N0? +4) - 026? ]x= ad [0 +c? -B*)] 
or 
(a? +b? +c3)ctx = adc? 
or 
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Similarly 
bd fae at 
Gb +e Pb se @) 
We have 
2 
res 2@ +2)=2{Fei)>0 
Then 


2 2 252 2B 
n-$ -f(S+1](S)-2|-(S 8+ i}>0 
e é e oe 


Thus r > 0 rt— s? > 0. Hence f is minimum for the values of x, y, z obtained in 
(2). Therefore, the required minimum value is 


@ +B +c)d? & 


@+h+cP +0 + 


@) 


Example 9.42 If a > 0, prove that xy(a ~ x - y) is maximum when x = y = a/3. 
Solution Here f = ary — x°y — ay*. Therefore, 


Fo ay-29=Ka-28-y) 


of 2 
Fe ar-x -2y=x(a-x-2; 

ax—x° -2xy=x(a-x-2y) 
Since x = y = a/3 satisfies Offax = af/ay =0,, (x, y) = (a/3, a/3) is a stationary 


point. Now, 
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Then 


Thus r < 0, rt - s? > 0. Here the given function is maximum where x = y = a/3, 
where a > 0. 


Example 9.43 Find the point within the triangle from which the sum of the 
squares of its perpendicular distances from the sides is least. 


Solution Let ABC be a triangle and P be point inside the triangle from 
which the perpendiculars PL, PM, PN are drawn to the side BC, CA and AB 
respectively (Fig. 9.16). Let PI z, also let 


N 
LN c 

B L 
Fig. 9.16 Solution to Example 9.43. 


Now, we have to find the minimum value of u. Here 
ar. AABC = ar. APBC + ar. APCA + ar. APAB 


=dax+tby+tez 
2 2 ” 2 
= Flas toy +02) 
or 
2A=artby+cz. (2) 
Therefore, from (1), 
2 
sory s(Boerey) ® 
© 
Then 
Baas a22bcarn by 
wf 208 = ‘| 
© 


2x -2ad +a7x + aby 


¢ 


(C2 +a?)x + aby-2Aa 


7 
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and 


OH oye Boek ax~ by 


Es (-6) 


ap oe at Wargoh! 


ttabeety 


o 


B)y + abx —2bA 
e i 
For maximum or minimum value of u, wx = 0 and Qu/dy = 0. Therefore, 
(c? +a*)x+aby-2aA=0 and (c?+b*)y+abx-2bA=0 
Solving, we get 


(c? +.a?)x + aby = 2a (4) 

(2 +b?)y + abx= 2b (5) 
Multiplying (4) by (c? + 5?) and (5) by ab and then subtracting, we obtain 

Ue + a? (c? + b*) — a?b? |x = 2aA(c? + b*) - (2bA)ab 
or 
[ct +.c7(a? +6*)|x = 2A(ac? + ab? - ab?) 
or 
OC? +a? +b) x= 2bac* 

or 


(6) 
Similarly 

2bd 
—___ 7) 
Fab te 9 

2cd 
= (8) 

a+b +c 


Thus u will be the greatest and least for the point P whose perpendicular distance 
from the sides are given by (6), (7), (8). 
For maximum or minimum, 


Bide +a)= fies +) 


FER ee 48) fis 
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and 


‘Thus we get r > 0 and rt — S? > 0. Hence u is minimum. 

Example 9.44 Show that the maxima and minima of the fraction 
ax? +2hay + by’ +2gr +2 fy te 

a's + 2h'xy + b’y? + 2g'x + 2g'y tc" 

are given by the roots of the equation 


la-a'u h-h'u g-g'ul 

ln-h'u b-bu f-fi 

le-s'u f-fu c-c'n| 
Solution We have, 


u(a’x? + 2h’xy + b’y? + 2¢'x + 2f'y +c’) = ax’ + Qhry + by? + 2gx+2fyte (1) 


Differentiating partially with respect to x and y respectively, 
Mae + Qh'ay + by? + 2px + 2f¥ +c’) + u(2a’x + 2'y + 2g’) 


=2ax+ 2hy+2g 


and 
Hee 4 Dh'ey +b'y? + 2g’ +29 +02) +ulQhle + by +2f') 
= 2hx + 2by +2f 


For maxima and minima 


Then 
ula’x + hy + ze") =ax+hy +g 


u(hix + By +f) = he + by +f 


(2) 


(3) 


(4) 
(5) 
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Putting A, in (4), (5) and (6), we get 


x 


wax +l, =0 of x= A 
au 


Similarly 


P m ve 


au-l bu-l cunt 


This determines the values of u which are either maximum or minimum. 


Example 9.46 Find the maximum and minimum value of u, when 


qa) 
Q) 
and 
Wx, y, 2) = be + my +z =0. (3) 
Let @ =u + Ag+ HY, so that we obtain 
1} +a +my +nz). 
For the maximum and minimum values, @ = @, = @, = 0. Therefore, 
Beg PAE inh 2D + yma 4 2 eym=0 ay 
aa ve PB ce 
or 
2z | 2az 
ae 0 
mm) (So2E om) 
or 


+ u(lx + my +nz)=0 


Differentiating (2), we find 


ade Bayt Sae= 0- (4) 


een 


Multiplying (3) by 1 and (4) by 2 and adding, we get 


(; Bee Zhoa(t + 


Equating to zero, the coefficient of dr, dy, dz, we get 


Therefore, 


We also find 


Now, we have to find out whether this volume is maximum or minimum. 
Differentiating (2) partially with respect to x, regarding z as dependent variable, 
we get 


2x 
z 
Now, 
av a 
Wg 2 W3 a 
r ye + Bays yz + 8xy) 
Then 


ngy( £2) Mex , 889e(_ ex 
ed az az “ee | az 


Here r < 0, when 
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Hence V is maximum and its value is 
8 
wW3 


Example 9.48 Find the maximum and minimum values of x* + y?, where ax? + 
2hxy + by? = 1 are given by the roots of the quadratic equation 


abc. 


Solution We have 


Perey qa) 
and 
ax’ + 2hry + by? =1 (2) 
For maximum and minimum of r, we have 
dr=0 of xdx+ydy=0 @) 


Differentiation of (2) gives 
ax dx + hy de + hedy + bydy = 0 
(ax + hy) dx + (hx + by) dy =0 (4) 
Multiplying (3) by 2 and (4) by 1 and adding, we get 
(ax + hy + Ax) dx + (hx + by + Ay) dy =0 
Equating to zero, the coefficient of dx and dy, we get 
ax +hy+ax=0 () 
hx + by + ay =0 © 
Multiplying (5) by x and (6) by y and adding, we get 


(a? + 2hxy + by?) + A? + y?) = 0 


or 


Then 


14a =0 of aa-t. 
r 


Putting the value of A in (5) and (6), we get 


and 
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28. 


29. 
3. 
3. 


32. 


33. 
34. 


35. 


36. 


37. 
38. 


39. 


40. 


41. 
42, 


43. 


44, 


45. 


46. 


Divide a number 1 into three parts x, y, z such that ayz + bzx + cxy shall 
have maximum or minimum. 


Find the minimum value of u =x + y + z, when alx + bly + clz = 1. 
Find the maximum value of u when u = x7y°z' and 2x + 3y + 4z = a. 


If (2+ y+ 2)? = ake? + by? + 2 and Lx + my + nz = 0, show that the 
maximum or minimum values of 7 = x? + y? + z? are given by the equation 


Prove that if the perimeter of a triangle is constant, its area is minimum 
when it is equilateral. 


Find the triangle of maximum area which can be inscribed in a circle. 


‘The sum of the three numbers is constant. Prove that their product is maximum 
when they are equal. 


Find the maximum and minimum distances of the point (3, 4, 12) from the 
sphere? + +2 = 1. 


Find the lengths of the axes of the section of the ellipsoid 7/a? + y7/b? + 
2c = 1 by the plane lx + my + nz = 0. 


Find the maximum value of yz + 2x + 3xy ifx+y+z= 


By Lagrange’s method, prove that the triangle of maximum area inscribed 
in a circle is equilateral 


Find the maximum and minimum values of u for u = ax? + By? + c72’, 
eeytPeal et mys nz=0. 


By Lagrange’s method of undetermined multiplier, find the maximum 
value of x’y> when x+y = 10. 


Find the minimum value of x7 + y? + 2 such that x+y +z= 2+ 3y +4z= 1. 


Determine the stationary values of w = x7 + y? + 2 under the condition 
ax + by? + cz = 1, le + my + nz = 0. 


Ifx + y+ z= 1, prove that ayz + bex + exy has an extreme value equal to 


2(be + ca + ab) —(a* +b" +c*)* 
If ax? + 2hxy + ay* = d, prove that the greatest and the least values of 
x? + y* are d(a — h) and di(a + h) respectively. 


Prove that the greatest rectangular solid inscribed in the sphere x° + y*+ 
2 = 24 is a cube. Find its volume. 


Find the volume of the greatest rectangular parallelopiped inscribed in the 
ellipsoid 7/4 + y7/9 + 2/16 = 1. 


Chapter 10 


Envelopes 


10.1 Introduction 


Envelopes are the locus of points of intersection of any two curves for all values 
of the parameter when the parameter is eliminated. 

In other words, the envelope of a family of curves is the locus of the 
limiting positions of the points of intersection of any two curves when one of 
them tends to coincide with the other which is kept fixed. 


10.2 Equation of an Envelope 


Let fix, y, c) = 0 be any given family of curves. Consider the two curves: 
Sy o) =0 (10.1) 
and 
Sx, y, ¢ + &) = 0. (10.2) 


Expanding f(x, y, ¢ + dc) = 0, we get 


(x, 


+82 fannet 
Hence in the limit when &¢ -> 0 and f(x, y, ¢) = 0, we have 


2 faxo=0 


as the equation of the curve passing through the point of intersection of the 
curves (10.1) and (10.2). If we eliminate c between the equations: 


fix, y, 0) =0 (10.3) 
and 


20a, y,c)=0, (10.4) 
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we get the locus of that point of intersection for all values of parameter c. 
Eliminating c between (10.3) and (10.4) leads to an equation 


SG, y) = 0, 
which is the required envelope. 


Note: To obtain the envelop of the family of curves f(x, y, c) = 0, eliminate 
between f(x, y, c) = O and f.(x, y, c) = 0, where f(x, y, ¢) is the partial derivatives 
of f(x, y, ©) with respect to . 


Example 10.1 Find the envelope of the family of lines 
a 
yreax-Se0 a) 
Solution We eliminate c between (1) and the partial derivatives of (1), 
ie. +x + alc? = 0 with respect to c. The eliminant is 
y= dar, 
which is the envelope of the given family of lines. 


Example 10.2 Find the envelope of the family of straight lines 
yeme+S, a) 
m 


where m is the parameter and a is any constant. 


Solution Let there be two parametric values of m, and m, + dm of the 
parameter m. Therefore, corresponding to these parametric values, the two members 
of the family are 


yemxt (o) 
m™, 


and 


a 
Yelm + bmx + oy 


From these, we have 


a a 
A 2(m, +6 
mete im + 
or 
= a — 
mx (o + Smyea —— —8 
or 
on bmp = tt = alin, + 5m) 
tae a aCe) 
or 


xe—4_ 
mm, + 5m) 
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Now substituting the value of x in (2), we get 


a(2m, + 5m) 
m(m, + 5m) 
Hence the two lines (2) and (3) intersect at 


a (2m, + 5m) 
m,(m, + 5m)" m,(m, + 5m) 


Since &m —> 0, in this case, this point of intersection is 


which lies on (2). This point is the limiting 
of the lines (2) with another line of the family when the latter tends to coincide 
with the former. Similarly, there will be a point on every line and so the locus 
of such points is called the envelope of the given family of lines. 

Since 


ion of the point of intersection 


or 


we have 


or y= 4ax. 


‘This is the envelope of the given family of lines 
Theorem 10.1 The evolute of a curve is the envelope of its normals. 


Proof Let there be a curve, PR and QR are the normals to the curves, and 
PT and QL be the tangents at two points P, Q of a curve AB (Fig. 10.1). Let L 
be the point of intersection of the tangents PT and QL, such that ZPRQ = ZTLO 
= dy and arc PQ = &. 

From APQR, using the sine formula, we get 


PR 
PQ 


sin ROP 
sin PRQ 


or 


PO sin RoP ROPE 5S_5Y 


PR=sinRQP 
sin ROP Soy ‘arc PQ Sy sindy 
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Fig. 10.1 Evolute of a curve. 
Now let Q — P so that 

ZROP — ZRPT = 
Therefore, 


. . &. dS dS 
Ey PR= sin OT ae? 


Hence the limiting position of R, which is the intersection of the normals 
at P and Q, is the centre of the curvature at P. 


Theorem 10.2 Prove that, in general, the envelope touches each of the intersecting 
members of the family. 


Proof Let A, B, C be three consecutive intersecting members of the family. 
Let P be the point of intersection of A and B and Q be the point of intersection 
of B and C (Fig. 10.2). By the definition, P and Q are the points on the envelope. 
Hence the curve B and the envelope have two points common and so we have a 
common tangent and which touches each other. 
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Example 10.3 The evolute of a curve is the envelope of the normal. Find the 
volute of the ellipse 


I+ 


a 


Solution We know that the equation of the normal at any point (a cos8, 
bsin@ on the ellipse x/a? + y/b? = 1 is 


(ly 


where @ is the parameter. Differentiating (1) partially with respect to 8, we get 


axsin® , by cos _ 
cos*@ sin’ 


Q) 


Eliminating @ between (1) and (2), we get 


ore 
mee ae 
or 
sind __ (by) 
cos@— (ax)” 
or 
sind _ cos@ _ ysin*@ +cos a 1 
by)" a)” Joy) (a? lay” +)” 
Therefore, 
1 0 
sing =t—— OP _, eng = t 


Yan” +)?" ax” + yy 


Substituting these values in (1), we get 


[Cax)?? + 9?” [any + yy] a? - 2? 
or 


[Can + oy)" ]" =a - 6 
or 
(ax) + (by)” =(@ - 8)”, 


which is the envelope of the normal required. 
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Example 10.4 Find the envelope of the straight line 


342 
ab 
where a and are variable parameters, connected by the relation a + b = c,¢ 


being a non-zero constant. 


Solution Since a + b 
becomes 


¢, b = c ~ a. Hence the equation of the line 


qa) 


Differentiating partially with respect to a, we get 


x » 
+ —— =0 
@ (c-a) 


or 
or 


so that 


Substituting these values in (1), we get 


Sa SS ee 
ahiQlesds) abilirys) 


(e+) (5), 


evx eyy 


FB es f)=1 


or 


or 


feetpore 


or 
(y-x-c) =4ex- 
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Substituting this in (1), we have 
2 
rey -2(-2) x4o(-Z}=0 
x x 

or 

oe + xy? + 2ay? =0 
or 

Vet 2a) +x" =0 
which is the required envelope. 
Example 10.7 Given that x7 + y*? = c” is the envelope of x/a + y/b = 1, find 
the necessary relation between @ and b. 

Solution Given that x”? + y?? = 23 we have, after differentiation 


de 
ptyeee a 


Again, from x/a + yfb = 1, we have 


ao 
ab 


Q) 
Comparing the coefficients of dx and dy from (1) and (2), we have 


ue? _y" 


Va Wb 


or 


Therefore, 
xX =Aa andy! =Ab 

or 

ae 

aw 
or 

Lexdpeas® 

Similarly, 
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Therefore, 

or 

Then 

1 
gare acs and bacty! 
Therefore, 
DEB aC ty a(x + ya 

Then 


a+b 
which is the required relation. 


Example 10.8 Show that the pedal equation of the envelope of the line x cos 
ma.+ ysin ma = acos na, (m # n), where @ is a parameter, is 


Solution Let 
F(a) = x cos ma + y sin ma— a cos nar= 0. o) 


Differentiating partially with respect to @ we have 


~~ (xsinmar)m-+(ycosmaym + (asinnayn =0 


or 
; an 
x sin ma y cos ma— sin na = 0. oO) 


Every member of the family must touch the envelop. So (1) will be tangent 
to the envelope. Now (1) is of the form 
xcos @+ysin a-p=0. 
Then p and r for the envelope are given by 
p=acosna and P=x4y? 
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in polar form, whose pole is F. Let the polar coordinate of P is (r, Q), then we 

have to construct a parabola with F as focus and P as vertex. The directrix of this 

parabola will be QR which is perpendicular to FP at Q such that FP = PQ. 
Hence the equation will be 


U 


ros (0-01) =2FP=2-———, @) 


Taking log both sides, we get 
logr + logcos (0 ~ 0°) = log2I ~ log (1 + cos’) 
Differentiating this with respect to 6’, we have 


sn(O-6) sin” 2sin (0712) 008072) «4,7 
cos(8- 6’) 1+cos0’ 2cos*(6'/2) 2 
or 
tan(@-0)= tan 
or 
o-7 = 
2 
or 
3 
O=—+7 =F 
7 Frz @) 


For the envelope of the directrix, we have to eliminate @ between (3) and (2) 


reos( 9-29 |-=——_%__-__ 2 _ 
3° J 1+cos(20/3) 2cos*(0/3) 


or 
1 u 
339 <—/— 
re cos (O13) 
or 
eos? 2 =I. 
3 


Example 10.10 Find the envelope of straight lines drawn at right angles to the 
radii vectors of the cardioide r = a(1 + cos 6), through their extremities. 


Solution Let P be any point on the curve. If arbe its vectorial angle, then 
the radius vector is 
OP = a(1 + cos a). 
The equation of the line drawn through P at right angles to the radius vector OP 
is 
r cos (8 - a) = a(1 + cos a) ) 
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Differentiating (1) with respect to a we get 
r sin (@- @) =-a sina Q 
Eliminating (1) and (2), we get the required envelope. Rewriting (1) and (2), we 
have 
(r-cos@ - @)cos @+ rsin@ sina =a G) 
r sin 0 cosa ~(r-cos0 ~ a)sina=0 (4) 
Now from (4), we have 


rsind 
tana=——"_ 
rcosO-a 
Therefore, 
. rsin@ rcos@ ~a 
sina= cosa 


* +a? -2arcosd 


VF +a? —2arcosd” 
Substituting in (3), we get 


(r.cos@ - a)? + r*sin?@ 


or 


or 


1 = 2a cos8, 


which is the required envelope and is a circle. 


Example 10.11 On any radius vector of the curve 7 = a? cos2@ as diameter, 
a circle is described. Find the envelope of all such circles. 


Solution Let P be any point on the given curve 7? = a* cos 2@, whose 
coordinate in polar form be (r), 6). Therefore, we have 


3 =a cos28, oO) 


The circle on OP, as diameter, has its equation 


r= 1,c0s(0 - 8,) = a,fcos20, cos(0 - 0.) (2) 
Differentiating partially with respect to @, we get 


cos (0 - 6,) + aye0s 28, sin(0- 0.) 


or 
-sin 28 cos (8 - 6) + cos 26, sin (@- 6) 
or 
sin(@- 6 - 26) =0 
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or 


or 


Thus 


sin (8 ~ 3) =0 
@-34,=0 


at 
a= 58 @) 


Eliminating 0, between (2) and (3), we have 


Exercises 10.1 


|. Find the envelope of the following families of lines: 


(i) y = mx + V(a'm? + b*), m being the parameter, 
Gi) x cos*6 + y sin'@ = a, being the parameter, 
iii) x sin @ — y cos @ = a8, 8 being the parameter. 


. Find the envelope of the family 


¥ (x- a) + (x +a) (y- mP=0, 
where a is constant and m is a parameter. 


Find the envelope of the family of semi-cubical parabola y? ~ (x + a) = 0. 


|. Find the envelope of the family of straight line Aa? + Ba + C = 0, where 


@is the variable parameter and A, B, C are linear functions of x, y. 
Find the envelope of the family of straight lines 


24201 
ab 


where a, b are connected by the relation (i) a® + b* = c*, (ii) ab = c*. 


Show that the relation between a and b so that the envelope of the line 


24221 
ab 
may be the curve xy = KP is 


atb'ptgt =(p+q)tkh"". 


|. Find the envelope of the family of curves 


a@’cos@_ b* 
x y 
for differemt values of 8. 
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10. 


11. 


12. 


14. 


Find the envelope of the family of trajectories 


ve 


2° Bcos?@ 


y=xtand- 


. Show that the envelope of the family of parabolas 


E, fe. 
fba 


under the condition (i) ab = c? is a hyperbola having its asymptotes coinciding 
with axes and (ii) a + 6 = c is an astroid. 


Find the envelope of the family of ellipses 


where the parameters a and b are connected by the relation: (i) a + b = c, 
@ a+b sc 


Show that the envelope of the ellipses 
(x-ay* | (y~ BY 
Ce Te 

where the parameters @, f are connected by the relation 


is the ellipse 


Prove that the equation of the normal to the curve x77 + y*? 
written in the form 
x sin $y cos +a cos 29=0 


and find the envelope of the family of the normals. 
Find the equation of the normal at any point of the curve 
x =a (3cost —2cos’), yy = a(3sint - 2sin°s) 
and also find the equation of its evolute. 
‘Show that the envelope of the family of ellipses 
atx? sect a + b* y*cosec'a = (a* - 6), 


where @ is the parameter, is the evolute of the ellipse 
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29, 


3. 


. Find the envelope of the circles described on the radii vectors of the following 


‘curves as diameter: 


(i) Ur=1+ecosé, (ii) r* =a" cosné . 


. Show that the pedal equation of the envelope of the line 


x C0820 + ysin2O= 2cosO is p? =e ~a). 


Find the pedal equation of the envelope of the family of straight lines 
x cos At + y sin At = a cos pt, 
where ¢ is a variable parameter and 2, 41, a are constants. 


‘An equilateral triangle moves so that two of its sides pass through two fixed 
points. Prove that the envelope of the third side is a circle. 


Let circles are described having diameters equal to the radii vectors of the 
curve x} + y° = 3af’, Prove that their envelope is the inverse of a semi- 
cubical parabola. 


Show that the envelope of the common chords of the ellipse 


a Bb 


and its circle of curvature is the curve 


Ti py, py be the radii of curvature at the extremities of two conjugate semi- 
diameters of an ellipse and a, b, semi-axes of the ellipse, prove that 


(0, + p27) ab” =a +B 


Show that the family of circles (x - a)* + y? = a? has no envelope. 


Chapter 11 


Curve Tracing 


11.1 Introduction 


In this chapter, we will deal with the graphs of the curves of given equations in 
Cartesian or polar systems of coordinates. The main purpose of this chapter is to 
point out those rules which are used in tracing the graph of a curve. After describing 
the main rules of curve tracing and afterwards we will use them in tracing the 
graph of aforesaid curves. The graph of a given function is helpful in giving a 
visual presentation of the behaviour of the function involving the study of symmetries 
of asymptotes, the intervals of rising up or falling down and of the cavity upwards 
and downwards, etc. Curve tracing means that the equations of curves which we 
trace and are generally solvable for y, x or r. The case may come that some 
equations are not solvable for y or x, then we solve them for r by transforming 
from Cartesian to polar system. 


11.2 Rules for Tracing Cartesian Curves 
Curves passing through the o 


Firstly, we should see whether the curve passes through the origin or not. For 
this, we put x = 0, y = 0 in the equation of the given curve. If both the sides of 
the equation of the curve are satisfied then we say that the curve passes through 
the origin (0, 0). 

In other words, we know that if any curve passes through the origin then 
there will be no constant term in the equations of the curve. For example, the 
curve y? = dax passes through the origin 


Symmetry of curves 
‘The symmetry of a curve may occur in the following important ways: 
(a) If the equation of the curve contains only even powers of y (that the 
equation of the curve does not change by putting -y for y in i), then 
the curve is said to be symmetrical about the x-axis. It means that the 


portion of the curve above the x-axis is exactly the same below the 


x-axis. 
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(b) If the equation of the curve contains only even powers of x, then the 
curve is said to be symmetrical about the y-axis. 

(c) If the equation of the curve contains only even powers of x and y, then 
the curve is said to be symmetrical about both the axes. For example, 
la + y/b* = 1 is symmetrical about both the axes. 

(d) If the equation remains unchanged by interchanging x and y, the curve 
is symmetrical about the line, y = x. For example, x° + y’ = 3axy is 
symmetrical about the line y =.x because the equation remains unchanged 
if we interchange x and y. 


(e) If the equation remains unchanged by changing the signs of both x and 
y, the curve is symmetrical in opposite quadrant. 


Equation of the tangent at the origin 


The equation of the tangent at the origin can be found by equating the lowest 
term to zero. Since in the equation y? = 4ax, the lowest term is 4ax and so 
4ax = 0, i.e. 

Hence x = 0, ie. y-axis is tangent to the curve at the origin. 


Asymptotes to the curve, if any 


Firstly, we shall find the asymptotes parallel to the axes, then the oblique asymptotes. 

By equating the coefficients of the highest powers of x to zero, we get the 
asymptotes parallel to x-axis, i.e. if the curve is of nth degree and the term in x", 
is x", is absent, then the coefficient of x*' equated to zero, will give us the 
asymptotes parallel to x-axis. If both x* and x" are absent then the coefficient 
of x", equated to zero, will give us two asymptotes parallel to x-axis and so on. 
Similar is the case with the asymptotes parallel 10 y-axis 


Intersection of the curve with the coordinates axes 


Now we should see at what points the curve cuts the x-axis and y-axis. In order 
to determine the coordinates of the point of intersection with the x-axis we shall 
put y = 0 in the equations of the curve because the y coordinate of any point 
situtated on the x-axis is zero. Similarly, in order to find out the coordinates of 
the point of intersection with the y-axis we shall put x = 0 in the equation of the 
curve. 


Region or regions of the plane such that no part of the curve lies in it 


Such a region is generally obtained by solving the equation for one variable in 
terms of the other, and finding out the set of the values of one variable which 
makes the other imaginary. Such as we shall solve y from the equation of the 
given curve. If, for example, suppose that by giving to x, the values x > a or x 
<~a, the values of y become imaginary, then it means that there would be no 
portion of the curve on the right-hand side of x = a or there would be no portion 
of the curve on the left-hand side of x = ~a. Sometimes it happens that the values 
of y increases corresponding to increasing values of x. In this case, the extent of 
the given curve will be up to infinity. 
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Curves possessing point of inflexion 


If the curve as traced appears to possess a point of inflection that point can be 
accurately located by putting 


#20 o S220 


and solving the equation thus obtained. 
The method of tracing the curve will be clear from the following examples, 


Example 11.1 Trace the curve y°(2a ~ x) =. 
Solution 
(i) The curve is symmetry about the x-axis, since the power of y is even. 


(ii) It passes through the origin, since there is no constant terms. The 
tangent to the curve at the origin is obtained by equating to zero the 
lowest term of the equation. The tangents at the origin are y* = 0, i.e. 
the tangents are real and coincident so that (0, 0) is a cusp. 


(iii) Since the equation of the curve is of 3rd degree and as y* is absent, So, 
equating the coefficient of y* to zero we get 2a - x = 0, ie. x = 2a is 
the only asymptote of the curve. 


(iv) If x > 0 but x < 2a, y? > 0 so that the curve lies between x = 0 and 
x= 2a. 


(v) The curve does not cut the axis. Solving for y, we have 


dy _,Ga-vVvx 


clearly dy/dx # 0, when 0 <x < 2a. 
(vi) No point of inflexion on the curve. 


(vii) Framing the table of the values of y corresponding to the values of x, 
we get 


x0 a@2 a 3d/2 2% 


y 0 af(2V3) a 33/2 © 


Hence the shape of the curve is shown in Fig. 11.1. 
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Y 


YQa-n=xr 


Fig. 11.1 Solution to Example 11.1. 


Tracing the polar curves 


(a) Symmetry: 

(i) If we change @ by -8, the equation of the curve does not change, we 
say that the curve is symmetrical about the initial line. For example, 
r= a(1 + cos@) is symmetrical about the initial line because if we 
change @ by -@ the equation remains unchanged. 

Gi) If by putting 2 @ for @, the equation of the curve does not change, 
we say that the curve is symmetrical about the line @ = 7/2, ive. 
about the line OY. 

Giii)_If by putting -r to r, the equation of the curve does not change, i.e. 
if the equation contains only the even powers of r, we say that the 
curve is symmetrical about the pole. 

(iv) A curve symmetrical about the pole, if only even powers of r occur 
in the equation of the curve. For example, 7° = a* cos 20. 

(b) The curve passes through the pole: If r = 0 for any real value of 8, we 
say that the curve passes through the ori 

(©) Intersection of the curve with the initial line OX and also with OY: For 
this, we find out the value of r by putting @= 0 and @= 7/2 in the 
equation of the curve. 

(d) Region of the curve: We also determine those regions of the curve 
which do not contain any portion of the curve and they are determined 
by those values of @ for which r is imaginary. 

(e) Tangent at the pole: If the curve passes through the origin, then we get 
the equation of the tangent at the origin corresponding to those values 
of @ for which r = 0. 

(A) Asymptotes, if any: If the curve extends up to infinity, then we should 
also find out the asymptote to the curve from the formula in the polar 
form. Otherwise, it is convenient to determine the asymptote by changing 
the equation of the curve in Cartesian form. 

(g) Form a table of values of r corresponding to values of @, keeping 
attention to these values of @ for which r is zero to infinity. 

(h) Sometimes it is convenient to trace out a curve by transforming the 
curve in the Cartesian form. 
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(As per our requirement, we find out the angle ¢ between the radius 
vector and the tangent by using the formula 
rd@ 
tan p= 248. 
an = 
so that we can determine the coordinates of those points, where 9 = 1/2 
is any specified angle. 
The method of tracing the curve will be clear from the following example, 
Example 11.2. Trace the curve r= a (1 + cos). 
Solution 


(i) If we put 0 for @ in the equation of the curve, we find that r = 
a{l + cos (-8)] = a(1 + cos), ie. the equation of the curve does not 
change. Therefore, the given curve is symmetrical about the initial line. 

(ii) If r= 0, the equation 1 + cos @= 0, ie. cos8=-1 or O= m. Hence the 
curve passes through the origin and the equation of the tangent at the 
pole is @ = -, i.e. the initial line. 


(ili) As r is not greater than 2a so that the curve wholly lies within the 
circle r = 2a. 


(iv) The curve has no asymptote. 

(v) Now we plot some of the points on the curve. 
00 #3 m2 a 
r 2a 3a/2_a 0 


‘We see that r continually decreases from 2a to 0 as @ increases from 0 to # and 
since there is symmetry about initial line. Hence the graph of the curve is shown 
as in Fig. 11.2. 


(a, 2) 
Fig. 11.2 Solution to Example 11.2. 
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Fig. 11.3 Solution to Example 11.3. 


Example 11.4 Trace the curve x‘ + y* = a(x - y*). 


Solution 


(i) By putting x = 0, y = 0, in the equation of the curve we find both the 

sides are satisfied. Hence the curve passes through the origin. 

(ii) Since the equation of the curve contains only the even powers of x and 
y, the curve is symmetrical about both the axes. 

(iii) Putting y = 0 in the equation of the curve, we get x4 ~ a’x? = 0 => 
(2 - a?) = x = 0, +a. Thus the curve cuts the x-axis at three points 
(0, 0), (a, 0) and (0, -a). 
Again, putting x = 0, we get y* + a*y? = 0. Then y = 0, i.e. the curve 
cuts the y-axis at the origin only. 

(iv) By equating to zero the terms of the lowest degree in the equation of 
the curve, we get x — y* = 0. Then y = +x. Therefore, the equations of 
the tangents at the origin will be y = x, y = -x. 

(v) There is no asymptotes to the curve. 


(vi) Solving for y, from the equation of the curve, we get 

Ye@y sae - x4 = 2a? - x). 
If we give to x values x > a or x <~a, then 

a ~ 2 = negative = -k (suppose) 
So, 

yita@y+k=0. 

Since there is no change in sign, the roots of y are neither positive 
nor negative and hence y is imaginary. That is, there is no portion of 


the curve on the right-hand side of x = a or on the left-hand side of 
x=-a. 
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(vii) Differentiating the equation of the curve with respect to x, we get 
Ya dy 
ar+ay2e -2y% 
x? + 4y?— =a*| 2x-2y: 
or 
DY 4) 42g? 2 3 
(4y° + 2a*y) = 2a?x- 4, 
(4y’ 'y) = 2a?x— 4x’ 
or 


dy ax 40 
dx 4y'+2a’y 


Therefore, at the point (a, 0), dy/dx = o and also at (~a, 0), we have 
dyldx =e, i.e. at the point (a, 0) and (-a, 0), the tangent is perpendicular to the 
x-axis. Hence the graph of the curve will be as in Fig. 11.4. 


Y 


a, 0) @9 


y 
Fig. 11.4. Solution to Example 11.4. 
Example 11.5 Trace the curve 2? + "3 = a9. 
Solution 
(i) Since by putting x = 0, y = 0, both the sides of the curve are not 
satisfied. Hence the curve does not pass through the origin. 


(ii) The equation of the given curve does not change when we put -x for 
x and -y for y in it and therefore the curve is symmetrical about both 
the axes. 


(iii) Putting y = 0 in the equation of the curve, we get 
Baa x2 
Therefore, the curve cuts the x-axis at the point (a, 0) and (-a, 0). 
Similarly putting x = 0, we get 
Ye=aa or y=ta 

That is, the curve cuts the y-axis at the point (0, a) and (0, -a). 
(iv) Again from the equation of the curve y”? = a”? - 7, if we put in this 
) equation any quantity x > @ or x < -a, then y*3 = negative. Thus 

= negative. 


x= ta 
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Therefore, y becomes imaginary, i.e. there is no portion of the curve on the 
right-hand side of x = @ or on the left-hand side of x = —a. Similarly by solving 
for x from the given equation, it can be shown that there is no portion of the 
curve above y = @ or below y = ~a. That is, the given curve is enclosed by four 
points (a, 0), (-a, 0), (0, a) and (0, ~a). 

Also, by comparing the curve x7? + y* = a” with the circle x7 + y? = 
we find that since 2/3 < 2, the given curve will be inside the circle x7 + y? = 

Hence the graph of the curve will be as in Fig. 11.5. 


Y 


Fig. 11.5 Solution to Example 11.5. 


Example 11.6 Trace the curve x + y> = 3axy. 
Solution 


(i) The curve is symmetrical about the line y 


(ii) If the curve passes through the origin, as there is no constant term, the 
origin is a node. 


ii) It meets the coordinate axis only at the origin. 
(iv) The tangents at the origin are x = 0, y = 0. 
(v) Asymptote 
+y= te 
atys lea 
6 in —— 
yet 1 yix+ phe 


=a 


33 


=-a 
So, x + y + a = 0 is the asymptote of the curve. 
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(vi) x and y cannot be both negative. Hence no part of the curve lies in the 
third quadrant. 


(vii) No point of inflexion. 
Polar form is obtained by putting x = r cos @ y =r sin @ Then 
Pcos*@ + Psin?@ = 3a rcos@ rsin® 


P P(rcos*@ + rsin®8— 3a sin cos®) = 0. 
But r # 0, Therefore, 

r cos* + rsin®@ — 3a sind cosd = 0 
or 
3asinO cosO 
cos’ 8 +sin’ 


Frame a table of the value of r corresponding to the value of @, as 
below 


@ 0 aM aid 3n/4 
r_0 3a/V2_ 0 -~ 


Here we see that when @ increases from 0 to 7/4 then r increases from 0 to 
3a/V2 and before @= x4 and @= 7/2, decreases from 3a/V2, too. Hence between 
@=0 and = 7/2, we get a loop of the curve. 

Again as increases from 2/2 to 3/4, r is negative and increases negatively 
to infinity. 


Fig. 11.6 Solution to Example 11.6. 


Thus the shape of the curve will be as shown in Fig. 11.6. 
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% 


PPeP-1 

Y@ +P) =a? 
Psyee+ 
yore ey-x) 
r= a cos30 
r=a+bcosd 

r= a(secO + cos®) 
r=2+4cosd 


. x= acos'O+ y =a sin’O 


7 cos@= a sin3@ 


10. x + y° = Sa°xy 

12. ya? +x) = ax 

14. eysxtl 

16. ye +y?) + a? -y') =0 
18. r=a sino 

60330 


4. x= a (0+ sin, -2< OS x 
26. r cos*@ = a cos20 


Multiple-choice Questions 


Each of the following questions is followed by alternative answers. Select the 
correct answer: 


-t 


alt 1) j 
1. If f= >> then f(r") is 
@) f@ (o) f(-) 
© 40 @ fo. 
2. If f(x) = cosx + sinx, then f(7/4) is 
(a2 (b) 12 
©) 2 (@) 0. 
1 
3. If sey, then f(tan @) is 
(a) tan (2/4 +) (b) tan (x/4-8) 
(©) cot(a/4 +8) (d) cot (x/4- 8). 
4 f= then f(t) is 
(@) fH () sain 
© SoH () fo. 
SOSA OSE then (3) is 
@ 3 ) 245 
© 2-5 @ -B. 
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Multiple-choice Questions 


1 


10. 


il. 


13. 


(a) 2/2 
© 23 


sin@—cos@ 


lim. is 
ents a mI4 


(@) 1/10 
© Us 


(@ 1 
(c) Indeterminate 


. Sinx . 
. lim —is 


x 
(a) 1 


(©) © 


. ent -1-sinz . 
lim ———* is 


@ U2 
©o 


(b) log (wb) 


(b) m 
(d@) 77/180. 


(b) -1/10 
@) -15. 


(b) 0 
@) @. 


(b) -1 
(@) 0. 


(b) 1 
(a) -1. 
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14. If tim 3222) ~ ¢, the value of k is 
ar 


(a) 0 (b) 3 
(c) V3 (d) 1. 
sag 
15, If f(x)=2 Zt nue 
(x -2/ 
=k, x2 
the value of k is 
(b) 7 
@d) 5. 
xs0 
x>0 
then ft-1/2) is 
(a) -2 (b) -1 
() 1 (d) 2. 


2... 
17. tim PEO it pay=2, is 
72 


me 


@1 b) 4 

©) 2 @ 3. 
18 tis log(L + x +.x*) + (logl- x +x") e 

me secx = cos.x 

@) 1 () 2 

© 3 (a) None of these. 
19, lim == is 

* tanx— x 

(a) 2 (b) 1 

(©) 3 @ -1. 


20. The period of the function yesin( 22) is 


(a) 2x. (b) 6x 
(c) 62° (d) None of these. 


24. The period of the function y = |sinx| + Jcosx| is 
(a) m2 (b) 2x 
(©) 4x @) x 
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22, Which of the following is an odd functio 


(a) f(x) = cose (b) fe) = 2" 
(© fa) = 2" (@) None of these. 
2. tg 
(a) 0 (b) 1 
(©) & @ & 
2 
24. It f(x) = A344 and domain = R (1, -4) then the range of f(a) is 
@+9a-) 
(a) y27/25 ory S-l (b) ys 7/25or y 2-1, 


(©) y 22/23 orys2 (@) y $ 223 or y2 -2. 


25. If f(x) = sinx ~ cosr, the range of the function is 


(a) 2s ysv2 (b) V2.2 y2V2 
(©) V2sys-V2 @) W2zy2-V2. 
2 
26. Range of the function sin” (<5) 
(a) [-#/2, 2/2] (b) [-7/2,0] 
(c) [0, 2/2] @) [0, 2/2]. 
27, If f(x) =P + 3? + 10x +2 sinx, the range of the function is 
(a) [, ©] (©) (0, =] 
(c) [-e, 0} (d) None of these. 


[sin x| 


28. The range of the function f(x) = is 


T+]sinx] 
(a) O<y<l (be) Os ysl 
() Osy<1 @) O<ysil. 


29, The periodic of the function y = sin (% *3)ig 
(a) 2x (b) 62 
(©) 6 (d) None of these. 


30. ‘The domain of y = an'(#3)- log.o(4 — x) is 


(a) [-~, 4] (b) (1, 4] 
© [-, 3] (d) None of these. 


408 


Multiple-choice Questions 


39. 


40. 


42. 


44, 


45. 


46. 


47. 


‘The points of continuity of the function f(x) =2+ 9°55 ig 
1-cos4x 

@) x=0 (b) x= 4 
(©) x= m2 @xen 
If f(x) = -2 sinx, x$- mM 

=A sine +B ~A2<x< 2 

= cos x x2- mM, 
the values of A and B so that f(x) is continuous everywhere are 
(a) A=0, B=l (b) A=1, Bal 
@ A=-1,B=1 @ A=-1,8=0. 
If f(x) = (1+sin?¥x)"2", then the value of f(0) that makes the function 
continuous everywhere is 
(a) e (b) 1/2 
(©) Je @) 0. 
The function f(x) is f(x) =x if x is rational = -2° if x is irrational, then it 


is 
(a) Continuous at x = 0, 
(©) Discontinuous at x = 


(b) Discontinuous at x = 1 
, (d) Continuous at x = 


x33 
3<x<5 
. x25 
is continuous, then 
(a) a= 3,b=-8, ) a=-3, b=8, 
©) @=5,b=7, @ a=5, b=-7. 
If x” = e°, then dyldx is 
L 

() Tyiogx ©) (logan 

logx logx 
© Toga © Tiogx° 
If y = x log x, then dyldx is 
@) 1 (b) log x -1 
(c) log x (d) 1+ log x. 
‘The derivative of x? cos x is 
(a) 2cos x - 2 sinx (b) 2x cos x - x2 sin x 
(©) 2x cosx - F sinx (@) 2x°c0s x — 2? sinx. 
The slope of the curve y = (x? + 1)(1 - 2) atx = 1is 


(a) a=0 (b) -88 
(©) 75/256 (@) None of these. 
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48. The equation of the tangent to the curve y = x? + 1 at the point (1, 2) is 
(a) y-2=-2x-1) () y-2=4@-) 
() y-2=2%x-1) @ y-2=%+)). 


49. The displacement s of a particle moving in a straight line is given by 
= 4P + 2? — 31+ 1, s being measured in cm and time 1 in second. The 
initial acceleration of the particle in cm/sec? is 


(a) 1 (b) 4 
(©) -3 @ =24 
50. The differential coefficient of x? with respect to x? is 
(a) 3° (b) 2x 
(c) 3x + 2x @) 3x2. 


x", then dy/dx vanishes, when x is equal to 


ix 
52. If f(a) = 2, f(a) = 1, g(a) = 1, g'(a) =2 then f(x) = SEL@= aS) 
asx a, is xa 
(a) 5 (o) 6 
(©) -5 (d) None of these. 


53. If foo = s'(1E*), then fx) with respect to Vx is 
x 


(a) Wi-¥ (b) 2/1 +2") 


(© -2K1+x) @) wyi-¥. 


54. If f(2) = 4, and #“(2) = 1, then $3) = tim FO=2L jg 
(a) 1 (b) 2 
(©) 2 @) 3. 


55.1f fa)exesint, x20 
x 


=0, x=0 

then 

(a) fand f’ are continuous at x = 0 
(b) fand f’ are derivable at x 
(©) fis derivable at x = 0 and f” is not continuous at x = 0 
(d) fis derivable at x = 0 and f’ is continuous at x = 0 
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xlogx 
log(1 +x") 
=0, x=0, 


56. If f(x) = 


then 

(a) f(x) is discontinuous at x = 0 

(b) (x) is continuous but not differentiable at x = 0 
(c) f(x) is differntiable at x = 0 

(d) (x) is not continuous at x = 0. 


; 
57. Ify= ws (LEE 
* 


@ y@=1 &) ¥ = 172 
© ¥@=0 (@ yO) does not exist. 
= ant 22 = sint{ 2% dy 
58. If y = tan (25) and z = sin’ (25). a * 
(@) 1 ®) 12 
©-1 (@) None of these. 
FG) 


59. If AD) = 9, f(9) = 4, then lim. 


jx—3 
(a) 3 () 2 
©4 (@) None of these. 
60. If fx) = (log... tan-x) (log,., cotx) + tan” (3447), then f"@2) is 
@) 13 1 
©2 @ 12 


61. If a‘ + a” = a’, then dy/dx is 


a’ +a" 


(a) 
a 


(d) None of these. 


then f"(/2) is 


_ i (_sinx 
62. If fix) = tan" oe 
1 


1 
© BaF cosn > 


© + (d) None of these. 
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63. 


65. 


67. 


68. 


69. 


70. 


If f(x) = x tants, then f'(1) is 


1 x 
A,z py abe = 
@ +4 ) -5+ 
x le 
© ri @ 3-7 
7 f(a) than then kis 
dy \de) “de” 
(@) 0 () 1 
© 2 (d) None of these. 
Jim (2-tanx)*"™* equals to 
(a) e (b) 1 
©) 0 @) e. 
x? sinx cosa 
J Ifxy=|6 -1 0 + where p is constant then “LO at x = 0is 
pp Pp 
@ p () p+p? 
© p+P (d) Independent of p. 


The acceleration of a moving particle, whose space-time equation is given 
by s = 3? + 2r—5, is 


(a) 4 (b) 5 

© 6 @ 7. 

‘The set of all points where the function f(x) = in is differentiable is 
(a) (-2, 2) (b) (0, «) 

(6) (22, 0) U (0, =) @) ©, «). 

rg = EL bt for x #0 


f(0) = icihen 
(a) f(x) is continuous and differentiable at x = 0 
(b) f(x) is continuous not differentiable at x = 0 
(©) F(x) is discontinuous not differentiable at x = 0 
(d) none of these. 


If sin y = x sin (a + y), then dyldx is 


cos*(a +y) sin*(a+y) 

() Cosa sina 
tan“(a+ 

o =e (@) None of these. 


tana 
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m1 


72. 


73. 


74. 


75. 


76. 


78. 


Ify = sin (bx + 0), then 4 sin (bx + c) is 

(a) Bf sin (bx +. + naf2)—(b) B" cos (bx +c + nn/2) 
(©) BT sin bx (@) BF cos bx. 

If x = a cos°x, y = a sinx, then dy/dx* at t = a2 is 

(a) -3/4 (b) 4 

(©) 3/4 @ 32 


If y = x‘ log x, then y,, when n 2 5 is 


@ CD" @ cy So 


48, 


© Cy Ga 64 (&) None of these. 
z 
Find & of the mean value theorem given by f(b) = f(a) + (b - a) f(), 
where f(x) = x(x - 1) - 2), a= 0, b= Mis 
(a) 1.253 (b) 2.362 
(c) 0.236 (@) None of these. 


If uw = sin“\(x - y), x = 31, y = 4P, then duldr is 


@ Wh 
© 3yitF @ -1t- 


d(x * 
wenenn anc S55) 6 
(a) sin y (sin y - cos y sin2y) (b) cos y (cos y — sin y cos2y) 
(©) cos?y [sin*y - cos y sin’(2y)] (d) None of these. 


2 
If 242 =2 ws) and y = a9 + ax + ote s+ to 09, then 


Agen + Oya + Ay is 


@ 0 (b) 0 
@n-1 (@) nl. 
itu = 2 then OH ig 
aray 

eu Ou 
(a) tay (b) Bay? 

au 
© (d) None of these. 
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79. Given that F(u) = V(x, y, z), where V is a homogeneous function in x, y, 


Qu Qu Ou. 
z of degree n then x +yS42Sis 
ay “az 


ox 
Fw) Fw) 
b) nf 
@ ® eo 
Fw) Fw) 
) ne é) . 
© "Fe © Ew 
dp dt dv, 
80. If fip, , v) = 0, then 2 dv 
Sip. tv) en tae 
(a) 1 (b) -1 
(©) 2 @ 2. 
81. The altitude h of a triangle ABC is computed from measuring the base a 


and the base angles B, C. If small errors &8, SC be made in the angles, then 
the consequent error in altitude is 


@) (BS +n x} 
sinAsinB sin AsinC 


(= p+ —20C sc) 10 
sinAsinC — sinBsinA O41 


(o) SBBSINE 55 5c, 
sinA 


(d) None of these. 


82. With the usual meaning a, b, c and s if A be the area of the triangle, the 
error in the area of triangle resulting from a small error in the measurement 
of cis 


A atbt+c 
© & -4( tte) 


(d) None of these. 
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101. 


102. 


103, 


104, 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


The asymptote parallel to y-axis of the curve x°y? = a’y? + bx? is 


@ y=sb (b) x= 4a 
() xty=a (d) None of these. 

‘The asymptote parallel to x-axis to the curve y*(x? — a?) 
(a) x= 4a (b) x-y= 2a 

(©) x=0y=0 (d) None of these. 

The real asymptote to the curve x° + y> = 6xy is 

(a) x-y-2=0 (bt) x+y-1=0 

(©) x-y+1=0 @) x+y+2=0. 

The real asymptote to the curve x + y? = 

(a) x-y=0 (bo) x+y =0 

(©) x+2y=0 (@) x-2y=0. 


The real asymptote to the curve y* = x(a” fle is 


(@) x- () x+ 
Osyee (@) x+2y= Sn 
The asymptote to the hyperbolic spiral r@ = a is 
(a) rsind=a (b) rcos@=a 
(c) rtan@=a (d) None of these. 


The greatest triangle inscribed in a circle is 
(a) Isosceles triangle (b) Equilaterial triangle 
(©) Right-angled triangle (d) None of these. 


‘The shortest distance from origin to the hyperbola x7 + 8xy + 7y? = 225 is 
(a) 25 (b) 30 


(©) 35 (@) 40. 

The maximum value of the function f(x, y) = x? + y? + 3xy at (-1, -1) is 
(a) 2 (b) 3 

() 1 (d) None of these. 

‘The absolute maximum of the function y = x° + 1, where x € |-2, 2| is 
(a) y=2atx=-1 (b) y=9atx=2 

(©) y=6atx=3 (d) None of these. 


The dimensions of the rectangle of maximum area that can be inscribed in 
the ellipse x?/a + y7/b* =1is 


(a) ab (b) (ab)2 
(©) ab? @) (2. 
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112. If P be a variable point on the ellipse <7/a? + y7/b? = 1 with foci F, and Fp. 
If A is the area of the APF\F2, the maximum value of A is 
(a) ab (b) (aby2 
(c) abe (a) (aby'e. 


113. Two towns A and B are 60 km apart. A school is to be built to serve 
150 students in town A and 50 students in town B. If the total distance is 
to be travelled by all 200 students is to be as small as possible, then the 
school should be built at 
(a) Town B (b) 45 km from town A 
(©) Town A (d) 45 km from town B. 


114. The largest value of 2x? - 3x? ~ 12x + 5 for -2 $ x $ 4 occurs at x = 


Answers 


CHAPTER 1 


Exercises 1.1 


1. Continuous and differentiable at x = 0. 


2. Continuous at x = 2, but not differentiable at x = 2. 
3. Not differentiable at x = 0, 1. 


4. f(x) is continuous everywhere and is differentiable everywhere except 
x =2 and -2. 


5. Continuous but not differentiable at x = 0. 


6. f(x) is continuous everywhere and not differentiable at x = 0 only, differentiable 
at x = 7/2. 


8. Continuous at x = 1 and discontinuous at x = 2, and differentiable at both 
the points. 


11. 5. 
Exercises 1.2 
1. (i) 20° (i) VNR) Giiy2e +152 ivy) MON) 
(vy) (32x)? (vi) (-3/4xy™ (vii) -1/20e + a)? (viii) -x/ fx? +1 
(ix) 11x? (x) Wf2e=T (xi) 8x7 + 3? 
2 (i) 4. cos 4x (ii) -2sin(2x) (iii) 2sec?(2x) (iv) ksec*(kx) 


° 

) 4=(5) (vi) -3 cosee 3x cot 3x. (vii) -2cosec%(2x) 
2 

(iii) 3sec%(3x + 1) (ix) 2x cos? +1) (x) Te 
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6. 


(xi) 3sin*x cos x 


(xiv) sec?(x + a) 


(xvi) 2a tan ax sec*(ax) 


(xii) -2x sim? (xiii) -2sin x cos x 


ode 


(i) sin x + 2x cosx Gi) sinx + x cosx 


(ii) - ax + b) sin (a? + bx + ¢) 


(v) cos*x — sin?x 


(iv) tan.x + x sec*x 


wi) Leos x 
x 
(ii) --L, sec? + 
wey 
@ swe) (ii) ~Bsec? (1 - 3x) (ii) 5 seeSx tanSx 
Ie 
a) __sinx secxtanx _3sin3x 
) ~ 9 Fees Fe: "Dea 
“i 

nity Sov (wii, 20 NE 

Ye We 

@ ne™ i) 2623 Gi) 2xe” 

(iv) sine (v) secxe™* wi) -S 

¥ 
ir 

(viiy ie (viii) -3e2* 

@ aT: Gi) tanx Gi) 1 + logx 
ae | sectx «1 

ww 4 (vi) Leos(iog) 
(vii) log sin x + x cot x (witty Leo 

aa 

(ix) -tanx (x) 4 log 

oS a — Giy —1 

Fee Ye-* Weal 

; 1 3 

O) Freres © pessore26 


Answers 421 


4 a | 1 
w) (i) 
Teast Vi-4ae xpr-1 


; m 
0) me 


x 
Exercises 1.3 
1 (i) 1 = Ue (ii) 2.cosx +5 sin.x (iii) ke - 9 sinx 
iv) -3/(2x) (v) 2x? + (5/2)x- 2 (vi) 1 = 1 
(vii) 3x7 cosx — 27 sinx (viii) Sx* + 9x7 + 10x +2 
(ix) 15x? + 6 = 1x? (x) 2x sin x + (7 + 1) cos x 
(xi) (os x)/x- (sin x)/? (xii) e™" (sec*x cot x — cosec?x) 
7” . 2x +3ar? +a” 

(xiii) 42° log x +22 (xiv) U/7)0-logx) wv) 
(xvi) U2 x) (xvii) ef + Ux? (xviii) 4x Pi? 


2 @) Fa Csine—xeos) Gi) ~ Fs cosee's + cot) 


x(n log x-1) 


ii) (log? iv) ~H(corec’x + cot) 
2sin.x peered: 

© Tos? © mn OTS 
‘ai +i 2 x+sin.x(sin x + cos x) 
i) ay Gaxmeosn® © Ginx + cos)” 
(xi) (1+ tan x)(2x + sec xtan x) ~ sec?x (x? +secx) 

(1+ tanx)* 
(xii) (1+ tan x)(x? cos x + 2xsin.x) — x7 seo xtanx 

(1+ tnx)? 
(nitty (Ut log.x)x (e" +082) ~e" = sinx 

x(1 + log x)? 


2553 
(xiv) 2 +28 ~ 4x44) 
(e429 


(1+ tan x)(2x + sec xtanx) ~ (x* + sec.x)sec?x 


oy (+ tan 
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2x(1 + cot x) + cosecx(I ~ cot x) + x°(1 + cos* x) 


a (+ cotx)* 
(xvii) ar ec ane oes (xviii) ject 
jon eng) oo begins 
3. fw) = 4, Baw at x=0 Gin Bethesda ciel 


(iii) - +e" secx (1+ tanx) 


2x 
dex) 


WFO=1 iad 


4, 2 2 J5i 5. We 6. -1 7.2 
8. v2 91 
: 41 sectx 
10. * fi + tan x sec*x | — +-——— + 2tan 
@ iran a(S :| 
Gi) PO? 4 4)"202 43" oe. 
Gi) PQ? +4) (7 +37 (2 a 7h) 
11, @ —tamxcosec!x + cot xsec'x 
(tan x - cot x)” 
.. xsectx + tan x(secx~1) ~sinx 
qo ——S 
(xt sina? 
J. 2a(xt + 2x? - 1) 28-1) 
GD aD © Gee 
_ 26% +4x-1) «x1 cosx+ x +x’ sin x—xsin x cosx 
© -Grrineer Tose 
(1+ sin.x)2x-x* cosx 


(vii) x sex tan x + 2x secx + — 
(+ sina) 
12, a cosa + 2a sina, 13-4 
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Exercises 1.4 


1, (i) 3x%sin3x + xcos3x), 


cos Vein Vx ee 
8VVsin Ve ysin ¥ 


(¥) cos (tanx) sec*x 


(iii) 


«i 
er +x41 


(iv) cos (sinx) cosx 


2x+1 


cose +x+1 


(vi) -a sin ax cos (cos ax) 


(vii) wp sonle 
(xy Sesto) (x) see x cosee x 
x 
1 
(xi) ~tan x Gi) Figs 
sii) =n 10x" , 4x43 
Gad, irre OM) a 43x10) 
(wy —S_ poe ea es } 
21 +sinx 2+ VxP levx. 
cosV¥cos( sin Vz) 2 
(xvii) ai 
FF logs 
(xx) sec*xe™™, 


(xxi) Px rd 

(xxiii) (xxiv) 
2ax+b 

Ow) Ti ebete 


2. (i) 2cotx log (sin x) 
(ii) e*(@ sin bx + b cos bx) 


(v) [asin (bx + c) + beos(bx + c)) 


(vi) > 


(xxii) €“*[2sin (2x + 3) + cos(2x +3), 


rors 


Gi) xtan.x + log (sec x) 
(iv) e(a cos bx ~ b sin bx) 


oe (vii) cosflog (1 + lag 
(viii) tan (ix) secx 
(x) (xi) secx 


2(a14 + x2) 


(xv) 2secx 
ab 
(vil) >> 
axe i 
ix) _28007(2/2), 
(xix) Fund 


cal 
a+bx @) Tor 
Asin x + xcos.x) 


1-2? sin’x 


x @-3 7 cos? Yrsin J, cy ~Felein 


sinvx 1 sec*(tan x)sec* 


(iii) rn rok rs (iv) 2 Juntanay 
; 
w 4 & cos Vax (iy fore geet Vi tart] 
Pr 


4 Isin Vax ye +axt+l 
‘aiees 
(iy 7B (viii) —6tan*x sects 
lcos(1+.x*) (1+ tan?x) 


xsec*(I+ x7) 


vlan (1 +x*) 


(ix) ~ (x) 


bx +c cosyax* + bx +e 


Nene | : 
(xiii) “aR Fx sin(tan vx) cos[cos tan v%)] 
(xiv) cosec*x sec?(cot x) sin[tan (cot x)] cos [tan (cot x)] 

(xv) sec x tan x sec(sec x) (-1)ftan(sec x)} cos(cos{tan(sec x)}}. 


4. (i) sin” "(ax) cos* (Ar) (ma cos Ax cos a — nf sin ax sin Ax) 


i) TTT NOH 3040, Gi) oes 
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‘ vhs 1 
8 (i) -xtyi-x* (i) -vJi=¥ Git) Whites tie 
(iv) 0 +x*) ) 3nfi-¥ (vi) d+ x*) 
(vii) 2 (viii), -172 (ix) fi=F 
(x) -2/1 +37) (xi) 2 +x*) (xii) 44 2°) 
(xiii) -1/2 (xiv) 2/y1- x? (xv) 2 
(xvi) -172 (xvii) 0 
(xix) 1/72 (xx) 172 
‘ a ; tan*(4)+ Lee 
(xxii) -172 (xxiii) -172 (xxiv) s)ttast 
(xxv) = (xvi) —A— (xxvii) - 
1+e 5+3cosx 
9. (i) -2x%? sec%(5 ~ 2x7) + (3/2)x"? tan (5 - 2x7) 
3__2ax+b 
ii) 2. tn? fo? z 
Gi) 2 Jat eieee sin’ fax? + bx +c cosyax* +bx +e 
(ii) pppiine teos Le) + Veco 
Ix 
1 
iv), = (os Vx —sin2V>) 
(iv) wm ix —sin2vx) 
(V) 6x7 (x2 +1? +4x2x° #209 - 27-1) 
wi (2x7 +3)'7 (18x? + 100x -3) 
x +5) 
(vii) 2cos(3x + 4) sin(2x + 3) [2cos(3x + 4) cos(2x + 3) 
~ sin(2x + 3) sin Gx + 4)] 
(vill) ax + by sin (ax? + bx + ¢) + 2 OED 
2 Jax? +bx+0 
x sin? Jax? + bx +e cos fax* + bx +e 
_. =xcosyi— 
(ix) AE se eoste— 2xsin4x) 
2a (1 ~2a?x*) cos(2arJi =a? 
f —Ssin 2(Sx +8) 


oor 


&) ro. ee (xi) 


(xii) ra ‘2sin2(2x +1) (xiii) 


(vii) 
(ix) 
(xii) 


(xiv) 


(xvi) 


sec?x 


(xy) 


Gi) -cotx Gili) sinx 

2x 

> (9) cos*x (vi) sec’ 

ie 
cosecx (viii) -tan2x (ix) —foosee x 
2x +l ‘ 

ae (xi) 

2x a sit 
res Givy) => ——— 
cos x? (xvii) 


~4x cos? sinx? 


~sec’x 


(log x)? 


oy cos( yin x + c0s.x)(cos x ~ sin x) 


(1+ tan x) (1 = tan x)'? 


1 x x 
ale a 


(xxii) 


2ysinx + cos 


ow 4 
1+x' 


ave +1 (itty of 4-4 
ae 7 +16 log,z 
in (1 Gi) 1 
“1 (xiii) ~ ; 
2nx"* +—p 
he 2-9) 
1 1 (vin Es aye 
Wat) Tee WW) 1498 14+4x7 
2e* Pe | 
Gin TS 
2 ; 1 
x{l + 4(logx)'] Oxi) Sa) 
x & 1 
7 oe) 
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a od 
oxi) 
2 1 


(iv) 1/2 


(ix) -tanx 


Exercises 1.5 
3 


Gi) V+ tan“'x? 
(v) -12 


(wii) ‘se AF ses} 


iy, a+bcosx 


(iii) -2701 + x) 
(vi) 1 


(viii) -1/2 


iy atowen jij) —3%7 +10xy + 12y? 
L @-F i) ee 
tiv paced 
Dy +r, 
2 
(viiy £28 FY) (yi Levsee” Co) 
xsec*(xy)-1 
sec’(x + y)—cosy+ysinx 


“jx) 


cos x — xsin y —sec*(x + y) 


@ = 
y 
(xiii) 2 
x 
) _lr-y" 
“ 2nVxly-y" 


10(2x + y)* —2xy* 
ty? —5(2x + y)* ” 


1—sec (x + y)tan (x+y) 
(xxii) -1 
1 ~sec(x + y)tan(x + y) 
T+sec(x + y)tan(x + y) 


sec'(x+y)-y 
x—sec?(x+y) 
(xxix) -2 
x 


sec (x +y) tan (x+y) 


24x? + S4y? +70xy 
35x* +8ly* +108xy 


(xvii) — 


cos (x+y) 


OD Ge 


F cosec?(x + y) 
(xD Tyco" +y) 
(xxiii) 1 


cos(x+y)—y 


oo) x—cos (x+y) 


ytan(x+y) 


(xxvii 
(xxvii) Smee 


(xxx) 


2 Gq Tosyzcos(x+y) Giy Siny+sin(x+y) 
xsin y + cos(x + y) xcosy +sin(x + y) 
a (ay) ay Yeos(xy) — 2x 
Gil) -S7 e ssintoy 0) ee sextay 
a ycos(x +y)- 207 on 
Oe prey or vi 
2x?y = xcos(xy) 1-2ysi' 
2 = y i 2 - _ 
(vii) sec’ (x+y) cosy a bs (viii) see (x+y) bad ycos.x 
cosx = xsin y—sec*(x + y) sinx— xsiny—sec™(x+y) 
yosec*(x+y) 17. 2x +(ysin.x —cos y)(1 +x") 
* sect(x + y= x * +x" \cosx — xsiny) 
1g, —2e7 + 2esin(s? +y¥*) 19, LEG + Ne" coset ~3:"y*) 
xe” +2ysin(x +y") 3y¥P(x+y)=1 


22.) W2V2) 2 Gi) 


Exercises 1.6 
acost~bsint 
boos t—asint 


a Pel a lee a 4b) ys ies, 
oO) wid fF iy ta( 2 ‘) (x) ~2e 


1 
ae! + cost) 


2 Wt (ii) it (iii) 2. 3. @) tan@ (ii) tan@ (iii) tan (6/2) 


1 @ bene Giy-1, Git) tan Gv) cor (3) 
a 


4.0 5.0 6.0 
Exercises 1.7 
L @ x'Q+logx) Gi) —Y___ ily (sin (x cot x + log sinx) 
x(I— ylog.x) 
(iv) (sin x)" (cos.x cot x ~ sin xlogsin x) 
(v) (sin x)***(1 +sec*x logsin x) 
(vi). (sin x)" {(1/x) login x + cot.xlog x} 
(vii) (cos x)"**[(1/x) logos x — tan x log x] 


(viii) -sin x(cos.x)** (logcosx +1) 


430___ Answers 


(vi) 


(vii) 


(ix) 


-H(it)" tor(1+4) +4 Gi) 1421701 tog) 
Pa are) x) ltx 


(+x! (1 +x) +3) x (= + ves) 


x +b +x( = +osxtogs) 
sect x a 

(tan x)*| logtan.x +x: a + x(sin.x)‘(logsin x + xcot x) 

x 
xm (cosx logx +822) +Giny'(x cos x + logsin x) 
(tan x)" (1 — log tan x) cosec*x +{(cot x)" (log cot x ~ 1)sec*x 
x"(1+ log x) +sec*x e“** 

a - 1 ‘ 

(in. xy") cot.x caste — logsinx 

yi-# 
yxlogy-y i y xlogy sec*x — tany 
x ylogx—x 2 Sec y(ylog x) = tan x 

Jogtan x ~ ytanx iw cos x log y ~ (I/x)sin y 

logsec x —sec ycosec y cos ylog.x — (I/y)sinx 


yeti ty‘ logy 


x log tay" 
ns (1A a ee 
xs] SEX + sectrlogx | + (tan x)'(2x cosec2x + log tan x) 
x 
2 sec’ 2 
2 Ses (viii) 
tan x(1= ylog tan x) XQ- ylogs) 
y(l=xlog y) @) etx 
x I= y logsinx 
logy logxlogy + Gy 5201 + 1ogx) 
xlogx 1—xlogy 
ylogs{1+1ogs+ =) (ivy 2 198y_ylogx+l 
xlog x x logx 1- ylogxlogy 
logsin y + ytanx w logx 
Togeos x — xeoty (+ logx 


e'x" (logx +1) (iv) ete" 
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 vaate(_logx | sin“'x 
9. (i) x +e 
(3 “OF 
ny ervoenn 1 
Cid) Glog ny" = Hog log.xNlogx +2) 


ae + 
+3 


(ii) (2x +3)" [stores +34 


(iv) ** Vi(toges +) 


0 oo (-az 


cosy mr-3 


¥tanx ii) y logy 


1. @) [> — Filo ydosxnlos 1 
ylogcosx-1 {1 — y(log.x)(log y)] 


sec'x Gi) Gv) 


1 
ae a 
Opa ar I-y a5 x 


a x (S+ermex) +27 ¢ boex(e + 
x xlogx 
15. (i) sin*x cos*x Geotx—Stanx) (ii) 


ii) — (£-1-cas) 


et sinx (x 


cos?x 


e* tan x (1+ log.x) ‘xlog x(sec*x + tan x) 
(e +tanx) 
(v) b sin™ (bx) cos"(bx) (m cot bx ~ n tan bx) 


(vi) 20 + 28" Log x 
2x 


(iv) 


(vii) x* log(ex) +(log.x)" [reece + al 
log x 


(viii) (= + cosrlogs} 


(ix) ef! (sin xP + 3x° cos x°) + (tanx)* (log tanx + x cote sec*x) 


10* (cot. x*).x\” 


® sin2x 


e* (1+ x)cosx—-xsinx 


[lorto~scosee ar} +1x~20012s| 


Jax ox "(1+ elogx) 


432 Answers: 


(xi) G@eMyG@-f 2, or 3 
(x+4yer x+1 Ax-l) x+4 
(xii) 14x? [2x 2x 
(=)? [1+2 30-27) 
16. loga+1 17.0 


sinx sal 4x 


18. (i) wvrom[coss-tsina) lop + @+p 


2x? + 14x43 
GP +x42) 


neh 1 3 ) 


Gi) Basie (x ae43 Seal 


) t+ (222 — cosectstogs+ 


2(x-sinx)”? 2x -3xcosx +sinx 


w) Ix 2x(x -sinx) 
(y 2H +158 +36 
sea 
2 28 wy ZYTlosyt2™ Gy log x 
0 yo O Let ogrey™ “Telos 
ay LELY y = > x? sec?(log.x) -2 
@) Siey ors vy HEME A 2e 
(ii) €'dogssins -[coux+ SL +1+ og} 
CHAPTER 2 
Exercises 2.1 
) _at jo Cbialf_@ b 
1 - = 
o oy Oe [= ay | 
any (-1)" nt 
OT 
(ia! 1 2 7 
Sa i 36-2) | 


(vi) (-1)"n!sin""'@ sin (n + 1), where @ = cot™'x 
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2 @ a 


m * 
Topi rt) 


(ii) [« cos(bx) +"C,a" cos +4) +] 


(ii) sin( 4x" 4). 
(iv) re cos(or +e an"), where r= (a? +b*)"? 


wv 


Heas(s +2) + ann cos{« otha) ema z Dooe(s +s) 


= 


iS 


Ps 


(vi) 2(n - 3)! + (vii) ae [a*x? + 2anx +n(n-1)] 


=p! 
(viii) oe (ix) #sin( te +) +n4"" sin [+ +(n- »§] 


@® 20 [+ ooe(2 + 1) ane cos (2e 3 x) nn ~Heos{2x =) 


; nx n-l a(n-}) n-2 
0) Pea) aton( es 224) MOD ean x 22a) 


: MnO gen 142) 
3! 2 


as 11 1 w-2yat 
ii) flog tisdeten et) ¢ i) ate" [ata? + 2nax + nin-1)] 


3 
3. @) 2-1)"n- DI sin"@ sin nO (ii) A-1)"(n — 1! sin"@ sin nO 
Gil) CI)" = 1)! sin"@ sin n8, 8 = cor'x 
(iv) 2-1)"\n = 1! sin"@ sin n8, 8 = cor'x 
(¥) (1 = Pygg2 = 2+ Diryngs = ry, 
26, 2%yp + ayy + ny = 0 


(x= (x+" 


27. core-a Zon___xt8 | 


9 "2" 


m pnt 
ON Zan +3 


(x+2)"" 
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Gi) C*nta= eosin +0, where @ = tan"*< 


sea 


29, (-1)""(n - 1)! cosec*a sin"@ sin n8, wher 0=ta[ = 
sing 


30. abe — 45" e' cos(2x + ntan™ 2)+17"* cos(4x + ntan7)] 


7 BE) _ ss a 
coset) rns) 


1 
31. — 
aca 


Exercises 2.2 


L @ ex +n) 
Gili) (U/2)e* - (1/2)5"7 e* cos(2x + ntan“ 2) 


(iy) 2 [+ cxs(25+ 22) 4nrcon[2e +82 * 


$n(n— Door(2e + st] 
(v) Aaa? + 3na2? + 3n(n — Iax + n(n — 1X — 2] 


(D*6(n- 4)! A 
10, Pisin st aes 


14, yo = ~2ay, -(B? + a?)y, Yorn + 20,4, (0° +B*)y, 
errata" Sty", Act 
“say ay 9-H (x +2)" 


| 30. cot, 7 
(Qe- 


ee ee 
Gey" 


Cnt _ CD" 4+D!_ I" (n+2)! (-D'at 
Gp" NG@-)G=- a 


9, pon 


31. - 


sin" (cot"'x) sin[(n + 1)cot™x ] 


1 1 
ape 

3 cn nf 

—c0s""(cot"'x)cos[(n +1) cot"'s J} 


33. (-1)"'(n- 1)! sin"@ sin 28, where @= tan” + 
x 


Answers 435 


35. Ste sin (« +ntan* 4) +2nc5*-? e* sin [x +(0-))tan" 4] 


$n(n=1) Se snl +(n-2)tan™ 4 


CHAPTER 3 
Exercises 3.1 
6423 4 is a Ee) 
L bar a 2) 17 Gi) YS (iii) log(e-1) (iv) qies2 


3.@) 2+ V6 (i) 12 Gi) tive 


2 5 
21. Least (a? BS + (a ~30b) + 23, 144 oe gee = 


In 
log [1 + log(1 + x)]=x-27 te 


26. log [1 — log (1 - 9] = ae 


sd le CC 


CHAPTER 4 
Exercises 4.1 
1. 2 (ii) log (ab) iii) 2 (iv) 1 
(v) na! (vi) 1 (vii) 223. (viii) -1/2 
(ix) 2 (x) #Re (xi) 2alb (xii) 3/2 
(xiii) 72 (xiv) -23 (xy) 172 
2. a = ~2, limit is -1 as x > 0 3. -12 
4 @t Gi) -12 Gi) 12 (iv) U3 
wt (vi) 4 (vii) 2 (viii) 23 
5 (i) 3 Gi) 0 Gi) 1 (iv) 0 
wl (vi) 5 
6 (0 Gi) 0 (vy 1 
wt (vi) 1 (viii) 2alm 
1 (i) 12 Gi) 1 (iv) -1/4 
(v) 12 (vi) 0 (viii) 6 
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40. x= Zeeosh usinhu + u) +asinhu cosh*u 


44. x+1=0at(-1, 1) 45. 2 +y? =a ic. a circle 
46. Tangent at ¢ = 2a 47. Tangent: x + y = 3a 
Normal at ¢ = 9a Normal: x+y +a=0 


48, Tangent: 31x + 6y+9a=0 49, Tangent: 4x + 2y-a=0 
Normal: 8x - 31y + 42a = 0 Normal: 2x - 4y + 3a=0 


50. The tangent is parallel to y-axis at the origin and also at 


& apa 2 np) 


S51. mx(X - x) + mY - y) = 0 


sa. ( —s 2x, - 73 +H) 


2 


59. mth + m(a — 6) — h = 0. The roots of the equation are on the slope of the 
axes. 


Exercises 6.2 

5. Angles of intersection is (I/2)("+ 10. pr= a? 

14. P = 2ap 16. P= 2ap* 

CHAPTER 7 

Exercises 7.1 

L @a (i) 4acos y (iii) cosec*y 

(iv) a secy () ¢ tany 
2. ae¥ 3. 2a secby 
. 
4 @ wer cw FEY iy dar9q Zt i 


iy aosene wi) (a sieeve 
(wii) sd ia (viii) #2 (ix) 12 


(x) at on) ps (xii) od 


Answers 439 


1 
(xiii) ae oi (wv) > 
-~ 3a 2 2, 
5.2 6 aR 8 #2y2 IL. ye 
kes ) +6)? ii 2x 
: Late gy OO a ae 
20. (i) 7% +b Gi) 248 iii) @a-aWa 
2 a” 
ww $ oF ©) Gap 
(5) 2020)" iii) $ in) $ 
21. (i) a Gi) hy (iii) r cosec @ 
ob 
i) 2 a () 3p wy 
mw. (a (ii) 2a cosec*y 
a 22, yo 
m5 32, ¥=5, EE 
(xt tat? (xt +08)? 
33. Oy ax 
Exercises 7.2 
1. 2r 2.2 
3. (i) 2r Gi) 203 
2g 
8. Sey -2E =O yo? -204)=0 9 ye 
17. (i) £2aVz Gi) sV518 Gi) 3/8 
(iv) nal2 (v) 5V5/2.-2 (wi) a4 
(ii) @, -172) (viti) (0,172) 


20. x = a cost (cos*t + 3sin*s), y = @ sin t (sin*t + 3cos"t). 
22, (i) VSS @1 Gil) _  SV2 
7 


28, (i) @ 7 ) (ii) x = a(t - sin), y = a(1 + cos 1) Gi) ($a $2) 


. 2+ 5=0, Wet dy+ 


xty=l, 
, 2k 3y+4=0, dx -Sy+6=0 
sx-l y+x4+2=0, y=2r 


yex+2 y 
x=y, W&-y+320 BWoxsta yosa 


, 2y-3x-10=0 2%.x=0, y=0, x+y=0 
, xtyta=0 .x+ysta, x-ysta 
. y-x-1=0, y-x-2=0, y+x=0 
yr2x+2 My y-2e+3=0, x-y+4=0 


. rny-220, x-y-4=0 
Qestl, 3x=2y 3S.x=y, x 
=x y=2n y 
. ytb=0, x-a=a-b 
0, y-x= m2, y+x+m2=0 


2y, x= 3y 


x=0, y-x -a=0, y+x+a=0 

x+2y+2=0, Wx+4y+1=0, 2r+5=0 

x=0, 2y = 4x43, 2y + 4x = 15 

. x = 0, 2y-3x-10=0 43. x+y=2yJ2, x-y=sl 
x+y 2x -3y-1=0, 2x-3y+3=0 

3, yextl, yor +2 

y=0, x-y=0, x-y-1=0, x-y+1=0 

J x-y=a, x+y=a2 

x+y=0, x+y+2=0, 4x-8y-7=0, 4x+8y-9=0 
. rcosO = +a 50. r(V3 sin@-3cos@)=+4a 
. r sin (@—main) 52. rcosO@=atb 

. rcos@ = #1 54, r sind =2 

a + 2r (cosO + sin = 0, a ~ 2r{cos6 — sind) = 0 
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46. One piece = 257i(x + 4) metre, other piece = 100/(" + 4) metre 
51. 9, 6 
55. 3¥3/4ab sq.n 56. 15(8/3)"” miles per hour 


57, Breadth = (V473)a depth =(V8/9)a 


Exercises 9.2 


1. (i) Minima at (1, 0, 0); neither maxima nor minima at (0, 0, 0) 
(ii), Maxima at (-2, -1) 
(iii), Maxima at (3, -1) 
(iv) When x = y # 0, x + y =a at (a/3, a/3); max value is @'/27 
(v) Min. at (2, 1/2) 
(vi) (108/77)a’, min, value at 3a” 
(vii) Maxima and minima at (a, a), neither max. nor min. at (0, 0) 
(viii) Minima at (2/3, -4/3); neither maxima nor minima at (0, 0) 
(ix) Max. value at x = 3, y = -1 
(x) Max. at 9, 1). 
(xi), Max. at (-2, -1), min at (2, 1), but the function has neither min. nor 
max. at (-2, 1) and (2, 1) respectively 
(xii) Max. value at (V2, -V2) also (-V2, ¥2) 
2, Neither maxima nor minima at (0,0) 7. (i) 3V3/8 Gi) 33 8 
8 x=ysnr+ Cl)'6 


2a 2bA 2cA ‘ é 

. Sie FSB ae GaBT Te ME Perpendicular distance of the point 
from the sides of the triangle 

11. Min, value = 4 13. 108(a/7)"* min 3a? 


lye 
1 LS 
18. (i) Min. value = 3a”, (ii) Min. value = 3a*, (iii) Min. value = 3a” 
19. (i) (0,0), (ii) Min. value = 1/3; extreme point 


10. 


lu 1 1 
20. La? +B +c? aa’ + bb’ +00" 
1} aa’ + bb’ + ec’ a +b? +c% 
3a? at point (a, a, a), (-a, a, ~a) 
9 
24, A= B= C = #f3, max. value = (1/2) 
26. [log(Aabc)]'/(loga’ logs? loge’) 
27. r, and ry the maximum and minimum values, where 1? and 7? are the roots 
of the equation; are a = mc/N(ab — h*) 


21. 
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. Solving the following determinant, we get the required parts of n: 
lo c b 2uhnl 
le 0 a un _ 
lb a 0 2whnl 
Hl .on 
29. xlfa = b= Ide = Ja + Vo + Ve 
30. Max. value = (a/9)? 


33. Equilateral triangle 3S. Min. value = 12, max, value = l4e 
36. Quadratic in r and the equation is in the form of r* 


B 
37. Max. value = 3/4 39. 
Las 

40. Max. value = 3456 41. Min, value = 73 

A ath ma th 
42. Stationary values are ¥= TT Y= FST where w= at + y+ 
46. Max. value = 64/ V3 
48, Max. value = 24, min. value = -24 
49, Min. value = 2/27 50. Max. value 
51. Max. value = 12 52. Max. value 

Min. value = 8 
CHAPTER 10 


Exercises 10.1 
2 


Los Gi) A? +) =F 
(ili) x = @ cos@ + aO sin8, y= a sin@- a Bcos@ 
2. e(x-a)=0 3B y=0 
4. B= 4AC 5.) 3+ yVP= (ii) dey =? 
ot 1 
wate 8 478A 3g 


10, (i) 73 + y= 2% Gi) xtyte=0 
12. (x + y)? + (x - y)? = 20? 13. 2°? + y? = (4a)? 


nd 
19. (i) P= 2breos8 + (a?) =0 Gi) ME = aos 


(iii) r sina = ae cot aw®* 
21. p*x - py + (1 + ap® + pq) = 0 
24, (i) P(e? - 1) - le cos + 2P = 0 


26. Br = aye + (2 - 1 )p* 


nO 
(ne) = gntlogs — 
Phd = gletlcos atl 


(a, 0) eo 


Answers 


Is 
is 


ro) 


il. 


10. 


13. 


12. 


15. 


14. 
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L © 
& (c) 
2 (d) 
13. (a) 
12 (b) 
21. (a) 
28. (a) 
29. (c) 
B. (a) 
37. (b) 
AL. (c) 
45. (d) 
49. (b) 
53. (c) 
SL. (b) 
GL. (b) 
65. (b) 
69. (c) 
73. (a) 
TL. (a) 
aL (a) 
85. (d) 
89. (c) 
23. (a) 
97. (a) 
101. (b) 
105. (c) 
109. (c) 
113. (c) 


MULTIPLE-CHOICE QUESTIONS 

2 ©) 2 @ 4 
6. (b) 1 © & 
10. (b) LL () 2 
14. (©) 15. (b) 16. 
18. (a) 19. (b) 20. 
2. @) 23, (a) 24. 
26, (a) 22. (a) 28. 
30. (b) 3 (@) 2 
M4. ©) 35. (b) 36. 
38. @) 39. (b) 40. 
42. (a) 43. (a) 44. 
46. (0) 42. (©) 43. 
50. (4) SL. (b) 52. 
54. (b) 55. (0) 56. 
58, (b) 52. (©) a 
2. (b) 63. (a) 64. 
66. (@) 62. (©) 68, 
70. (b) 21. (a) 2 
14. (©) 75. (b) 16. 
78. (©) 2. 0. 
82. (0) 83. (a) 4. 
86. (4) 82. (b) 88. 
20. (b) QL (a) 2. 
94. (©) 95, (a) 96. 
OR. (a) 99. (a) 100. 
102 (c) 103. (4) 104, 
106. (a) 107. (b) 108. 
110. (b) LLL (b) 2 
114. (d) 


A Condition of parallelism, 200 
Coordinates 

polar, 230 
Current coordinates, 194 
Curvature, 248, 250 


Absolute value, 250 
Algebra, 95 

Algebraic curves, 296-297 
Algebraic function, 196 


Angle average, 250 
between radius vector and tangent, centre of, 249, 288 
230-233 chord of, 249 
between tangents, 199 circle of, 249 
between two curves, 199 of a circle, 253 
of contingence, 249 point of, 249 
of intersection of two curves (in polar radius of, 249, 252, 253, 258 
form), 234-235 Curve, 248 
vectorial, 230 equation of a, 297 
Are length, 250, 253 evolute of a, 376 


Asymptotes, 293 
equation of an, 294 
number of, 300 
oblique, 296 
of an algebraic curve, 294 
parallel, 299 
to a curve, 390 


Bending, 248 
average, 250 


passing through the origin, 289 
possessing points of inflexion, 291 
symmetry of, 389-390 

tracing the graph of a, 389 


Cylinder, 330 


area of curved surface of a, 331 
area of whole surface of a, 331 
slant height of a, 331 

volume of a, 331 


D 


Derivative, 1 


c 
Cartesian subtangent 
product of, 205 
Change, 1 
‘Chord of curvature, 249, 280 
parallel to ax 
parallel 10 y-axis, 280, 284 
Complex variable, 62 
Condition of orthogonality, 200 


and subnormal 


449 


application of, 193 
first, 58 
higher-order, 58 
left-hand, 2 

nth, 62, 72 
partial, 148 
right-hand, 2 
second-order, 58 
third-order, 58 


450 Index 


Differential coefficient, 1 


first , 58 
of any function, 2 
of hyperbolic functions, 18 


of implicit functions, 39 

of inverse functions, 27 

of parametric functions, 45 
Differentiation 

from ab initio, 1 

from definition, 1 

from first principle, 1 

logarithmic, 48 

partial, 148 

successive, 58 


E 

Envelopes, 373, 376 
Equation 

algebraic, 198 

differential, 95, 

intrinsic, 251 

of a curve, 297 

of a normal, 201 

of a straight line, 194 

of a tangent, 193, 196, 197, 198, 200, 


Equation of a curve 
in pedal form, 259 
in tangential polar form, 259 
Euler's theorem, 168-171 
Evolute, 289, 376 
Exact differential, 173 
Expansion 
theoretical background of, 95 
Extreme value, 313 
criteria for, 317-319, 349-350 


when a function becomes infinite, 319 


F 
Fraction, partial, 62 
Function, 
algebraic, 196 
criteria for extreme values of a, 317- 
319, 249-350 
extreme, 314 
homogeneous, 165 
implicit, 39 
increasing and decreasing, 315 
inverse, 27 
maximum, 314 


maximum value of a, 349 
minimum, 314 

minimum value of a, 349 
rational algebraic, 62 
value of any, 123 


G 
Gradient, 194, 195 


H 
Homogencous function, 166 
of degree 3, 166 
of degree 4, 166 
of degree n, 166 
of degree (n ~ 1), 166 
rational, 166 


Inclination, 195 
Increment, 1 
infinitesimal, 1 
Indeterminate forms, 123 
Initial line, 230 
Intersection of a curve with coordinate 
axes, 390 
Intrinsic equation, 251 
of cardiod, 251 
of catenary, 251 
of circle, 251 
of cycloid, 251 
of equiangular spiral, 251 
of tractrix, 251 
Involute, 289 


L 
Lagrange’s mean value theorem, 318 
Lagrange’s method, 354 
Lagrange’s undetermined multipliers, 349 
Leibnitz’s theorem, 58, 77-78, 88 
Limit, 

fundamental principles of, 1 
Limiting point, 123 
Limiting position of a secant, 193 


M 
Mathematical induction, $8 
Maxima and minima 

applied in geometry and solid geometry, 330 
for, 115-216 


Cauchy's, 100 
first, the, 97 
Lagrange’s, 318 


Index 451. 


Method of expansion 
by Maclaurin’s theorem, 274-275 
by Newtonian method, 275-276 


N 
Newtonian method 
geometrical proof of, 276-277 
method of expansion by, 275-276 
Normal, 200 
‘equation of a, 202, 204 
length of a, 202, 203 
perpendicular to a, 204 


° 
Ordinate, 

square of, 205 
Origin, 230 


P 
Partial derivative, 148, 355 
second-order, 149 
Pedal equation, 230, 237 
deducted from cartesian equation, 236— 
22 
deducted from polar equation, 237 
Perfect differential, 173 
Perpendicular 
from pole to tangent, 233-234 
length of, 204, 237 
Polar coordinates, 230 
Polar curves, 
tracing of, 392 
Polar subnormal, 236 
Polar subtangent 
and normal, product of, 236 
Pole, 230 


Q 
Quadratic equations, 
roots of, 297-298 


R 
Radius vector, 230 
Reciprocal method, 137 


s 
Saddle point, 351 
Secant 
equation of a, 193 
limiting position of a, 193 


Series 
Maclaurin’s, 101, 102 
Stirling's, 101 


Taylor's, LOL, 102, 124 
Taylor's infinite, 101 
‘Sphere, 330 
Subnormal, 202 
Subtangent, 202 
Sums, 95 


1 
Tangent, 193 
equation of, 193, 196, 197, 198, 203, 
208 
length of a, 202, 203 
perpendicular to a, 203 
Taylor's infinite series, 101 
Taylor's series without remainder, 101 
Theorem 
Cauchy's mean value, 100 
Ealer's, 168-171, 196 
Lagrange's mean value, 95 
Leibnitz’s, $8, 77-78, 88 
Maclaurin's, 95 
mean value, the first, 97 
on total differential, 171 
Rolle’s, 95, 98, 99 
Taylor's, 95, 295, 350 
Tracing of polar curves, 392 
‘Trigonometry, 95 


v 

Value 

extreme, 313 

‘greatest, 313 

least, 313 

maximum, 313 

minimum, 313 

stationary, 35) 
Vectorial angle, 230 
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